Pis’ma v ZhETF, vol. 84, iss. 3, pp. 176 { 179 cfl 2006 August 10

Kosterlitz { Thouless phase transition in microcavity polariton system

Yu. E. Lozovik^{1)}, A. G. Semenov^{+2)}, M. Willander^∗

Institute of Spectroscopy, 142190 Troitsk, Moscow reg. Russia

+P.N. Lebedev Physical Institute RAS, 117924 Moscow, Russia

�Goteborg University, Chalmers Technological Institute, Goteborg

Submitted 26 June 2006

Kosterlitz { Thouless phase transition in the system of exciton-polaritons in microcavity is studied. Transition temperature to super‚uid state was found as function of exciton-photon detuning. Non quadratic dispersion law was taken into account in the framework of self-consistent harmonic approximation (SCHA).

PACS: 42.50.Ar, 71.35.Lk, 71.36.+c

System of exciton-polaritons in optical microcavity became actual last time both from fundamental and applied points of view.

The system under study is an optical microcavity in which the semiconductor quantum well is embedded. Quasi-two-dimensional excitons in the quantum well can be resonantly excited by photons of optical microcavity. As a result at large Q-factor of optical microcavity composite particles, exciton-polaritons, superposition of microcavity photons and excitons are formed in the system (see [1] and references therein). At low density exciton-polaritons with the large accuracy can be treated as bosons, and in this quasi-2D system with decreasing of temperature Kosterlitz – Thouless [2 – 4] topological transition should occur into superfluid state with quasi-long range phase order. Interesting property of this system is that exciton-polariton in the microcavity can posses very small effective mass, defined by, depending on geometry of an optical microcavity, dispersion law at small longitudal momentum (see below). Therefore the transition temperature, inversely proportional to the effective mass can reach room temperatures. But after transition of polariton system in a phase with quasi-long range order the photons leaving optical microcavity should possess statistics of laser radiation. In this sense the specified system, considered as a source of radiation, is the laser without inversion of population [6 – 8].

In the system because of its two-dimensionality true Bose-condensation is absent [5] and the transition to the superfluid state as it was already mentioned, is Kosterlitz – Thouless transition. Theory of Kosterlitz – Thouless phase transition developed for systems of particles

1)e-mail: lozovik@isan.troitsk.ru 2)e-mail: semenov@lpi.ru

with quadratic dispersion law. It uses as a first step constructing of “hydrodynamic functional”, efficiently describing the system at large scales (where it is essentially renormalized by topological excitations – vortices in locally superfluid liquid). But at construction of this functional it is required to calculate local superfluid density in the framework of microscopic theory. Algorithms of its microscopic calculation use quadratic dispersion law of initial (quasi)particles through Landau algorithm of calculating normal component. Note, that only for quadratic dispersion law of particles momentum of normal component, which is calculated in Landau algorithm, is proportional to density of normal component. However for experimentally realizable systems the essential region in which it is possible to consider a polariton spectrum as quadratic, is small, and consequently it is necessary to take into account non quadratic spectrum of polaritons.

To overcome this difficulty, we shall describe polariton system by effective Hamiltonian with quadratic dispersion law with effective mass depending on temperature. We shall calculate dependence of this mass on temperature using generalization of self-consisted harmonic approximation.

Further, using Kosterlitz – Thouless theory and the theory of the dilute two-dimensional bose gas, we shall calculate dependence of temperature of superfluid phase transition from parameters of a problem (exciton-photon detuning etc.).

