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An effective action approach for the problem of Coulomb blocking of tunneling
is discussed. The method is applied to the strong coupling problem arising near
zero bias, where perturbation theory diverges. We find an instanton for the electro-
dynamics in imaginary time, and express the anomaly through exact conductivity
of the system o(w,gq) and exact interaction.
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Suppression of tunneling conductivity near zero bias (called “zero-bias anomaly”)
is known to be a signature of interaction in the system. The anomaly has been
studied in metals and semiconductors since the early sixties [1]. Initially, the
anomaly was attributed to the Kondo effect, but it was realized later that a
much more common mechanism is Coulomb blocking of tunneling. A perturbation
theory of this effect was developed by Altshuler, Aronov and Lee [2]. They show
that in a diffusive conductor tunneling blocking increases at small bias, leading
to a singularity in tunneling conductivity. The theory has been thoroughly tested
experimentally [3].

In the last years the interest shifted to the systems with strong Coulomb effects,
such as disordered metals and semiconductors near metal-insulator transition [4].
It is found that the Coulomb anomaly is sharply enhanced near the transition,
providing a test of electron correlations. Another important development is due
to studies by Ashoori et al. of electron tunneling into a two-dimensional metal in
magnetic field [5]. In this experiment it is found that at certain magnetic field the
zero-bias anomaly abruptly increases and transforms to a “soft Coulomb gap”. It
has been pointed out [6] that this transition is induced by disorder. Eisenstein et
al. studied systems with higher mobility [6, 7], where tunneling is almost entirely
blocked below certain threshold bias. These findings caused a lot of theoretical
work [7] aimed at relating the tunneling anomaly with microscopic models. Also,
the anomaly has been shown to be particularly interesting in the Quantum Hall
system [8].

Below we discuss an effective action theory [9] that treats the anomaly as
cooperative tunneling. We obtain tunneling exponent in terms of the action of
spreading charge density and express it through the actual conductivity o(w,q) of
the system. The treatment is non-perturbative and remains accurate both in the
weak and strong coupling regimes.

Qualitative discussion. Tunneling of an electron into a metal involves two
steps: traversing the barrier, followed by spreading within the metal. Typically,
the traversal time is very short compared to the spreading time. Accordingly, it
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is legitimate to separate the tunneling into single-electron and many-electron steps,
and to treat them separately. The first contribution is simply the transmission
coefficient of the barrier, constant at small bias. The second contribution is more
interesting, since it is a collective effect involving motion of a large number of
electrons in order to accomodate the new electron. At low bias the latter effect
completely controls the tunneling rate.

Let us illustrate the effect of charge relaxation on the tunneling rate by using
the example of a two-dimensional conducting plane [10]. Charge relaxation in a
two-dimensional conductor is a classic electrodynamics problem studied by Maxwell
who gave a solution in terms of a moving image charge [11]. In this problem, a
point charge e is injected into a conducting sheet with conductivity o, and one is
interested in the time-dependence of the demsity and potential of spreading charge.
Maxwell’s solution is that the potential within the sheet is given by that of a
point charge e moving along the normal to the plane with the velocity v = 2ro.
The size of the charge cloud grows as r(¢t) ~ vt. Let us consider the Coulomb
part of the action for the charge:

t g2 e? t
~ = m(H) D
s~ [ e~ 5t () g

Semiclassically, the action (1) must be added to the under-barrier action. The
divergence of (1) at t — oo indicates that at large times the action (1) dominates
the tunneling rate. We will see that the time of spreading diverges at small bias,
t. =e/ocV. From that, near zero bias the tunneling acquires a suppression factor
of exp (—18(t.)). The estimate (1) showing that the action diverges at small bias
means that the semiclassical treatment is meaningful even for a well conducting
metal. However, in the diffusive limit the estimate (1) does not agree with the
perturbation theory. We shall see that the reason is that the main part of the
action is rather Ohmic than Coulomb, and that after writing the action properly
the semiclassical method completely recovers the pertubation theory result.

