Pis’ma v ZhETF, vol. 75, iss. 5, pp. 267 { 270 cfl 2002 March 10

Low-energy gluon contributions to the vacuum polarization of heavy quarks

S. Groote, A. A. Pivovarov^+

Institut für Physik der Johannes-Gutenberg-Universität, Mainz, Germany

+Institute for Nuclear Research RAS, 117312, Moscow, Russia

Submitted 17 February 2002

We calculate a correction to the e¸ective electromagnetic current at low energies induced by a heavy quark loop and determine the analytic structure of the vacuum polarization function at small q^2 for which an explicit expression at the O(α^3_s) order of perturbation theory is given. Implications to the high precision analysis of experimental data on heavy quark production in e^+e�-annihilation are discussed.

PACS: 02.70.Hm, 11.40.�q, 12.20.�m, 12.38.Bx

High precision tests of the standard model remain one of the main topics of particle phenomenology. The recent observation of a possible signal from the Higgs boson may complete the experimentally confirmed list of the standard model particles [1]. With improving precision of experimental data more accurate theoretical formulae will be necessary for extracting numerical values of the standard model parameters. Recently an essential progress in high-order perturbation theory calculations for heavy quarks has been made where a number of new physical effects have been described theoretically with high accuracy. The cross section of top–antitop production near the threshold has been calculated at nextto-next-to-leading order of an expansion in the strong coupling constant and the top quark velocity with an exact account for Coulomb interaction (as a review, see Ref. [2]). This allows for the precision determination of a numerical value of the top quark mass at the next linear collider. The Coulomb resummation resides on a nonrelativistic approximation for the quark-antiquark system near the threshold that has been successfully used for the description of heavy quark properties within the operator product expansion techniques and sum rules [3 – 5]. Being applied to the bb̄ system this method gives the best estimates of the b quark mass parameters [6 – 9].

In the present note we discuss a contribution of massless intermediate states to the correlators of heavy quark currents. For the correlator of the vector currents such a contribution first appears at the O(α^3_s ) order of perturbation theory and is given by a three-gluon state. This gluon contribution to the correlator has a qualitatively new feature – its absorptive part starts at zero energy in contrast to other contributions where the absorptive parts start at the two-particle threshold. This feature determines the analytic structure of the correlator at small q^2 – at the O(α^3_s ) order of perturbation theory a cut along the positive semiaxis emerges. The non-analyticity at the origin resulting from such a cut leads to strong limitations on the observables that can be theoretically constructed for confronting to experimental data. Because the data are most precise near the production threshold the theoretical analysis should enhance this part of the spectrum. Technically an enhancement of the near-threshold contributions is achieved by considering integrals of the production rate with weight functions which suppress the high-energy tail of the spectrum. The integrals with weight functions 1/s^n for different positive integer n, s = E^2, where E is the total center-of-mass energy of the produced particles, are called moments of the spectral density and most often used in the sum rule analysis. Theoretically such moments are given by the derivatives at q^2 = 0 of the vacuum polarization function Π(q^2) which is a basic quantity for the analysis of the heavy quark production in the J^{P C} = 1^{−−} channel. The vacuum polarization function is given by i ∫ ⟨T j_μ(x)j_ν (0)⟩e^{iqx}d^4x = (q_μq_ν − g_{μν} q^2)Π(q^2) (1)

with the vector current j^μ = ψ̄γ^μψ of a heavy fermion ψ of the mass m. With the spectral density ρ(s) defined by the relation ρ(s) = 1 2πi (Π(s + i0) − Π(s − i0)), s > 0, (2)

the dispersion representation

Π(q^2) = ∫ ρ(s)ds s − q^2 (3) holds. The integral in Eq. (3) runs over the whole spectrum of the correlator in Eq. (1) or over the whole support of the spectral density ρ(s) in Eq. (2). A necessary

Ŕĺśĳňă ć ĘİŠŤ šőň 75 ćżŕ. 5 { 6 2002 267 ultraviolet regularization (subtractions, for instance) is assumed in Eq. (3). The moments of the spectral density ρ(s) of the form

M_n = ∫ ρ(s)ds s^{n+1} (4) are usually studied within the sum rule method for heavy quarks [10]. These moments are related to the derivatives of the vacuum polarization function Π(q^2) at the origin,

M_n = 1 n! ( d dq^2 )_n Π(q^2) | | | |_{q2=0}. (5)