1. Self-consistent harmonic approximation for effective mass. The spectrum of excitonpolariton is determined by interaction of two branches: 1) photon in microcavity with dispersion law ω(k_{||}) = c √ k^2_{||} + (2πn/L)^2; at small k_{||} we have E(k) = E_0 + k^2_{||}/2m_{ph}, where E_0 = 2πnc/L,

176 Ŕĺśĳňă ć ĘİŠŤ šőň 84 ćżŕ. 3 { 4 2006 m_{ph} = 2πn/cL; 2) exciton in quantum well with dispersion law E(k) = E_g − E_{ex} + k^2/2m_{ex}, E_g is semiconductor gap, E_{ex} is exciton binding energy. Low polariton spectrum is presented on Fig.1. For simplicity

Fig.1 Non-interacting low polariton spectrum

we approximate this spectrum by two parabolas, as can be seen on Fig.1: E(k) = k^2 2m_{eff}

, k < k_0;

E(k) = E + k^2 2m_{ex}

, k > k_0. (1)

where m_{ph} and m_{ex} are photon and exciton mass; here 1 m_{eff} = m_{ex} + m_{ph} 2m_{ph}m_{ex} + (m_{ex} − m_{ph})E_{dt} 2m_{ph}m_{ex} √ E^2_{dt} + 4Ω^2_p

, (2)

E = 1 2 E_{dt} + 1 2 √ E^2_{dt} + 4Ω^2_p, (3)

E_{dt} = E_g − E_{ex} − E_0, (4)

k_0 = √ 2m_{ex}m_{eff} E m_{ex} − m_{eff}

, (5)

where Ω_p – polariton splitting.

As an effective Hamiltonian we shall use Hamiltonian with quadratic dispersion law E(k) = αk^2 and trial parameter α. Effective polariton mass is connected with trial parameter as α = 1/2m_{pol}. Trial parameter α is found by minimization of free energy:

F_{trial} = T ln Sp e^{−Ĥ0(α)/T} + + Sp ( ^H_0(α) − ^H)e^− b^{H0(α)/T} Sp e^− b^{H0(α)/T}

= min . (6)

This corresponds to the variant of self-consistent harmonic approximation (SCHA). Here ^H = ^T + ^V is initial

Hamiltonian of polariton system, ^T is energy operator of noninteracting polaritons with nonquadratic dispersion law, ^V is polariton-polariton interaction. Trial Hamiltonian is choosen in the form of ^H(α) = ^T_0(α) + ^V , where ^T_0(α) is the kinetic energy operator with quadratic dispersion law E(k) = αk^2, the operator of interaction ^V is not changed3). All calculations is made at fixed temperature and density.

2. Interacting polaritons in two dimensions. At experimentally realizable conditions the polariton system is usually rather rarefied, therefore at calculations we shall use Popov approach which is the generalization of Bogolyubov theory on 2D weakly-interacting Bose-gas. To apply Popov approach to two-dimensional system it is necessary to cut off all integrals in the momenta space at low momentum k_c and after calculations to remove the infrared divergence. In this approach momentum distribution of particles and the spectrum of elementary excitations are given by the following formulae: n(k) = ε(k) + μ − E_b(k) 2E_b(k) + ε(k) + μ E_b(k) n_{bose}(E_b(k)), (7)

E_b(k) = √ ε^2(k) + 2με(k). (8)

Here ε(k) is the quadratic spectrum αk^2 in effective Hamiltonian (see sec.1) The integral on region ∼ k_c at calculation of averages is proportional to k^2_c . Since Popov theory suggest, that k^2_c ≪ mμ, and we are interesting in temperatures much greater than μ, it is possible to replace the low limit of integration with a zero.

Momentum distribution of particles can be separated into two terms. The first term represents depletion of the condensate at zero temperature due to interactions. At calculation of averages it is possible to notice, that there is a ultra-violet divergence. This divergence leads to necessity of renormalization of coupling constant and replacement it by T -matrix, which is describes collision of two particles in vacuum. However we neglect the contribution, corresponding to T = 0 since we are interested in high temperatures, where this contribution is small on parameter μ/T ≪ 1. The last statement can be easily obtained using expression for the energy density at zero temperature [4]:

E = 4παn^2/ln 1 nr^2_0

. (9)

3)One can show that T -matrix for polariton-polariton interaction essentially depend on microcavity parameters only at Ωp ø

ø Edt, that defines applicability of our theory(more general case

will be considered in another paper).

