Pis’ma v ZhETF, vol. 73, iss. 2, pp. 55 { 58 cfl 2001 January 25

On the energy loss of high energy quarks in a finite-size quark-gluon plasma

B. G. Zakharov

Institut für Kernphysik, Forschungszentrum Jülich, D-52425 Jülich, Germany

L. D. Landau Institute for Theoretical Physics RAS, 142432 Chernogolovka, Moscow region, Russia

Submitted 25 December 2000

We study within the light-cone path integral approach the induced gluon emission from a fast quark passing through a ˛nite-size QCD plasma. We show that the leading log approximation used in previous studies fails when the gluon formation length becomes of the order of the length of the medium traversed by the quark. Calculation of the energy loss beyond the leading log approximation gives the energy loss which grows logarithmically with quark energy contrary to the energy independent prediction of the leading log approximation.

PACS: 12.38.-t

In resent years much attention has been attracted to the problem of the induced gluon radiation from fast partons in a hot QCD medium (for a review, see [1]). It is of great interest in connection with the current experiments at SPS, RHIC, and future experiments at LHC on A + A collisions since jet quenching due to the parton energy loss can be a good probe of formation of a hot quark-gluon plasma (QGP).

Evaluation of the gluon emission from a fast parton in a medium requires the understanding of the nonabelian analogue of the Landau-Pomeranchuk-Migdal (LPM) effect [2, 3]. There are two approaches to the LPM effect in QCD: the so-called BDMS approach [4] (see also [1, 5]) based on the Feynman diagrammatic formalism, and the light-cone path integral (LCPI) approach developed in our paper [6] (see also [7 – 10]). The BDMS approach neglects the mass effects, and applies for large suppression of the radiation rate as compared to the Bethe-Heitler one. The LCPI approach applies for arbitrary strength of suppression. For large suppression these approaches are equivalent [4, 1, 11]. The probability of gluon emission in the BDMS and LCPI approaches is expressed through the solution of a two-dimensional Schrödinger equation with an imaginary potential. This equation describes evolution of the color singlet q̄gq system in the medium. The potential is proportional to the cross section for scattering of the q̄gq system on a medium constituent. For the QGP the constituents can be modeled as Debyescreened colored Coulomb scattering centers [12].

In [4] the quark energy loss, ΔE, has been evaluated analytically treating interaction of the q̄gq system with the Debye-screened centers in the Leading Log

Approximation (LLA) which is equivalent to the harmonic oscillator approximation for the Hamiltonian of the q̄gq system. For a quark produced inside a finite-size QGP the BDMS prediction is

ΔE_{BDMS} = C_F α_s 4 L^2μ^2 λ_g ṽ , (1)

where L is the length of QGP traversed by the quark, μ is the Debye screening mass, λ_g is the mean free path of the gluon in QGP, C_F is the color Casimir for the quark, and the factor ṽ grows smoothly with L, at L ≫ λ_g ṽ ≈ log(L/λ_g ).

The energy independent ΔE (1) differs from that obtained recently by Gyulassy, Levai, and Vitev (GLV) [13]. Calculating the Feynman diagrams for the single scattering (the first order (N = 1) in opacity) they have obtained

ΔE_{GLV} = C_F α_s 4 L^2μ^2 λ_g log E μ . (2)

Since the ΔE_{BDMS} should include the N = 1 contribution the contradiction between (1) and (2) at E → ∞ seems to be surprising^{1)}. By now there has not been given any explanation of this fact, except the argument of the authors of Ref.[13] that it can be connected with the neglect of the finite kinematic bounds in the analysis [4]. However, it is clear that it cannot be important at E → ∞.

1)Strictly speaking, the derivation of the BDMS formalism given in Ref.[4] is valid only when the number of rescatterings is large. However, since the formulas obtained are equivalent to those of the LCPI [6] approach which is free from this restriction, it is clear that the BDMS prediction should contain the N = 1 term. 55

In the present paper we resolve the above puzzle of the discrepancy between the BDMS and GLV predictions. We demonstrate that the absence of the logarithmic energy dependence in (1) is connected with the fact that the LLA fails when the gluon formation length becomes of the order of L. In this case the spectrum is dominated by the N = 1 scattering which simply vanishes in the LLA. We show that if one uses the actual imaginary potential the energy loss grows logarithmically with quark energy. However, the denominator in the argument of the logarithm is not the Debye mass as it is in (2).