The relevance of the semiclassical picture can be justified by a more general
argument, not involving specific features of 2D relaxation. Let us consider effects
caused by one electron tunnelling into a metal, Since the barrier traversal time is
much shorter than the relaxation time in the metal, while the electron traverses the
barrier other electrons practically do not move. Thus instantly a large electrostatic
potential is formed, both due to the tunneling electron itself, and due to the
screening hole left behind. At small bias eV, the increase of electrostatic energy
by an amount much larger than the bias indicates that right after the electron
transfer the system is found in a classically forbidden state “under the Coulomb
barrier.” In order to accomplish tunneling, the charge yet has to spread over a
large area, so that the potential of the charge fluctuation is reduced below eV.
If the conductivity becomes smaller, charge spreading takes longer time, and thus
the action of the cooperative under-barrier motion becomes much greater than #.

The form of the action. For the electrodynamics problem the action can be
written in terms of charge and current densities p(r,t) and j(r,t). Full action would
also contain electromagnetic potentials, but in the quasistationary electrodynamics,
c — oo, which we always assume below, the potentials are “slaved” to charges,
and thus can be integrated out. Also, since the contribution to the spreading
charge action mainly arises from large space and time scale, we assume that
local deviation from equilibrium is small. Therefore, one can expand the action
in powers of p(r,t) and j(r,t), and keep only quadratic terms. Naturally, the
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quadratic action must reproduce correctly the classical electrodynamics equations:
the Ohm’s law and charge continuity.

In fact, this requirement is entirely sufficient to determine the form of the
action. However, it is more tutorial to argue in the following way. We are going
to use the action to study the dynamics in imaginary time. Therefore, the action
is precisely the one that appears in the quantum partition function. The latter
action expanded up to quadratic terms in charge and current demsity must yield
correct Nyquist spectrum of equilibrium current fluctuations:

(82 8% o) = Gaplw| + TaaDpprgargp: - (2)
Here g=j+ DVp is external current and Dgp is the tensor of diffusion constants
related to the conductivity temsor by the Einstein’s formula: & = e?vD, where
v = dn/du is compressibility. Generally, both & and D are functions of the
frequency and momentum. For simplicity, below we assume zero temperature and
isotropic conductivity.

The requirement of matching equilibrium current fluctuations is essentially
equivalent to the fluctuation-dissipation theorem. Thus, the form of the action is
fixed by response functions of the system. In imaginary time it reads:

S = %//d‘lmd*zz [gff{z,_,,gz + r;:’:—lrp:l (3)

where =13 = (t1,2,r1,2), and 812 = 6(ty —tz). The kernel IA(”- is related to the
current-current correlator,

(K;,;)aﬂ = «g?w,qggiw,—q» (4)
given by (2), where ¢ and D are functions of the Matsubara frequency obtained
from the real frequency functions by the usual analytic continuation. We take
Coulomb interaction in the second term of the action (3) as non-retarded because
we are going to study systems with relatively low conductivity, and thus slow
charge relaxation.

Instanton. To evaluate the tunnelling rate, we construct an instanton, i.e.,
a “bounce path” in imaginary time[l2, 13]. Among bounce paths symmetric in
time, p(r,t) = p(r,—t), j(r,t) =—j(r, —t), we shall find the least action path which
will give a semiclassical tunneling rate exponent.

In order to get equations of motion from the variational principle one notes that
the action (3) contains the charge and current densities as independent variables,
since Eq.(3) was derived by matching with the equilibrium fluctuations in the
grand canonical ensemble where charge is not conserved. Therefore, one must
supply the action (3) with the charge continuity constraint: p+ V -j = J(r,t),
where

T(r,t)=eb(r)(6(t + ) — 6(t — 1)) . &)

The charge source J(r,t) describes electron injected at r =0, ¢t = —7, and taken
back at ¢t =7, at the same point. It is assumed that tunneling occurs at one
point (impurity or a “hot spot”).