4 Ŕĺśĳňă ć ĘİŠŤ šőň 84 ćżŕ. 3 { 4 2006

178 Yu. E. Lozovik, A. G. Semenov, M. Willander

Differentiating eq. (9) over α gives:

⟨k^2⟩_{T =0} ∼ μ^2 ln α μr^2_0

, (10)

while temperature average is (see later):

⟨k^2⟩_T ∼ T^2. (11)

From this estimations we conclude that zero temperature contribution is small. The second term in distribution function (7) gives finite temperature contribution to condensate depletion. Further we shall calculate averages only with this term in distribution function.

The average of k^2 has the following form in SCHA: ⟨^k^2⟩ = 2π ∞∫ 0 k^2 ε(k) + μ E_b(k) n_{bose}(E_b(k)) kdk (2π)^2 =

= πT^2 (2π~^2)^2α^2 ∞∫ 0 √ x^2 + γ^2 − γ e^x − 1 dx, γ = μ T . (12)

The average of ^T is given by the following equation: ⟨^T ⟩ = πT^2 2m_{eff} α^2(2π~^2)^2 ∞∫ 0 √ x^2 + γ^2 − γ e^x − 1 dx −

− πT^2b α^2(2π~^2)^2 ∞∫ ϵ0 √ x^2 + γ^2 − γ − (Eα/bT ) e^x − 1 dx, (13)

ϵ_0 = √ (αE/bT )^2 + 2γ(αE/bT ), b = m_{ex} − m_{eff} 2m_{ex}m_{eff} .

Let us introduce the following notations for integrals:

I_1(γ, ϵ) = ∞∫ ϵ √ x^2 + γ^2 − γ e^x − 1 dx, (14)

I_2(γ, ϵ) = ∞∫ ϵ √ x^2 + γ^2 − γ √ x^2 + γ^2(e^x − 1) dx, (15)

and use obvious identity:

∂I_1/∂γ = −I_2. (16)

Derivatives at fixed density are calculated as follows:

(2π~^2)^2 ∂ ∂α ⟨^k^2⟩ = − 2πT^2 α^3

I_1(γ, 0) − πT α^2

I_2(γ, 0) ∂μ ∂α , (17)

(2π~^2)^2 ∂ ∂α ⟨^T ⟩ = = − πT 2m_{ph}α^2 ( 2T α I_1(γ, 0) + ∂μ ∂α I_2(γ, 0) ) + + πT b α^2 ( 2T α I_1(γ, ϵ_0) + ∂μ ∂α I_2(γ, ϵ_0) ) −

− πT E α^2 ∞∫ ϵ0 dx e^x − 1

, (18)

where the derivative ∂μ/∂α is necessary to be calculated from the equation of state: n = μ 8πα~^2 ln ~^2α μr^2_0 − T 4πα~^2

I_2(γ, 0), (19)

8π~^2n − μ α = ∂μ ∂α ( ln ~^2α μr^2_0

− 1 − 2 ∂I_2 ∂γ ) . (20)

Further we are interesting in sufficiently high temperatures, i.e. γ ≪ 1, since in this area we expect transition from normal to superfluid state. The presented system of the equations is rather cumbersome, however it simplifies in the point, corresponding to Kosterlitz – Thouless phase transition. In case of weakly interacting Bose-gas the temperature at this point practically coincides with quasi-condensation temperature and with accuracy O(1/ ln(nr^2_0)) it can be found from the equation (Kosterlitz – Nelson universal jump): n = T_c 4πα~^2 ln T_c μ_c + T_c πα~^2 = = μ_c 8πα~^2 ln ~^2α μ_cr^2_0 − T_c 4πα~^2 ln T_c 2μ_c . (21)

Further we shall take into account only leading order in γ_c = μ_c/T_c. Then the equation (20) for derivative in leading order will become T_c 2α ln T_c μ_c = ∂μ ∂α T_c μ_c ln T_c μ_c . (22)

As a result the equation of the self-consistency at the transition point has the form: ( α − 1 2m_{ph} ) (4T_cI_1(γ_c, 0) + μ_cI_2(γ_c, 0)) =

