Pis’ma v ZhETF, vol. 77, iss. 1, pp. 23 { 27 cfl 2003 January 10

Ground state and Josephson dynamics of the double-well condensates interacting with trap oscillations

L. A. Manakova^{1)}

RRC “Kurchatov Institute”, 123182 Moscow, Russia

Submitted 22 November 2002

In the present paper it is shown that the interaction between classical anharmonic oscillations of a trapped condensate and excited Josephson states corresponding to a large enough initial disbalance of the particle number generates their equilibrium bound state. The dynamics of the system is determined by the self-consistent oscillations of the initial disbalance of the particle number and condensate shape. The existense of the bound state implies that the Josephson states can be detected by observing the change of the condensate shape.

PACS: 03.75.Fi, 05.30.Jp, 32.80.Pj

1. Since the discovery of two-component condensates [1] as well as condensates in a double-well potential [2] the phenomena caused by phase coherence of two condensate modes attract considerable interest, both experimental and theoretical (see, e.g., [3] and references therein). In the work [2] spatial quantum coherence was observed by means of interference pattern in two overlapping condensates. In the work [4] coherent oscillations of the relative populations have been observed in driven two-component condensates with di¸erent internal states. As is well known, a bright manifestation of phase coherence is Josephson e¸ect. In numerous studies devoted to the Josephson e¸ect in systems of two condensates in di¸erent internal states [4, 5] or in a doublewell potential [6, 7] coherent Josephson oscillations are considered for various dynamical regimes caused by the competition between tunneling and intracondesate interaction (nonlinearity). However, experimental observation of the Josephson e¸ect is di‹cult because the small energy splitting associated with Josephson coupling means that thermal and quantum ‚uctuations will destroy the phase coherence between two condensates even at the lowest achievable temperatures [8, 9]. While the energy splitting can be increased, for instance, by lowering of the barrier height, it then becomes comparable with that of motion states of the condensates.

The problem of interaction between the degrees of freedom generated by the Josephson coupling and states of motion (oscillations) of the trapped condensates has be partially analyzed in the work [10]. The present paper focuses on a mechanism of formation of the bound state of the Josephson degrees of freeedom and trap os-

1)e-mail: manakova@kurm.polyn.kiae.su

cillations due to their interaction. The mechanism proposed in what follows may be important for detection of the excited Josephson states.

As is well known [3, 6, 7, 12] the Hamiltonian of two condensates with Josephson coupling has the form

H_J − E_0 = E_C (´N)^2 − 2E_J cos ϕ, (1)

here ´N = N_1 − N_2, E_C = ∂μ/∂N, μ ≡ μ_1 = μ_2 are the chemical potentials, N are the total particle numbers, E_J describes the Josephson (tunneling) coupling, ϕ = θ_1 − θ_2 is the relative phase of the condensates. The quantities E_C , E_J depend on the total particle number N. (´N), ϕ are canonically conjugate variables. In (1) the energy origin is the mean-˛eld summary energy of the condensates, namely, E_0 ≡ μN. The quantization of the Hamiltonian (1) produces the spectrum of the particle number in the Josephson potential E_J cos ϕ. The states of this spectrum represent the quantum analogue of Josephson oscillations. As is shown in what follows, any Josephson state can be realized by means of a given initial disbalance of the particle number. For this reason, it is interesting to obtain the complete spectrum generated by the Hamiltonian of (1), and to represent it as a function of the initial disbalance. The Schrodinger equation for the Hamiltonian (1) is derived by means of the quantization rule: (´N) → −i∂/∂ϕ. As a result, we obtain Mathieu’s equation. The spectrum for this equation has been derived in the work [11]. Here we obtain the relation between the quantum numbers and initial disbalance of the particle number. In the Josephson regime ´N ≫ 1 [3], the discrete spectrum within the range of −2E_J < ε < 2E_J is speci˛ed by the Bohr- Sommerfeld formula:

Ŕĺśĳňă ć ĘİŠŤ šőň 77 ćżŕ. 1 { 2 2003 23 ν(ε_ν ) = ∮ dϕ_r π ´N(ϕ_r; ε_ν ) =

= ∮ dϕ_r π [ 1 E_C (ε_ν + 2E_J cos ϕ) ]_{1/2} = = ν_c [ E(κ) − (1 − κ^2)K(κ) ] , (2)

ν_c = 8 π ( E_J E_C )_{1/2} , κ^2 = ε_ν + 2E_J 4E_J , ν_c ≫ 1;

K(κ) and E(κ) are complete elliptic integrals of the ˛rst and second kinds. The quantity ν_c is of the maximum possible value of the number of levels in the well. In what follows, the states with ν < ν_c are denoted as \libration" states. In the region of ν ≥ ν_c the ν(ε) dependence is determined by the following expression ν(ε) = 4 π^2 ( E_J E_C )_{1/2} κE(κ^{−1}). (3)

The states (3) with ν > ν_c are the self-trapping states [7]. Eqs.(2), (3) imply that ε(ν) ≈ −2E_J + ω_mν at 1 ≪ ν ≪ ν_c, ε(ν) ≈ 4π^2E_C ν^2 at ν ≫ ν_c. (4)

At the same time, it is easy to show that d^2ε(ν)/dν^2 < 0 at ν < ν_c and d^2ε(ν)/dν^2 > 0 at ν > ν_c. At ν = ν_c the curve ε(ν) has a ‚ex point.

Since the energy is conserved, the state with a given ν value can be realized by means of the de˛nition of the initial values of (´N)_0 and ϕ(0). Namely, ε(ν) = = E_C (´N)^2_0 − 2E_J cos ϕ(0). Supposing that ϕ(0) = 0, we obtain the following relation between ν and (´N)_0

ε(ν) = −2E_J + E_C (´N)^2_0. (5)

Using Eqs.(4), (5), we arrive at the expressions ν = 1 2π |(´N)_0| for the self-trapping (sf) states,

ν = ( E_C ω_m ) (´N)^2_0 for the \libration" (l) states. (6) 2. The interaction of Josephson states and condensate oscillations can be realized by the following mechanisms. First, the interaction is secured if we allow for the dependence of E_C in ε(x) on the atom displacements. The latter are generated by the condensate oscillation. Second, the interaction can be realized by applying twophoton traveling-wave laser pulse with the Rabi frequency ˙. The pulse both creates the condensates with the di¸erent particle numbers and induces the interaction of atom’s displacements with the excited Josephson states corresponding to the particle number disbalance created by the pulse. General description proposed in what follows is independent on speci˛c mechanism.

Let us consider the classical states of motion of the condensate. These states may be described in terms of the complex amplitudes a^∗, a = n^{1/2}e^{±iφ1} , where n = ⟨a|^a^+^a|a⟩ = |a|^2 is the average number of quanta in the coherent state |a⟩. The variables n, φ_1 are canonical. By classical state of motion we mean that it’s number of quanta is very large, n ≫ 1. It is convenient to specify the relation between the a, a^∗ amplitudes and the ^a, ^a^+ operators by the following way: a = N^{−1/2}^a. At this, the commutator of a, a^∗ is equal to zero with macroscopic accuracy: [a, a^∗] = 1/N → 0. The Hamiltonian of the motion states can be written in the form: Nϵ(n). For the quasiclassical Josephson states with ν ≫ 1, the c_ν , c^∗_ν amplitudes may be written in the form c_ν = ν^{1/2}e^{iφ2} . However, it is convenient to rewrite ε(ν), c_ν by means of the variable x = |(´N)_0|/N^{1/2} ≫ 1. Combining this inequality with the requirement that x = |(´N)_0|/N ≪ 1 we arrive at the conditions for the x values: 1 ≪ x ≪ N^{1/2}. Using Eqs.(4), (5), we ˛nd that ν = ν(x), ε(ν) = N(−E_J /N + E_C x^2). In general case, the ν(x) dependence is implicit. It is determined by Eqs.(2), (3) ĺ (5). However, in the particular cases of the "libration" (ε(ν) ≪ E_J ) and self-trapping (ε(ν) ≫ E_J ) states, the relations between ν and (´N)_0 can be represented in a simple form, as is seen from (6). By means of Eqs.(5), (6), we come to the following expressions H_0 ≡ Nε_0(n, x) = N[−(E_J /N)+ε(n)+E_Cx^2] and c^{(sf )}ν = N^{1/4}x^{1/2}e^{iφ2} ≡ N^{1/4}c^{(sf )}x ;