We will work in the LCPI formalism [6]. The probability distribution of the induced gluon emission from a quark produced at z = 0 can be written as [10] dP dx = ∞∫ 0 dz n(z) dσ^{BH}_{eff} (x, z) dx , (3)

where x is the gluon fractional momentum, n is the number density of the medium, and dσ^{BH}_{eff} (x, z) dx = Re ∫ dæ Ψ^∗(æ, x)σ3(ρ, x)Ψm(æ, x, z) . (4) Here σ_3 is the cross section for interaction of the q̄gq system with a scattering center. The relative transverse separations in the q̄gq system are æ_{gq̄} = (1 − x)æ,

æ_{qq̄} = −xæ; Ψ(æ, x) is the light-cone wave function for

the q → gq transition in vacuum, and Ψ_m(æ, x, z) is the quark light-cone wave function in the medium at the longitudinal coordinate z (we omit spin and color indices). The wave functions (modulo a color factor) read

Ψ(æ, x) = P (x) ( ∂ ∂ρ^′_x − is_g ∂ ∂ρ^′_y ) ×

× ∞∫ 0 dξ exp ( − iξ L_f ) K_0(æ, ξ|æ^′, 0) | | | | æ^0 =0

, (5)

Ψ_m(æ, x, z) = P (x) ( ∂ ∂ρ^′_x − is_g ∂ ∂ρ^′_y ) ×

× z∫ 0 dξ exp ( − iξ L_f ) K(æ, z|æ^′, z − ξ) | | | | æ^0=0

, (6)

where P (x) = i √ α_s/2x[s_g (2 − x) + 2s_qx]/2M(x), s_{q,g} denote parton helicities, K is the Green’s function for the two-dimensional Hamiltonian

Ĥ(z) = − 1 2M(x) ( ∂ ∂æ )_2 − i n(z)σ_3(ρ, x) 2 , (7) and K_0(æ_2, z_2|æ_1, z_1) =

= M(x) 2πi(z_2 − z_1) exp [ iM(x)(æ_2 − æ_1)^2 2(z_2 − z_1) ] (8) is the Green’s function for the Hamiltonian (7) with v(æ, z) = 0, M(x) = Ex(1 − x), and L_f = 2Ex(1 − x)/ϵ^2 with ϵ^2 = m^2_g (1 − x) + m^2_q x. The gluon mass m_g plays the role of infrared cutoff removing the contribution from long wave gluons which cannot propagate in the QGP. It is natural to take m_g ∼ μ. However, for large suppression which occurs at E → ∞ the parton masses can simply be neglected.

The three-body cross section can be written as [14]

σ_3(ρ, x) = C_A 2C_F [σ_2((1 − x)ρ) + σ_2(ρ) − 1 N^2_c σ_2(xρ)] , (9) where C_A = N_c is the octet color Casimir, σ_2(ρ) is the dipole cross section for scattering of a q̄q pair on a color center. For the parametrization σ_2(ρ) = C_2(ρ)ρ^2 the factor C_2 is

C_2(ρ) =

C_T C_F α^2_s

ρ^2 ∫ dq^{[1 − exp(i}qæ^{)]}

(q^2 + μ^2)^2

. (10)

Here C_T is the color Casimir of the scattering center. In the region ρ ≪ 1/μ which dominates the spectrum for strong suppression (10) takes the form

C_2(ρ) ≈

C_F C_T α^2_sπ 2 log ( 1 ρμ ) . (11)

The LLA consists in replacing C_2(ρ) by C_2(ρ_{eff} ), where ρ_{eff} is the typical value of ρ. This seems to be a reasonable procedure since C_2(ρ) has only a slow logarithmic dependence on ρ. Then σ_3(ρ, x) = C_3(x)ρ^2, where C_3(x) = C_2(ρ_{eff} )A(x) with A(x) = [1 + (1 − x)^2 − x^2/N^2_c ]C_A/2C_F , and the Hamiltonian (7) takes the oscillator form with the frequency Ω(x) = √ −iC_3(x)n/M(x). The value of ρ_{eff} is connected with the gluon formation length, l_f , by the Schrödinger diffusion relation ρ^2_{eff} ∼ l_f /2M. l_f is simply the typical scale of ξ in (5), (6) when the wave functions are substituted in (4).

Let us discuss the gluon emission at qualitative level. We begin by estimating ρ_{eff} and l_f . Let us first estimate these quantities for gluon emission from a quark in an infinite medium. We will denote them as ρ̄_{eff} and l̄_f . They should also be related by the Schrödinger diffusion relation. On the other hand, the absorption effects for the q̄gq system should become strong at the

Ŕĺśĳňă ć ĘİŠŤ šőň 73 ćżŕ. 1 { 2 2001

On the energy loss of high energy quarks . . . 57

scale l̄_f . It means that l̄_f nC_3ρ̄^2_{eff} /2 ∼ 1 . From these conditions one gets ρ̄_{eff} ∼ [E_ax(1 − x)nC_3]^{−1/4} and l̄_{eff} ∼ 2√E_ax(1 − x)/nC_3. These estimates are valid when ρ̄_{eff} ∼< 1/ϵ and l̄_f ∼< L_f .