= 2Eα ∞∫ ϵ0 dx e^x − 1

− b(4T_cI_1(γ_c, ϵ_0) + μ_cI_2(γ_c, ϵ_0)). (23)

To calculate the transition temperature, it is necessary to solve this equation together with the equation of state (19) and the equation (21) for a transition point. Using value of chemical potential and temperature in the transition point it is possible to obtain dependence of phase transition temperature as function of excitonphoton detuning and polariton splitting:

Ŕĺśĳňă ć ĘİŠŤ šőň 84 ćżŕ. 3 { 4 2006

T_c = T_{eff} − 2E C(γ_c, 0) ln(1 − e^{−ϵ0} ) −

− (T_{eff} − T_{ex})

C(γ_c, ϵ_0) C(γ_c, 0) , (24)

where C, ϵ_0 and γ_c equals: C(γ, ϵ) = 4 ∞∫ ϵ √ x^2 + γ^2 − γ e^x − 1 +

+ γ ∞∫ ϵ √ x^2 + γ^2 − γ √ x^2 + γ^2(e^x − 1)

, (25)

ϵ_0 = √( E T_{eff} − T_{ex}

)_2

+ 2γ_c ( E T_{eff} − T_{ex} ) , (26)

γ_c =

4 ln ln(1/nr^2_0) ln(1/nr^2_0)

(27)

and T_{eff} and T_{ex} are transition temperatures for systems with masses m_{eff} and m_{ex} respectively:

T_c =

2π~^2n m ln ln(1/nr^2_0)

. (28)

When E increases, occupation of “exciton” part of spectrum at given temperature decreases, thus effective mass of polariton decreases. As a result temperature of Kosterlitz – Thouless phase transition for two-dimensional polariton system increases in according with equation (28). The resulting dependence from E is depicted on Fig.2. As we expected, at small E

Fig.2 Dependence of the super‚uid transition temperature

on E

the superfluid transition temperature is close to that in exciton system and it is logarithmically growing when E is increasing. At the large E the transition temperature slightly differs from that in system with mass m_{eff} . Dependence T_c on E_{dt} and Ω_p is presented on Fig.3.

Fig.3 Dependence of the super‚uid transition temperature on detuning Edt and polariton splitting ˙p (see text)

3. Conclusion. The superfluid phase transition in the system of exciton-polariton in optical microcavity with embedded semiconductor quantum well is considered. For determination of the transition temperature we used the variant of self-consistent harmonic approximation and calculated the dependence of effective exciton-polariton mass from exciton-photon detuning in phase transition point. By this approach essential nonquadratic of dispersion law of exciton-polaritons is taken into account.

Note, that now in experiment, by virtue of insufficient value of microcavity Q-factor, quasi-equilibrium state of microcavity polaritons probably is not reached yet. However we expect, that the dependences predicted in the present work will be found experimentally after further improvement of microcavity Q-factor.

The work was supported by the RFBR grant and Swedish grant for strategic research. A.G.S. is supported by “Dynasty” Foundation and Program of Russian Academy of Sciences for young researches.

1. A. Kavokin and G. Malpuech, Cavity polaritons, Elsevier, Amsterdam, 2003.

2. J. M. Kosterlitz and D. J.Thouless, J. Phys. C 6, 1181 (1973); J. M. Kosterlitz, J. Phys. C 7, 1046 (1974).

3. D. R. Nelson and J. M. Kosterlitz, Phys. Rev. Lett. 39, 1201 (1977).

4. V. N. Popov, Function integrals and Collective excita-

tions, Cambridge University Press, NY, 1981.

5. D. S. Fisher and P. C. Hohenberg, Phys. Rev. B 37, 4936 (1988).

6. M. H Szymanska, PhD thesis part I,II cond-mat/0204294, cond-mat/0204307.

7. H. Deng, G. Weihs, C. Santori et al., Science 298, 199 (2002).

8. H. Cao, S. Pau, J. M. Jacobson et al., Phys. Rev. A 55, 4632 (1997).

Ŕĺśĳňă ć ĘİŠŤ šőň 84 ćżŕ. 3 { 4 2006 4^