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The values of the insulator gap A in finite 1D systems of interacting bosons,
which can be described by a Hamiltonian of the Hubbard type, are calculated
numerically through an exact diagonalization of the Hamiltonian matrix.

The critical value (¢/U),=0.275%£0.005 is found through extrapolation to an
infinite system. At this critical value, there is a transition from an

insulating state to a superfluid state in a chain in which the number of bosons is
equal to the number of sites. This value of (¢/U), is close to the exact

result found analytically for a reduced Hamiltonian. The reduced model is a good
approximation at {/U=~(t/U).. In the critical region we have
A~exp[—b(1—t/t.) "*], where b~0.2. © 1994 American Institute of Physics.

Reduced-dimensionality systems of interacting bosons on lattices have recently at-
tracted considerable interest.! One reason is that these systems are of importance in their
own right, in connection with the theory of quantum phase transitions. Another is the
need to interpret specific experiments (see the papers cited in Ref. 1). Yet further interest
in the problem is stimulated by the circumstance that the 1D boson Hubbard model
remains one of the few 1D problems for which no analytic solution is available.

The Hamiltonian of the 1D boson Hubbard model is!

Nﬂ Na
H=—-12, (afa; +a;a;_)+(U2) 2 nini—1), 1)

i=1 i=1

where the operator a;" (a,) creates (annihilates) a boson at site i, ¢ is the matrix element
for a jump of bosons between nearest sites, U is the repulsion energy of two bosons at a
site, N, is the number of sites in the chain, and n;,=a; a; (0<n;<N,, where N, is the
total number of bosons in the system). Below we assume U=1; ie., we express all
quantities with the dimensionality of an energy in units of U.

A phase transition from an insulating state to a superfluid state occurs! in model (1)
only if the occupation of the lattice by bosons is commensurate (only if N, is a multiple
of N,), and ¢ reaches a certain critical value ¢, . This critical value 7, was calculated in
Refs. 3 for the case N,= N, by the Monte Carlo method. The result 1. =0.215x0.01 was
found. An exact analytic solution ¢.=1/(2 \/§)~0.2887 was found in Ref. 4 for a slightly
simplified “reduced” Hamiltonian (see the discussion below). That result is quite differ-
ent from the resuits found in Ref. 3. A renormalization-group analysis® of the reduced
Hamiltonian with N, =N, yielded .= 0.215, as did the Monte Carlo method. Bearing in
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mind the known limitations of the Monte Carlo method, because of the large error at low
temperatures, we would like to find ¢, through an exact numerical diagonalization of the
Hamiltonian matrix® and to thereby resolve the contradictions which we just noted.

In this letter we use the exact-diagonalization method to calculate (for the first time,
to the best of our knowledge) the ground-state energies of some finite 1D systems of
interacting bosons which can be described by Hamiltonian (1). We find the value
t.=0.275+0.005, which is close to the exact value for the “reduced” model. We also
show that the reduced Hamiltonian is a good approximation at t~¢,.

As was shown in Ref. 1, the ground state of Hamiltonian (1) is an insulating state
only if N, /N, is a natural number, and ¢ is sufficiently small. In this case the density
(p,) of the superfluid component is zero, and there is an insulating gap A=, —u - in
the spectrum of excitations. Here the values of p, and p_ are given by the relations
(below, as in Refs. 4 and 5, we consider the particular case N, /N,=1 in the thermody-
namic limit) u, =E(N,+1)—E(N,) and u_=E(N,)—E(N,—1), where E(N,) is the
ground-state energy of a system of N, interacting bosons. (The quantity A is introduced
in the fermion Hubbard model” in precisely the same way, i.¢., as the difference between
the excitation energies upon the addition and removal of one particle.) On the u—t phase
diagram (where u is the chemical potential), the region of the insulating phase is bounded
by the curves w(f) and p_(#) (Ref. 1). An increase in ¢ leads to a transition to a
superfluid state with A=0, p, # 0. On the u—¢ phase diagram, this transition corresponds
to a tricritical point. One of the coordinates of this point determines the critical value
t., at which there is a transition from an insulating state to a superfluid state in a chain
in which the number of bosons is a multiple of the number of sites."*=

We numerically calculated the energies E(N,) as a function of ¢ for Ny=N,— 1,
N,, and N,+1 for chains with N,=4, 5, 6, 7, 8, and 9 sites, under periodic boundary
conditions. The relative error of these calculations was no worse than 10”'° in any case.
We were thus able to find x, , #_ and A for various values of N, ; by extrapolating to
N, = we were able to determine the A(f) dependence in the thermodynamic limit
(Na'—’oo, Nb—'>°°, Nb/Nazl).