Such moments are chosen in order to suppress a high energy part of the spectral density ρ(s) which is not measured accurately in experiments. Within the sum rule method one believes that the theoretical expressions for the moments in Eq. (4), or, equivalently, the derivatives in Eq. (5) exist, i.e. formally lead to well-defined quantities, for any n. The existence of moments seems to be obvious because of the implicit assumption that the spectral density ρ(s) of the correlator of the heavy quark electromagnetic currents vanishes below the two-particle threshold s = 4m^2, which means that the vacuum polarization function of heavy quarks Π(q^2) is analytic in the whole complex plane of q^2 except for the cut along the positive real axis starting from 4m^2. This assumption about the analytic properties of the vacuum polarization function Π(q^2) is valid at the first few orders of perturbation theory. However, its validity in a full theory depends of the details of the interaction. For instance, the resummation of Coulomb effects to all orders may result in the appearance of bound states below the perturbation theory threshold s = 4m^2. Still this is only true for the attractive Coulomb interaction while the repulsive Coulomb interaction modifies the shape of the free particle spectrum but does not change its support, i.e. does not lead to bound state formation below the continuum spectrum. The assumption that the moments in Eq. (4) exist for any n may also be wrong at high orders of perturbation theory in models with massless particles, for example, in QCD with massless gluons. In QCD, at the O(α^3_s ) order of perturbation theory there is a contribution of massless states to the correlator in Eq. (1) that leads to the infrared (small s) divergence of theoretical expressions for the moments for large n because of the branching point (cut) singularity of Π(q^2) at the origin. We determine the behaviour of the vacuum polarization function Π(q^2) at small q^2 (q^2 ≪ m^2) as

Π(q^2)|_q2_{≈0} = C_g 12π^2 ( q^2 4m^2

)_4 ln ( μ^2 −q^2 ) , (6) with

C_g = 17 243000 d_{abc}d_{abc} ( α_s π )_3 . (7)

Here d_{abc} are the totally symmetric structure constants of the SU(N_c) gauge group defined by the relation d_{abc} = 2tr({t^a, t^b}t^c), and t^a are generators of the group with normalization tr(t^at^b) = 1/2. For the SU(3) gauge group of QCD one has d_{abc}d_{abc} = 40/3. The parameter μ in Eq. (6) is the renormalization point.

The singularity of the vacuum polarization function given in Eq. (6) (a cut along the positive real axis in a complex q^2-plane) prevents one from calculating moments of the spectral density in Eq. (4) with n ≥ 4. Indeed, the high order derivatives of Π(q^2) at the origin determining the high order moments according to Eq. (5) do not exist for n ≥ 4 because of a branching point singularity as one can see from Eq. (6). In terms of the moments one can see this by calculating the behaviour of the spectral density at small squared energies s, ρ(s)|_{s≈0} = C_g 12π^2 ( s 4m^2

)_4 , (8)

which makes the integrals in Eq. (4) divergent at small s for n ≥ 4. The formulae for the vacuum polarization function in Eqs. (6) and (7) are given for a heavy quark in the SU(N_c) ⊗ U(1) gauge model. The result for QED may be obtained with substituting α_s → α for the coupling constant and by changing the group factors; the contribution is, however, very small and of no practical interest. Contributions of light (massless) quarks appear at the O(α^4_s ) order of perturbation theory and are neglected.

We present a derivation of our result given in Eqs. (6) and (7) and briefly discuss some consequences for the phenomenology of heavy quarks. Note that the induced current is a correction of order 1/m^4 in the inverse heavy quark mass which vanishes in the limit of an infinitely heavy quark. Corrections in inverse heavy quark masses are important for tests of the standard model at the present level of precision and have been already discussed in various areas of particle phenomenology [11 – 13].

A correction to the electromagnetic current due to a virtual heavy quark loop is given by a transition of the photon to three gluons (see Figure). Two-gluon transitions are forbidden according to a generalization of Farry’s theorem to nonabelian theories [14]. We are interested in the behaviour of the transition amplitude at low energies and take the limit of a very heavy quark. Formally the limit m → ∞ is taken which in physical

Ŕĺśĳňă ć ĘİŠŤ šőň 75 ćżŕ. 5 { 6 2002

Low-energy gluon contributions to the vacuum . . . 269

Heavy quark loop correction to the electromagnetic current

terms means that m is much larger than all momenta of external legs of the diagram, namely the three gluons and the photon. The induced current J^μ is written in a covariant form as a derivative of an antisymmetric operator O_{μν} built from the gluon fields only,

J^μ = ∂_ν O^{μν} , O^{μν} + O^{νμ} = 0. (9)

This structure of the induced current automatically guarantees the current conservation

∂_μJ^μ = 0 (10)

as it should be for the electromagnetic current. A straightforward calculation gives the result for the induced correction

J^μ = −g^3_s 1440π^2m^4

(5∂_ν O^{μν}_1 + 14∂_ν O^{μν}_2 ) , (11)

with O_{1μν} = d_{abc}G^a_{μν} G^b_{αβ} G^c_{αβ} , O_{2μν} = d_{abc}G^a_{μα}G^b_{αβ} G^c_{βν} (12)

where G^a_{μν} is a gauge field strength tensor for the gauge group SU(N_c).