Now we turn to the gluon emission from a quark produced inside a finite-size medium. In this case in the high-energy limit qualitatively two different situations are possible. The first regime gets for the gluons with x such that l̄_f ∼< L. In this case the finite-size effects play a marginal role, and ρ_{eff} ∼ ρ̄_{eff} . The spectrum can roughly be calculated using the effective Bethe-Heitler cross section for the infinite medium. We call this regime the infinite medium regime. The second regime occurs for the gluons for which l̄_f ∼> L. In this case ρ_{eff} ∼ ρ_d(L), where ρ_d(L) = √ L/2M is simply the diffusion radius on the scale of the quark path length inside the medium. In this regime the effective Bethe- Heitler cross section is chiefly controlled by the finitesize effects. We will call this regime the diffusion regime. Thus we can write for the above two regimes

ρ_{eff} ∼ min(ρ̄_{eff} , ρ_d(L), 1/ϵ) . (12)

Here we have taken into account that ρ_{eff} ∼< 1/ϵ. In terms of x the infinite medium regime occurs at x ∼< δ and (1 − x) ∼< δ, and the diffusion regime gets at δ ∼< x ∼< (1 − δ), where δ ∼ nC_3L^2/4E . (13)

For the sake of definiteness, below we discuss only the region x ∼< 0.5. At x ∼> δ the probability of interaction of the q̄gq system with the medium (it is of the order of nσ_3(ρ_d, x)L) becomes small. Thus, it is clear that in the developed diffusion regime the spectrum is dominated by the N = 1 scattering. It is surprising that this turns out to be in apparent contradiction with prediction of the LLA. The LLA spectrum can be obtained using in (6) the oscillator Green’s function. For zero parton masses it gives dP dx = − 2G(x) π Re L∫ 0 dz z∫ 0 dξ Ω^2 cos^2 Ωξ =

= 2G(x) π ln | cos ΩL| , (14)

where G(x) = α_sC_F [1 − x + x^2/2]/x . This spectrum has been derived in [4]. Note that |ΩL| ∼ 1 at x ∼ δ. For the diffusion regime from (14) one gets dP dx | | | | LLA

x≫δ ≈ G(x)C^2_3 n^2L^4 8πE^2x^2(1 − x)^2

. (15)

Since the right-hand side of (15) ∝ n^2 it is clear that it corresponds to the N = 2 term. Thus one sees that the N = 1 contribution is simply absent in the LLA.

The fact that the LLA fails in the diffusion regime can be directly seen from calculation of the N = 1 contribution. To obtain it one should use in (6) the free Green’s function (8). Then in the massless limit (4) gives

dσ^{BH}_{eff} (x, z) dx | | | |_{N=1} = G(x)A(x)M(x) 2π ×

×Im z∫ 0 dξ ξ^2 ∞∫ 0 dρ^2ρ^2C_2(ρ) exp ( iM(x)ρ^2 2ξ ) . (16)

For C_2(ρ) = const the ρ^2-integral in (16) has zero imaginary part, and the right-hand side of (16) is also zero. On the other hand, using (11) one gets from (16)

dσ^{BH}_{eff} (x, z) dx | | | | N=1 = α^2_sπC_T C_F G(x)A(x)z 4Ex(1 − x) . (17)

Then (3) yields dP dx | | | |_{N=1} = α^2_sπC_T C_F G(x)A(x)nL^2 8Ex(1 − x) . (18)

Let us see why the LLA fails in momentum representation in which (4) reads

dσ^{BH}_{eff} (x, z) dx = α^2_sC_T C_F A(x) (2π)^2 ×

×Re ∫ dpdq^{[Ψ∗(}p^{, x) − Ψ∗(}p^− q^{, x)]Ψm(}p^{, x, z)}

(q^2 + μ^2)^2 . (19)

In the massless limit from (19) one can obtain

dσ^{BH}_{eff} (x, z) dx | | | |_{N=1} =

= α^2_s C_T C_F G(x)A(x) 2π ∫ dp^2dq^2 F (p, q) (q^2 + μ^2)^2

, (20)

F (p, q) = Re 1 p^2 [ 1 − exp ( − izp^2 2M(x) )]^{2π}∫ 0 dϕ q(q − p)

(q − p)^{2 ,}

(21)

where ϕ is the angle between q and p. The logarithmic situation with dominance of q^2 ≪ p^2 would correspond to F (p, q) ∝ q^2 at q^2 ≪ p^2. However, the azimuthal ϕ integral in (21) equals 2πθ(q^2 − p^2), and the process is dominated by hard t-channel exchanges with q^2 > p^2 ∼ 2M(x)/z. After integrating over p^2 and q^2 in (20) one reproduces (17).