c^{(l)}ν = N ( E_C ω_m )_{1/2} xe^{iφ2} ≡ N ( E_C ω_m )_{1/2} c^{(l)}x . (7)

For any mechanism producing the interaction between two subsystems, it can be written in the form of a multiple Fourier series in φ_1, φ_2

H_{int} = N ∑ k1k2 [g_{k1k2} (N)a^{∗k1} c^{k2}_ν + k.c.] =

= N ∑ k1,k2>0 [g^{(sf,l)}_{k1k2} (N)n^{k1/2}x^{αk2} e^{i(k1φ1−k2φ2)} + k.c.],

α_{sf} = 1 2 , α_l = 1. (8)

Ŕĺśĳňă ć ĘİŠŤ šőň 77 ćżŕ. 1 { 2 2003

Here k_1, k_2 are integer. For the sake of simplicity, we disregard the phase-independent interaction in Eq.(8). Using Eq.(7), we obtain

g^{(sf )}_{k1k2} (N) = gN^{−1+k2/4};

g^{(l)}_{k1k2} (N) = gN^{−1+k2} · ( E_C ω_m )_{k2/2} . (9)

The constant g is speci˛ed by the concrete mechanism producing the interaction. Let us assume that the term with the phase ϕ^r_k = k_{1r}φ_1 − k_{2r}φ_2, which varies anomalously slowly with time, can be set o¸ in sum (8). It is possible to make under two conditions k_{1r} ( dϵ(n) dn ) = k_{2r} ( dε_J (x) dx ) , ( d^2H_0 dx^2 ) x=xm (´x)_{max} ≫ ( ∂H_{int} ∂x ) x=xm^, (10)

where the x_m value is determined from the ˛rst equality in (10)

x_m = k_{1r}ε^′_n 2k_{2r}E_C , ϵ^′_n ≡ ( dϵ(n) dn ) . (11)

The inequality in (10) is written with taking into account that H_0, H_{int} are functions of a single dynamic variable, e.g., x. The ϵ^′_n quantity de˛nes the level separations of an oscillation spectrum. From Eqs.(10), (11) one can obtain that time changing the ϕ^r_k phase is proportional to (d^2H_0/dx^2)_m(´x), where (´x) is the change in x near the x_m value. The maximum (´x)_{max} value speci˛es the width of the near-minimum region in that dϕ^r_k /dt ∼ ´x. The second condition in (10) implies that the width of the near-minimum region is large at the characteristic interaction variation scale. The estimation for (´x)_{max} is given in what follows. Thus, the leading term in sum (8) has the form

H^{(r)}_{int} = Ng^{(sf,l)}_k (N; n, x) cos ϕ_k, ϕ_k = k_{1r}θ_1 − k_{2r}θ_2; (12)