A correlator of the induced current J^μ has the general form

⟨T J^μ(x)J^ν (0)⟩ = −∂_α∂_β⟨T O^{μα}(x)O^{νβ} (0)⟩ (13)

where an explicit expression of the current as a derivative of the antisymmetric operator O^{μν} has been employed. The resulting correlator ⟨T O^{μα}(x)O^{νβ} (0)⟩ in Eq. (13) contains only gluonic operators. At leading order the correlator in Eq. (13) has a topological structure of a sunset diagram which is readily computed in configuration space [15]. We find

⟨T J_μ(x)J_ν (0)⟩ = = − 34 2025π^4m^8 (_{αs} π )_3 d_{abc}d_{abc} ( ∂_μ∂_ν − g_{μν} ∂^2 ) 1 x^{12}

. (14)

The Fourier transform of the correlator in Eq. (14) gives i ∫ ⟨T J_μ(x)J_ν (0)⟩e^{iqx}d^4x =

= (q_μq_ν − g_{μν} q^2) C_g 12π^2 ( q^2 4m^2

)_4 ln ( μ^2 −q^2 ) , (15)

with the constant C_g taken from Eq. (7). The spectral density of the polarization function in Eq. (15) is given in Eq. (8).

The spectral density of the correlator in Eq. (14) can be found without an explicit calculation of its Fourier transform. Instead one can use a spectral decomposition (dispersion representation) in configuration space, i x^{12} = π^2 2^8Γ(6)Γ(5) ∫_∞ 0 s^4D(x^2, s)ds, (16)

with D(x^2, s) being the propagator of a scalar particle of mass √ s, D(x^2, m^2) = im √ −x^2K_1(m √ −x^2) 4π^2(−x^2)

, (17)

where K_1(z) is a McDonald function (a modified Bessel function of the third kind, see e.g. Ref. [16]). Γ(z) is Euler’s gamma function.

Note that the three-gluon contribution to the spectral density of the quark current correlator in Eq. (1) for large energies (when the limit of massless quarks can be used) is well-known and reads [17 – 19] (α_s π )_3 d_{abc}d_{abc} 1024 ( 176 3 − 128ζ(3) ) . (18)

Here ζ(z) is Riemann’s ζ function.

One immediate application of our result is the precision determination of heavy quark parameters from the data on heavy quark production. Because of the low-energy gluon contributions, the large n (n ≥ 4) moments of the spectral density do not formally exist. The range of n used in original considerations of sum rules and in some recent analyses requires a proper modification of theoretical expressions for the moments in order to account for this new contribution at the O(α^3_s ) level of precision. For the cc̄ system the moments with n ∼ 3 ÷ 7 [10, 20] were analyzed. For the precision analysis of bb̄ production the sum rules for the moments with larger n ∼ 5 ÷ 20 were studied in the literature. In view of our result the modification of the analysis is necessary at the formal level of the O(α^3_s ) accuracy of perturbation theory. Note that the considered correction is of the same order in α_s as the contribution of Coulomb bound states that is known to be numerically important for the description of Υ resonances. The restriction to

Ŕĺśĳňă ć ĘİŠŤ šőň 75 ćżŕ. 5 { 6 2002 use only first few moments with n < 4 seems not to be satisfactory from the phenomenological point of view. For small n the high-energy contribution which is not known experimentally with a reasonable precision is not sufficiently suppressed and introduces a large quantitative uncertainty into sum rules for the moments.

A modified analysis can be based on the theoretical expression for the derivatives of the correlator at some infrared safe point q^2 = −Δ < 0 [21]. For the infrared regularized moments

M_n(Δ) = 1 n! ( d dq^2 )_n Π(q^2) | | |_{q2=−Δ} = ∫_∞ 0 ρ(s)ds (s + Δ)^{n+1} (19)

there is no divergence at small s. The infrared regularization parameter Δ should be small because the continuum contribution to moments is not suppressed for large values of Δ even for sufficiently large n. However, it cannot be arbitrary small because the resulting correlator of gluonic currents at low energies in Eq. (13) is essentially normalized at μ^2 = Δ when radiative corrections are taken into account. Therefore, Δ should be large enough for perturbation theory calculations to be justified [22, 23]. On the experimental side of the sum rules it is rather difficult to evaluate the part of the spectral integral over the low-energy gluons because of mixing with light quark contributions. These theoretical and experimental constraints on the numerical value of the parameter Δ require a special analysis of the accuracy attainable with the infrared regularized sum rules in Eq. (19).