It must be emphasized that the LLA fails only in the diffusion regime. But it is a good approximation in the infinite medium regime when Ψ_m falls off rapidly at the scale much smaller than ρ_d(L). It is also worth noting that the boundary (13) beyond which the diffusion regime occurs is obtained assuming that in the infinite medium regime LPM suppression is strong (it means that ρ̄_{eff} (x ∼ δ) ≪ 1/ϵ). It is possible that there the Bethe – Heitler (BH) situation takes place. One can easily show that in this case δ ∼ Lμ^2/2E. Thus, in general, the diffusion regime occurs for the gluons with energy ω ∼> ω_{cr}, where

ω_{cr} ∼ max ( nC_3L^2 4 , Lμ^2 2 ) . (22)

Let us now discuss the energy loss. It can be written as ΔE = ωcr∫ μ dωω dP dω + ωmax∫

ωcr dωω dP dω . (23)

One can show that the first term in (23) does not depend on energy, and is of the order of ΔE_{BDMS} (1) for both the LPM and Bethe-Heitler situations. At E → ∞ the energy loss is dominated by the second term in (23) which grows logarithmically with E. Then, using (18) to the logarithmic accuracy one can obtain in the highenergy limit

ΔE = C_F α_s 4 L^2μ^2 λ_g log E ω_{cr} . (24)

Here we have used α^2_s πC_F C_T A(0)n/2μ^2 = 1/λ_g. Note that since L ≫ 1/μ from (22) it follows that always ω_{cr} ≫ μ. The qualitative estimates (including the region ω ∼< ω_{cr}) show that the appearance of ω_{cr} in the logarithm in (24) instead of μ in (2) for RHIC conditions (L ∼ 4 fm) can suppresses the energy loss at E ∼ 10

GeV by a factor of ∼ 0.5. For SPS conditions (L ∼ 2 fm) the suppression is not strong (∼ 0.7 − 0.8 at E ∼ 5 GeV). The above estimates are obtained for the plasma temperature T = 250 MeV. Note that the absence of ω_{cr} in the GLV prediction (2) is connected with the neglect in [13] of the mass effects in evaluating the phase factor which controls the interference for gluon emission from different points of the quark trajectory.

The above analysis is valid for the gluon emission from a fast gluon as well. In this case in (24) C_F should be replaced by 2C_A (here the factor 2 comes from symmetry of the spectrum with respect to change x ↔ (1−x)). I am grateful to J. Speth for the hospitality at FZJ, Jülich, where this work was completed. This work was partially supported by the grants INTAS 97-30494 and DFG 436RUS17/45/00.

1. R. Baier, D. Schi¸, and B.G. Zakharov, hep-ph/0002198 (2000) and references therein.

2. L. D. Landau and I. Ya. Pomeranchuk, Dokl. Akad. Nauk SSSR 92, 535, 735 (1953).

3. A. B. Migdal, Phys. Rev. 103, 1811 (1956). 4. R. Baier, Yu. L. Dokshitzer, A. H. Mueller, and D. Schi¸, Nucl. Phys. B531, 403 (1998).

5. R. Baier, Yu. L. Dokshitzer, A. H. Mueller et al., Nucl.

Phys. B483, 291 (1997); B484, 265 (1997). 6. B. G. Zakharov, JETP Lett. 63, 952 (1996). 7. B. G. Zakharov, Phys. Atom. Nucl. 61, 838 (1998). 8. B. G. Zakharov, JETP Lett. 65, 615 (1997). 9. B. G. Zakharov, JETP Lett. 70, 176 (1999). 10. B. G. Zakharov, Proc. of the at 33rd Rencontres de Moriond: QCD and High Energy Hadronic Interactions, Ed. J. Tran Thanh Van, Les Arcs, France, 21-28 Mar 1998, p. 533; hep-ph/9807396.

11. U. A. Wiedemann Nucl. Phys. B588, 303 (2000). 12. M. Gyulassy and X.-N. Wang, Nucl. Phys. B420, 583 (1994).

13. M. Gyulassy, P. Levai, and I. Vitev, nucl-th/0005032 (2000).

14. N. N. Nikolaev and B. G. Zakharov, JETP 78, 598 (1994).

Ŕĺśĳňă ć ĘİŠŤ šőň 73 ćżŕ. 1 { 2 2001