Charge continuity is incorporated in the action by a Lagrange mutiplier:

) Stotal = S(P).i) + ¢(rit) (P + Vj - j(l‘,t)) ' (6)
where ¢(r,t) is an independent variable of the problem.- For the least action path,
the variation of ;o1 relative to infinitesimal change 64, 6p, and 6j vanishes.
(Note that 6p+ V -6j=0.) After eliminating ¢ we get standard electrodynamics
equations:

(i) pP+V-j=T(r,1) ; (i) j+DVp=é(w,q)E ;
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(111) E(r,t) =—Vr/dr'p(r',t)U(|r—r'|) . (7

Egs. (7) describe evolution in imaginary time, i.e., charge spreading under the
Coulomb barrier arising from selfinteraction.

Then one must solve Eq.(7) for p and j, and to compute the action (3). For
a spatially homogeneous system, by using Fourier transform, we get

JI(w)

= j =- .K—l ' U ) ’ 8
where Uq is the Coulomb potential formfactor. Then the action (3) becomes
Yy
= 9
Solr) = 2Z |w|+Dq2 w1 D& +og?0, ®)

depending on 7 through Founer component of the charge source: J(w)=2iesinwr.
Accomodation time: Finally, to obtain total action of the system we subtract
the term 2eVr from the spreading charge action Sp(r) in order to account for
the voltage source work: S(7)=S8p(7) —2¢eVr. By that the energy conservation is
assured. Then one optimizes S(7) in 7:
350(7')/37’]7__:1‘(‘,) =2eV (10)

The optimal time 7. can be interpreted as the charge accomodation time. By
plugging 7. found from Eq.(10) into the tunneling rate exponent one gets tunneling
conductivity G(V) = Goe 5(™(Y)/h The accuracy of this calculation relies on the
assumption that the time 7, is larger than the barrier traversal time 74. This is
true whenever there is an anomaly: if 7. were =~ 74, then S(n.) ® h and there
would be no tunneling suppression.

A more rigorous way to proceed is to write the equal-point Green’s function
G(t) = Go(t)e=5°(t/2) where Gy(t) = vo/(t + i0) is the equal-point free electron
Green’s function. The tunneling current can be then written as

I=¢eTIm /c‘;l(t)éz(—t)e"f‘”dt : (11)

where T is barrier transmission constant, and G;; are Green’s functions in the
leads. The equivalence of Eq.(11) and the above procedure (10) can be established
by evaluating the integral (11) by the steepest decent method.

Using (9) and (11) ome can study tunneling anomaly in different systems.
In doing so, while calculating 7.(V) and S(7.) it is essential to check the
selfconsistency of the assumption that 7. >» 74. For example, this assumption will
not be fulfilled in a clean metal, ie.,, in Fermi liquid without disorder (D > 1).
The reason is that the conductivity of an ideal conductor is o(w) =ine?/mw. In
this case Eq.(9) gives So(7) ~ h at any 7 > 74, and henceforth 7, ~ 74. This
indicates absence of the anomaly in a clean metal, the result familiar from the
Fermi liquid picture. On the contrary, for a one-dimensional metal So(7) ~In7/74,
which leads to the power-law anomaly known from the Luttinger liquid theory[14].

Comparison with previous work. For a two-dimensional metal with elastic
scattering time 79 and non-screened Coulomb interaction we set U, = 2r/{q| and
o(w,q) constant at |w|,vp|g| < 1/76. Then Eq.(9) gives

e? T 2, 2
S(r) = 8r2g In (T_o) In (rro0?(ve?)?) . (12)

(o4
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From Eq.(10), 7. = (e/4r’Vo) In(hove/V). The theory is selfconsistent at long
times, 7. > 7o, i.e., at eV < e?/ory. Then the least action is

_ € e ergo(ve?)?
s(v) = 8o In (41r2c7V7‘0> In ( 472V ) (13)

It is interesting to compare this result with the identical double-log dependence
derived by Altshuler, Aronov, and Lee[2] for the correction to the tunneling density
of states év(e). The calculation[2] assumes that év is small, |6v| < vo, which is
the case only for a weak disorder. It was found that 6u(e) = —h™'vpS(eV =€),
where S(V) is given by (13). The main difference is that the double-log (13)
has to be exponentiated to get the tunnelling density of states, while in [2] the
double-log appears as a correction to the density of states. Within perturbation
theory domain the two results agree.