All remaining terms in this sum are rapidly oscillating perturbations and will be disregarded in this work. Here and below the index k in g_k and ϕ_k denotes a set of k_{1r}, k_{2r}. One can easy to show that aside from energy H = N[ε_0(n, x) + g_k(N; n, x) cos ϕ_k)] the system in question has an additional integral of motion: n_0 = n/k_{1r} + x/k_{2r}, dn_0/dt = 0. For this reason, the ˛rst condition in (10) is equivalent to the condition of the minimum of ε_0(n_0, x) over x at a given n_0 value. Supposing for the sake of simplicity that k_{1r} = k_{2r} = k, one can readily show that the second condition in (10) is met provided x_m, (n_0 − x_m) ≫ k. And, for this reason, it is ful˛lled with macroscopic accuracy. Using Eqs.(10)-(12), it is straightforward to write the Hamiltonian H_m = H_0 + H^{(r)}_{int} near the minimum to the ˛rst nonvanishing order in (´x): H_m =N [ ε_0(n_m; x_m) + ( d^2ε_0 dx^2 ) m (´x)^2 − g_{km} cos ϕ_k ] , (13)

n_m = n_0 − k_{1r}x_m/k_{2r}, (d^2ε_0/dx^2)_m = 2E_c, g_{km} = = g^{(sf,l)}_k (N; n_m, x_m). Terms with the derivatives of H_{int} are absent in Eq.(13) due to the inequality in (10). Eq.(13) implies that (´x)_{max} ∼ (g_{km}/E_C )^{1/2}. Using that E_C ∼ ω_0(a/a_0)^{2/5}N^{−3/5} in the Thomas-Fermi approximation [12] (here a, a_0 ∼ (1/Mω_0)^{1/2} are the scattering and oscillator lengths), we can represent the 1 ≪ x_m ≪ N^{1/2} inequalities in the form 1 N ( Na a_0 )_{2/5} ≪ k_{1r} k_{2r} ( ϵ^0_n ω_0 ) ≪ 1 N^{1/2} ( Na a_0 )_{2/5} . (14)

As is known [12], the (Na/a_0) ≫ 1 relation occurs in the Thomas{Fermi approximation. However, N^{−1/2}(Na/a_0)^{2/5} ≪ 1. Owing to these relations, the condition (14) or (what is the same) (10) speci˛ed the region of the dense oscillation spectrum, where ϵ^0_n ≪ ω_0. Both here and in what follows, we suppose that k_{1r} = k_{2r} = 1 for the sake of simplicity.

3. At a ˛xed n_0 value the principal contribution to the partition function comes from the neighbourhood of the minimum at x = x_m. The expression for Z(n_0; x_m; T ) is equal to

Z(n_0; x_m; T ) =

= const · ∞∫ −∞ d(´x) π∫ −π dϕ_ke^{−βH}m^{(n0,(Δx),ϕ}k^) ≈

≈ exp [−βNε_0(N; n_m; x_m) + ln I_0(βNg_{km})] (βNE_C )^{1/2}

, (15)

where β = 1/T , T is temperature, I_0(x) is the modi˛ed Bessel function. Using Eq.(15), we come to the following equation for the —n_m value realizing the minimum of the free energy ( dε_{0m} dn_m ) nm=n̄m = ( dg_{km} dn_m ) nm=n̄m^· I_1(βNg_{km}) I_0(βNg_{km}) ,

I_1(x) = I^′_0(x). (16)

Ŕĺśĳňă ć ĘİŠŤ šőň 77 ćżŕ. 1 { 2 2003

In addition to —n_m, the thermodynamic average of cos ϕ_k is determined from Eq.(15). This average is equal to

⟨cos ϕ_k ⟩_T =− ∂ ln Z ∂(βNg_{km}) = ∂F T ∂(βNg_{km}) = I_1(βNg_{km}) I_0(βNg_{km}) . (17)

The order parameters —n_m, ⟨cos ϕ_k⟩_T describe new coherent state. There is the bound state of the —n_m oscillation quanta and the Josephson state generated by the initial disbalance of the particle number that correspond to the x_m value. In addition, this state has the equilibrium phase coherence factor ⟨cos ϕ_k ⟩_T . The —n_m ≠ 0 value provides the equilibrium distortion of the condensate shape. The aboveobtained equations imply that the shape distortion is self-consistently coupled to the x_m value de˛ning the equilibrium initial disbalance of the particle number.