Another possibility to bypass the problem of infrared divergence is to use finite energy sum rules without 1/s^n weight functions that are free from the infrared problem [24], or to apply a direct subtraction of the threegluon contribution as has been recently proposed [25].

To conclude, we have presented a correction to the electromagnetic current induced by a virtual heavy quark loop and relevant for an effective theory of light degrees of freedom at low energies. The spectrum of the correlator of such an induced current starts at zero energy. This fact necessitates a modification of the standard analysis of the moment sum rules for the bb̄ system at the O(α^3_s ) order of perturbation theory.

The work is partly supported by the Russian Fund for Basic Research under contract # 99-01-00091. S. Groote acknowledges a grant given by the Deutsche Forschungsgemeinschaft, Germany.

1. R. Barate et al. (ALEPH Collaboration), Phys. Lett.

B495, 1 (2000); M. Acciarri et al. (L3 Collaboration), Phys. Lett. B495, 18 (2000).

2. A. H. Hoang, M. Beneke, K. Melnikov et al., Eur. Phys.

J. direct C3, 1 (2000).

3. M. B. Voloshin, Nucl. Phys. B154, 365 (1979). 4. H. Leutwyler, Phys. Lett. B98, 447 (1981). 5. M. B. Voloshin, Int. J. Mod. Phys. A10, 2865 (1995);

M. B. Voloshin and Y. M. Zaitsev, Sov. Phys. Usp. 30, 553 (1987).

6. J. H. K-uhn, A. A. Penin, and A. A. Pivovarov, Nucl.

Phys. B534, 356 (1998); A. A. Penin and A. A. Pivovarov, Phys. Lett. B435, 413 (1998); Nucl. Phys. B549, 217 (1999).

7. K. Melnikov and A. Yelkhovsky, Phys. Rev. D59, 114009 (1999).

8. A. H. Hoang, Phys. Rev. D61, 034005 (2000). 9. Y. Kiyo and Y. Sumino, Phys. Lett. B496, 83 (2000). 10. V. A. Novikov, L. B. Okun, M. A. Shifman et al., Phys.

Rep. C41, 1 (1978).

11. A. A. Pivovarov, JETP Lett. 53, 536 (1991); Phys. Lett.

B263, 282 (1991); A. A. Penin and A. A. Pivovarov, Phys. Rev. D49, 265 (1994); Phys. Part. Nucl. 29, 286 (1998).

12. K. G. Chetyrkin, Phys. Lett. B307, 169 (1993). 13. S. A. Larin, T. van Ritbergen, and J.A. Vermaseren, Nucl. Phys. B438, 278 (1995).

14. N. V. Smolyakov, Theor. Math. Phys. 50, 225 (1982). 15. S. Groote, J. G. K-orner, and A. A. Pivovarov, Phys.

Lett. B443, 269 (1998); Nucl. Phys. B542, 515 (1999); Eur. Phys. J. C11, 279 (1999); S. Narison and A. A. Pivovarov, Phys. Lett. B327, 341 (1994).

16. G. N. Watson, Theory of Bessel functions, Cambridge Univ. Press, Cambridge, 1944.

17. S. G. Gorishnii, A. L. Kataev, and S. A. Larin, Phys.

Lett. B259, 144 (1991).

18. K. G. Chetyrkin, Phys. Lett. B391, 402 (1997). 19. L. R. Surguladze and M. A. Samuel, Phys. Rev. Lett. 66, 560 (1991); Ibid, p. 2416.

20. S. N. Nikolaev and A. V. Radyushkin, Phys. Lett. B124, 243 (1983).

21. L. J. Reinders, H. Rubinstein, and S. Yazaki, Phys.

Rept. 127, 1 (1985).

22. A. L. Kataev, N. V. Krasnikov, and A. A. Pivovarov, Phys. Lett. B107, 115 (1981); Nucl. Phys. B198, 508 (1982); B490, 505(E) (1997); A. A. Pivovarov, Yad. Fiz. 63, 1646 (2000).

23. T. Inami, T. Kubota, and Y. Okada, Z. Phys. C18, 69 (1983).

24. N. V. Krasnikov and A. A. Pivovarov, Phys. Lett. B112, 397 (1982); N. V. Krasnikov, A. A. Pivovarov, and A. N. Tavkhelidze, Z. Phys. C19, 301 (1983).

25. J. Portoles and P. D. Ruiz-Femenia, Report No. IFIC/01-39 [hep-ph/0107324].

Ŕĺśĳňă ć ĘİŠŤ šőň 75 ćżŕ. 5 { 6 2002