Analog of gravity in superfluid 3He-4
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There is a correspondence between collective boson modes in *He-4 and
gravitational waves in the general theory of relativity. The contribution of these
modes to a chiral anomaly is derived.

The systematic features in the behavior of superfluid *He-4 at low temperatures
have the same origin as the anomalies and the polarization of vacuum in particle
physics, since a field theory describing the interaction of chiral fermions with collec-
tive boson fields of oscillations of the order parameter 4,; has much in common with
the theory of the electroweak interaction.! Orbital and spin-orbit waves in "He-4 play
the roles of photons and W bosons (Table I). In this letter we examine the interaction

TABLE I. Correspondence between the 18 collective modes in *He-4 and bosons in particle theory. Here Q,
the quantum number for bosons in® *He-4, plays the role of a projection of the particle’s spin onto the wave
vector q, which is chosen along 1. Only ten modes are listed here; the other eight modes of the order
parameter correspond to a generalizaton of gravitation to the case of spin-dependent tetrads ¢’ —e/™ (iso- ¥
spin-dependent in particle physics). As a result, the number of modes associated with the gravitation is
tripled (see the number of parentheses in the second column, which is the degeneracy in the weak-coupling
approximation when the additional eight modes are taken into account).

Mode Degeneracy Oscillating Variables Analog in Q
variables in field theory | particle physics
Orbital waves 2 1 A g3, g% Photons t1
Spin-orbit 4 e ., d 184 . w W bosons +1
waves afy piT @
- Rred 12 .
Clapping modes 2 (6) OV, Ay +iAy) g, Gravitons +2
1 (g't -g**)
2
T A i 1y 22 it i
Pseudosound 1 (3) Re(6¥, A, —iA;) > (g +g°%) Additional graviton 0
—_ e -
Sound 1 (3) | Im@¥,A; —il,) — Twisting wave 0
( + spin waves)
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of fermion quasiparticles with the other 12 modes of the order parameter, which play
the role of gravitational fields. These fields lead to an additional chiral-gravitational
anomaly which effects a transfer of momentum from the superfluid vacuum to the
system of quasiparticles.

To reach an understanding of the origin of the gravitional degrees of freedom, we
analyze the spectrum of fermions in the field of a nonequilibrium order parameter,
which, for simplicity, we assume to have fixed spin structure:

Al=d_wi, ()
[+ o
Here d is the unit vector of the magnetic anisotropy in *He-4, and V¥ is an arbitrary
complex vector, which at equilibrium takes the usual form for the ®A4 phase:
T8 = Do (Ay +idy,), 1A, 12 =12, 2, Ay - &y =0, (2)
where A, is the equilibrium amplitude of the gap in the excitation spectrum.

In the presence of such an order parameter is £ “v2 (k — kz)* + \k-q’|2/ k%; this
spectrum vanishes at two points on the Fermi surface: k= +kgl, where
1=i[W,¥*]/|[¥,¥*]. Expanding E? near these points, we find the spectrum of
charged massless particles in electromagnetic and gravitational fields:

. 3
E?=gi(k,—eA l.)(k]. - eA].) , (3)

where A = k1, e = + 1, and the metric tensor g is expressed in terms of the tetrads
¢;la=0,1,23;u = (0,)]

g“”=ef,‘e{,’n"b, 7’)“ ="722 =1733 =_noo =1,

o +iel =\Ili/kF, el =vFli, ed =1, e2.=e§ =0 (a+#0). (4)
The Weyl equations for these fermions can be found by “taking the square root”

in (3). However, a direct derivation of these equations from the Bogolyubov equation?
shows that the chirality of the fermions near each of the poles k = ek;1 must be dealt

with correctly. As a result, we find the following equations for left-hand negatively
charged (¢ = — 1) and right-hand positively charged (e = + 1) particles:

> 1 1 )
i L el (Z 8 -ed) +(= 3.— ed ef) y=0 (5)
o 27y (7Y ’)“ ’
where 7 = (7',7%,7°) are the Pauli matrices.

These equations can be written in covariant form:

_ (6)
eSy'V ¥ =0.

This is done by introducing the connections @, ., expressed in terms of g*¥, the
Christoffel symbols T, the twisting A,,.., modified by twisting of the gauge field 4,
and the long derivative Vo (Ref. 4, for example):
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wa ab =e, (aaevb l—‘ou/ 'yb);

= - 7
A‘Y, 14 e‘Y(aMe aue‘m) 7
~ 1 1
A =4, * g gaBEﬁT”VA% v Efvey = ,——___g‘, efrev,
V=0, —w, 4 [7“,7b]—1‘eAa, vt =(er®, 7!, 7%, %),

The electromagnetic and gravitational variables_introduced by us can be ex-
pressed in terms of the six components of the vector ¥ (Table I). Of these six, two
correspond to oscillations of the vector 1, i.e., to photons,’ while the other four are
related to gravitation. Three of these four correspond to oscillations of the metric, and-
one to an oscillation of the twisting tensor (this is a sound in which there is an
oscillation of the phase of the condensate and thus of the angle of the rotation around
1). The Lagrangian describing these four modes, 7,, which we choose, for simplicity,
to be propagating along 1 is®

Np{a [1 d (| 4
LG:?zi{n§1[5 vi(05m,) - (57 n,,)J‘“ gA%(n?‘fn%*Zn%)} (8

where 7, = (agll 5g22/2g(0)11 )’ Ny = (5g12/g(0 11)’ Ny = (6g“ + 5g22/2g(0 11) and
N4 COI'I'eSpOl’ldS to a massless acoustic wave.

The “clapping modes” in which 7, and 5, oscillate correspond to gravitons in the ¢
general theory of relativity’ with a spin projection Q = + 2. The appearance of yet
another graviton, 7,, with Q =0, is a consequence of the noncovariance of *He-A far
from poles. All the gravitons are massive. Interestingly, the massive third term in (8)
might be thought of as a cosmological term if it is modifed as in Ref. 6:

1 —3 1
Leoom =A “8('2' g(,f,?g“"-l)’él\\/—g(°){l+ 5 @i+ +2n§)}, 9

where A = A% /1277, and g% is the equilibrium metric tensor corresponding to Min-
kowski space: [g9° = — 1. g =ciI'V + (8"~ 1), ¢y =vp, ¢ =Ay/ky. In
the derivation of the second equation in (9) we imposed the condition /;,8g7 =0 in
order to eliminate the nonphysical variable §g** and those variables (8g'* and §g°)
which correspond to oscillations of the vector 1, which are already incorporated in the
“electromagnetic” waves. Since we are dealing with wave vector q||1, this condition is
equivalent to the condition d, g"" = 0.

The interaction of electromagnetic and gravitational fields with massless fer-
mions, which is described by Eq. (6), should give rise to an anomaly in the chiral
current.” This anomaly would result from not only the “electromagnetic” field
A = k1 but also the “grativatioll,” i.e., the Riemannian curvature R and the twisting
which enters the effective field 4, :

_‘/

ko= _ 10
aHJs 161T ,uv of + 24 Rﬁyu rxcrr) ( )
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where F#V :8}‘21/ — 8VZN. This circumstance leads to an additional exchange of

momentum between the superfluid vacuum and excitations.' The effective A4, is
kplv, + (1/4)vpl curl L, in contrast with the value kI, cited in Ref. 1.
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