At T = 0 the —n_m value realizes the minimum of the thermodynamic energy

E_m = N[ε_0(N; n_m, x_m) − g_{km}(N; n_m, x_m)]. (18)

To determine the —n_m(T = 0) value, it is suitable to use the following consideration. As is well known, the level separations ϵ^′_n change slowly in dependence on n in the dense (quasiclassical) spectrum. For this reason, we can suppose that ϵ^0_n ≈ const ≡ ω_b ≪ ω_0. On this assumption, the x_m value does not depend on n_m and the —n_m quantity realizing the minimum of E_m is equal to

—n^{1/2}_m = g^{(sf,l)}(N)x^α_m 2ω_b , α_{sf,l} = 1 2 , 1 (19)

(it is worth noting that (∂^2E_m/∂n^2_m) > 0). Both here and in what follows, the g^{(sf,l)}_{k=1} (N) ≡ g^{(sf,l)}(N) denotation is used. Taking Eq.(19) into account, one readily gets

—g^{(sf )}_{1m} = g^{(sf )2}(N)x_m 2ω_b , —g^{(l)}_{1m} = g^{(l)2}(N)x^2_m 2ω_b , (20)

E^{(sf )}_m N = − E_J N − g^{(sf )2}(N) 8E_C ( 1 − 8E^2_c x^2_m g^{(sf )2}(N) ) , E^{(l)}m N = − E_J N − g^{(l)2}(N)x_m 16E_C ( 1 − 16E^2_c x_m g^{(l)2}(N) ) . (21)

The expressions for energies imply, ˛rst, that we obtain the minimum in the region of the dense enough oscillation spectrum, which satis˛es the condition (14). The minimum corresponds to the formation of the bound state for the —n_m, x_m values. Second, as is seen from

Eq.(21), the absolute minimum of E_m can be realized under conditions 1 ≪ x_m < g^{(sf )}(N) 8E_C ; 1 ≪ x_m < g^{(l)2}(N) 16E^2_C

. (22)

These inequalities are met when the interaction matrix elaments g^{(sf,l)}(N) are large enough. Let us estimate the condensate parameters that are required for existence of the absolute minimum. In the Thomas- Fermi approximation, the g^{(sf )}(N) ≫ E_C inequality occurs provided the total particle number is not very large, namely, N ≪ (g/ω_0)(a_0/a)^{8/3}. In turn, the g^{(l)2}(N) ≫ E^2_C relation holds true under condition N^{0.1}[g^2/(˙^{1/2}ω^{3/2}_0 )](a_0/a)^{0.6} ≫ 1, Here we use that E_J = ˙N. The latter condition is ful˛lled for all admissible parameters, provided g^2/(˙^{1/2}ω^{3/2}_0 ) ∼ 1. It should be emphasized that the right-side inequalities in Eq.(22) are much stronger than the condition x_m ≪ N^{1/2}. These conditions imply that the libration Josephson state forms the bound state with the condensate oscillation rather than the self-trapping state.

4. The Hamiltonian (13) describes dynamics of the system that has the ground state with the parameters x_m, —n_m and phase ϕ_k(0) = 0 at t = 0. In the ground state the initial disbalance of the particle number is equal to |(´N)_{0m}| = N^{1/2}x_m = N^{1/2}ω_b/2E_C . In the case considered here the canonical equations of motion have the form ∂ϕ_k/∂t = ∂h_m/∂(´x), ∂(´x)/∂t = = −∂h_m/∂ϕ_k, where h_m = —H_m/N. The Hamiltonian —H_m is obtained from H_m in Eq.(13) at n_m = —n_m and g_{1m} = —g_{1m}. The —n_m, —g_{1m} quantities are determined in Eqs.(19), (20), respectively. The solutions of the equations of motion describe the self-consistent oscillations of the initial disbalance and condensate shape. The ˛rst oscillates around the (´N)_{0m} value. The shape of the condensate changes around that which corresponds to the —n_m value. Note that (´x) = −´n. For the libration state the maximum frequency of the oscillations is determined by the following expression