Figure 1 shows u—t phase diagrams for N,=4 and 9. At small values of ¢, the phase
boundaries essentially coincide; i.e., A is nearly independent of the dimensions of the
system. At r>0.15, the N, dependence of A is very strong. To determine
A¢g=A(N,=x) we approximated A as a function of 1/N, by a fifth-degree polynomial
(on the basis of six exact values of A for various values of N,), and we found A as a
function of ¢. Figure 2 shows an example of this approximation; Fig. 3 shows a curve of
Ag(t). The critical value ¢, at which A, vanishes, is 0.275+0.005. For a correct deter-
mination of A, in the case Ay<<107? (near ¢.), we carried out a more careful approxi-
mation of A(N,) in powers of 1/N;, where the value of a was chosen to lead to the best
agreement of the values of ¢, found by extrapolations on the basis of six (N, =4-9), five
(N,=5-9), four (NV,=6-9), and three (N=7-9) points. We found a=0.95+0.01.

A phase transition which occurs with increasing ¢ in a 1D system of bosons with
N,=N, belongs' to the universal class of the 2D XY model; i.e., it is a (Berezinskii—)
Kosterlitz—Thouless transition. Consequently (Ref. 8, for example), the ¢ dependence of
A, near ¢, should be Ay~exp[—b(1—1#/t.) V%] (at t<t,), where b is a nonuniversal
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numerical factor. It can be seen from the inset in Fig. 3 that this is indeed the ¢ depen-
dence which A, exhibits in the critical region: The logarithm of Ay is a linear function of
the quantity (1—¢/t.) "> over a broad range of In(A,) values. Here we have b~0.2.

The wvalue which we found for ¢. is very close to the exact result
t.= 1/(2\/—5 )==0.2887 which has been found analytically* for a reduced 1D boson Hub-
bard model. In this model, the interaction energy of the bosons at a lattice site is [cf. (1)]

0 if n,=0 or 1,
Vin)=1{ U if n;=2, 2)
oo jf n i> 2.
In other words, there cannot be more than two bosons at one lattice site. To make a more
detailed comparison with the results of Ref. 4, we also carried out a numerical study of a

reduced Hamiltonian with V(#;) as in (2). It turned out that the values of ¢, for models
(1) and (2) agree within the errors, although the range of ¢, values (which is governed by
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FIG. 2. The insulating gap A versus 1/N, for t=0.23 (U=1).
The points for N,=4, 5, 6, 7, 8, and 9 are the results of nu-
merical calculations; the solid curve is an approximation of
A(1/N,) by a fifth-degree polynomial. Here Ay= A(1/N,=0)
=0.019.
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the extrapolation error) is slightly narrower for model (1) than for model (2). It follows
from our calculations that with N,=N, and t~t_ the probability for the realization of
configurations with n;>2 (configurations with more than two bosons at a site) is 0.8%
for model (1), in agreement with the data of Ref. 4. This result implies that the simpli-
fication in (2) of the original Hamiltonian, (1), actually has only a slight effect on the
characteristics of the system at t~¢..

As we mentioned earlier, a renormalization-group analysis® of reduced model (2)
yields ¢t.=0.215. The same value of ¢, (with an error *+0.01) has been found by the
Monte Carlo method® for Hamiltonian (1). The results of Refs. 3 and 5 differ from our
numerical calculations and the exact analytic* calculations by 25%. We believe that the
agreement of the results of Refs. 3 and 5, within their errors, is only fortuitous. Our
reasoning here is that the calculations in Ref. 3, although carried out for large systems
(N,=16), were carried out for a nonzero temperature (T =1/2). This circumstance could
substantially increase the calculation error. Furthermore, no detailed analysis of the be-
havior A(t) near ¢, was carried out in Ref. 3. With regard to Ref. 5, we note that Singh
and Rokhsar’ were apparently unable to fully take account of strong fluctuations in the
critical region, as is indicated by the finite value, v=4.87, which they found for the
critical exponent of the correlation length £. Although this figure is larger than predicted
by the mean-field theory (»=0.5), it is smaller than the actual value 8 y=o0. Our calcu-
lations, on the other hand, made it possible to find the expected® exponential (rather than
power-law) dependence &~ A~ !~ exp[const(1—¢/t,) " V*] (see the inset in Fig. 3).

We thus regard the value ¢,=0.275£0.005 as the most accurate value of ¢, for
model (1). This value is close to the analytic solution* for reduced model (2), which
works well at £~¢,.
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