Also, let us mention a relation with the work by Halperin, He, and Platzman(8]
dealing with the anomaly in the v =1/2 Quantum Hall state. The effect considered
in this work is a shakeup of low—frequency modes of the system due to tunneling
electron, assuming that the response function is described by the Chern-Simons
Fermi liquid theory[l5]. The anomaly was found to have the form:

G(V) ~ exp(-Vo/V) , V0=47r§\/ﬁ, (14)

where V « Vy, and n is density. It is interesting to see how this result can be
derived from the effective action. It has been shown[l5] that conductivity of the
v =1/2 state has strong spatial dispersion: o(k) = A|k|, A =e%/16me\/7n. If this
form is inserted in the action (9), one gets S(7) =w./27/A, which leads to the
tunneling rate (14).

Source—drain correlation. For tunneling between source and drain, there are
separate contributions to the action due to the relaxation of the electron and
hole charges on both sides of the barrier. If the barrier is thin, the positive
and negative charges partially screen the field of each other, which makes their
spreading correlated. In this case the least action is smaller than the sum of
independent contributions of the electrodes, and thus the anomaly is weakened.
For D =2, quantitatively, the effect will be that the voltage dependence of the
second log in Eq.(13) saturates at eV ~ Vo =min[oy,0;]k/a, where a is the distance
between the electrodes.

This ezcitonic correlation effect can be treated straightforwardly by writing
the action (3) for each electrode separately, together with the term describing
interaction across the barrier. Let us consider an example of two parallel planes
with different conductivities and diffusion constants, o1, o3, D;, and D;. It is
straightforward to generalize the above procedure and to find the instanton. The
least action is

_1 2 1 T 231 2 2 -1 1
s =3 S WP | 4] (wl+pa) o (el +ne +320) 7 [ 1] as)

where we use matrix notation:

(D1 0 _(61 0 (U, V,
p=(% 5) == (% o) v= (v 5), (16)
o d2r e
U= [ e — , V= | —=d*r .
! / Ir| ! Vri4a?

The rows and columns of the matrices (16) correspond to the two planes.
To make evaluation of So(7) simpler, let us assume ey ;a>> 1, the condition
satisfied in almost all experiments. By carrying out matrix inversion and integration
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we get

So(r)=aln (I—> at 7> h/eV (17)
To
where ) : 4 . 4
€ xoa woa
= —|—In——+ —1 , 18
. 47(2[01nD2 +0'2nD1 ( )
where o =010,/(01 +02). If the two planes are identical,
2
a=——1In2re’va . (19)
2ri0

Thus at V <V, the I~V curve becomes the power law I ~ V2+1 The tunneling
suppression in this case is weaker than for the non-screened interaction.

Conclusion. The essential feature of the above approach is that it relates the
tunneling anomaly with the actual conductivity of the system. This would allow
a comparison with experiment in the situations where there is no accepted model
for conductivity. For example, the tunneling current as function of voltage can
be taken from experiment, and directly used to find S(r) by Legendre transform.
Then S(7) can be analyzed by using (9) and (11) to extract the conductivity
frequency and wavevector dependence.

To summarize, we argued that the theory of the Coulomb anomaly in the
regime of strong suppression of tunneling is semiclassical. The underlying reason
is that the transfer of one electron across the barrier is controlled by cooperative
motion of many other electrons. We treat this motion as classical electrodynamics
in imaginary time, for which we construct an effective action and find an instanton
path. The instanton action determines tunneling exponent as function of the bias.
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