ω^{(l)2}_m = E_C —g^{(l)}_{1m} ∼ g^2 ω_b ω_m , (23)

where ω_m = (E_C E_J )^{1/2} is the maximum oscillation frequency for the "unperturbed" Josephson Hamiltonian (1). In the Thomas-Fermi approximation one readily ˛nds that E_C ≪ ω_m ≪ E_J . Taking into account that ω_b ≫ E_C (see Eq.(11)) and supposing that ω_b ∼ E_J , we obtain ω^{(l)}_m ω_m ∼ (g(l)_{1m} E_J )_{1/2} ∼ ( g(l)(N) E_C )( ω_b E_J )_{1/2} ≫ 1. (24)

Ŕĺśĳňă ć ĘİŠŤ šőň 77 ćżŕ. 1 { 2 2003

The quite di¸erent situation occurs for the self-trapping states. In this case we have

ω^{(sf )}_m = (E_C g^{(sf )}_{1m} )^{1/2} ∼ g^{(sf )}(N);

ω^{(sf )}_m ω_m ∼ ( g(sf )(N) E_C )_{1/2}( g(sf )(N) E_J )_{1/2} ∼

∼ ( g(sf )(N) E_C )_{1/2}( g ˙ )_{1/2} · N^{−7/8}.

(25)

With taking the conditions (22) into account, Eq.(25) implies that the ratio ω^{(sf )}m /ω_m may take on an arbitrary value.

It should be emphasized that the bound state arises in the neighbourhood of the minimum of the ε_0(n_0; x) function, where the conditions (10) are met. The conditions (10) specify the type of the interaction between the Josephson and oscillation degrees of freedom. In addition, the ˛rst condition in (10) imposes the de˛nite restrictions on the spectrum of the oscillation states which may e¸ectively interact with the Josephson degrees of freedom. Namely, the density of oscillation states should satisfy the inequalities (14). The region of the dense spectrum exists in the neighbourhood of barrier top. In this case, according to the consideration proposed above, there is formed the equlibrium bound state of the highly excited oscillation and Josephson states. The existence of the bound state generates the equilibrium distortion of the condensate shape spesi˛ed by the —n_m value. This mechanism can provide the experimental detection of the excited Josephson states. In addition, the Eqs.(21) imply that there can be observed the quantum phase transitions to the state with the —n_m ≠ 0 value.

I am grateful to Yu. M. Kagan and L. A. Maksimov for helpful discussions. This work was supported by the Russian Foundation for Basic Research.

1. C. J. Myatt, E. A. Burt, R. W. Christ et al., Phys. Rev.

Lett. 78, 586 (1997).

2. M. R. Andrews, C. G. Townsend, H.-J. Meisner et al., Science 275, 637 (1997).

3. A. J. Leggett, Rev. Mod. Phys. 73, 703 (2001). 4. D. S. Hall, M. R. Mattews, C. E. Wiemann, and E. A. Cornell, Phys. Rev. Lett. 81, 1543 (1998).

5. J. Williams, R. Walser, J. Cooper et al., Phys. Rev.

A59, R31 (1999).

6. I. Zapata, F. Sols, and A. J. Leggett, Phys. Rev. A57, R28 (1998).

7. S. Raghavan, A. Smerzi, S. Fantoni, and V. B. Shenoy, Phys. Rev. A59, 620 (1999).

8. F. Meir and W. Zweger, Phys. Rev. A64, 033610 (2001). 9. L. P. Pitaevskii and S. Stringari, Phys. Rev. Lett. 87, 180402 (2001).

10. L. A. Manakova, cond-mat/0210573. 11. L. A. Manakova, JETP Lett. 73, 39 (2001). 12. F. Dalfovo, S. Giorgini, L. P. Pitaevskii, and S. Stringari, Rev. Mod. Phys. 71, 463 (1999).

Ŕĺśĳňă ć ĘİŠŤ šőň 77 ćżŕ. 1 { 2 2003