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It is shown, in the limit of arbitrarily small impurity concentrations, that
complete pinning of the Frohlich superstructure takes place in a one-dimensional
system, and correspondingly the static conductivity vanishes at T = 0.

PACS numbers: 72.10.Fk

In a one-dimensional conducting system, the electron-phonon interaction
leads to a structural instability, first noted independently by Peierls and
Frohlich.!!! The instability consists in the development of a lattice deforma-
tion of the type u, cos(2kgx + ¢) because the contribution of the conduction elec-
trons to the elastic energy cancels its lattice component. Accordingly, the total
elastic-energy density at zero temperature would be of the form
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where the second term describes the contribution of electrons with a spectrum
e(k) = Ep + vg £ Vvi(k - q)% + A? 2)
and the “gap” A= ldiu, zp,.q) ) is due to the lattice deformation:
By Gky +q)* wt = |utexpsi(Up +q)xtig) (3)
(d; is the deformation potential of the electrons).

Minimization of (1) with respect to «* at T=0, with the definition V¢=0
[g=V¢/2 in (2)] and with the definition of the deformation
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leaves the choice of the phase free.

Frohlich!!! advanced the idea that, neglecting defects and umklapp processes,
the structure (3) could move with constant velocity along the lattice, and a non-
dissipative current is connected with this motion. This superconductivity
mechanism was subsequently discussed inf?), It was indicated inf3+4! that at
finite but low temperatures (T < A) the state of the system is close to the ground
state [Egs. (1) and (4)] and differs from the latter in the phase fluctuations (the
“pseudogap model””). According to!®4!, a stationary superconducting current
can flow in such a system with n,x nq(wy/A)? carriers (when ny is the number of
carriers in the one-dimensional metal).

The main content in the present article is the statement that in a one-dimen-
sional system with disorder there can be no motion of the structure, and an
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arbitrarily small number of impurities at 7=0 does not lead in any way to the
appearance of small “friction”’®! put to identically zero conductivity. The
physics of the situation is perfectly analogous to Mott localization!®! of the con-
duction electrons in a one-dimensional system!®:7!; in the present of defects, the
eigenfunctions describing the vibrational degrees of freedom of the short-wave
phonons (g~ 2kg) are localized in space. Therefore the deformations in the
ground state of the system at T=0, which are determined by minimization of
the elastic energy, do not correspond to the coherent structure (3).

In the absence of defects, the phase oscillations are described by the acoustic
equationf®s41;
$,-ulp’ =0, (5)
where ? = djv? /4TvAlp, Tt will be convenient henceforth to use the dimensionless
parameter g3, =d}/mvpw} (p is the mass density; then u/v=gy(wy/24).

The defects lead first of all to scattering of the conduction electrons and to
localization of the electrons in the problem of one-dimensional conductivity. [6:7]
For the sake of simplicity, we shall disregard the disorder introduced by the
defect in the elastic matrix of the lattice. It is assumed that the effective radius
of the potential of the “impurity” is small, shorter than the correlation length
£9=Hv/A, and that the impurity concentration is also small enough, i.e., the
average distances 7 between the defects is larger than £;.

In the initial approximation, on a segment between two impurities in the
ground state, the equilibrium ion-displacement configuration with respect to
which the oscillations take place retains the same form (3) as before. In the
derivation of an equation to take the place of Eq. (4) for the low-lying phase
oscillations, we simplify the analysis and retain only those impurity-potential
components that transfer the electron, in the course of scattering, from one
side of the “Fermi surface’’ to the other (say from kp to — kg):

Vt(x-a)=|V!exp[ii(QkF(x—a)+¢)]3(x_a). (6)

The form of the potential (6) reflects the assumption of the “atomic”
character of the defect.

It is necessary first to find new equilibrium positions of the oscillator
w(x) = |ut(x) | exp [t i(2kpx + @ (x)], (3")

where the coordinate dependence of |u*(x)| and ¢ (x) is due to the impurities,
and then expand the total elastic energy in small deviations uf from these
positions, up to quadratic terms.

The equilibrium condition is of the form (T=0):
pwg utix) + 24, {689 (x, x )(dw/27) =0, (7)

and the terms quadratic in %} in the total elastic energy are

Jdxpw? uj (x)u](x) + 2d] [[dxdx” [ (do/27)
1
X g”: (x)G_fff)(x, x”) G(_w_) (] x)uT(x") +—2'uT(x)C+(“i)(x,x')Gi“’_) (x°, %)
X u; (x")}. (8)
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The exact electron Green’s function in the absence of impurities, which enter in
(7) and (8), make up a matrix whose form in terms of Fourier components is

¢ 6{) iw+ & |A| exp i 1
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9
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[here ¢ =v(k+kp); the factors exp(+ 2ikzx) in (7) and (8) can be left out]. As-
suming Born impurities, it suffices to retain in (7) and (8) the increments
linear in the potential V (6). These increments yield in (7) corrections to (3):
u*(x) = uf(x) +u$ (x), where u% is proportional to V. The structure of the equation
for u% is quite obvious:

pwlu’,(x) +2d, [dx’f (do/2m) {62 (x = x*)6'P) (x ~ x")(du], (x7)

+V 7))+ GO x -2 C@(x% - x)(duy(x°) + V(x*))) =0, (10)

In the part homogeneous in «}, by virtue of the condition (4), appreciable
cancellations take place. Using (8), we readily find that the integral kernels in
(10) decrease exponentially over distances greater than £, from the impurities,
i.e., they are equivalent to effective 6 functions. A more detailed analysis
shows that the kernel with the product G{*’G%) behaves at short distances
|x—x'] «<¢,like | x —x|-! [this behavior is the cause of the appearance of the
logarithmic term in ()], and therefore this term is the principal one, i.e.,
the amplitude of the effective potential for this term is larger by a factor
In2E;/A ~1/g}, than the same amplitude due to the term G{¥’G{%, 1t is also
easy to verify that the impurity-induced perturbation | #$(x)| is concentrated
in a region £, near the impurity:

di| uf (x)| =(V/6%y)cos (b + 2kpa — ) & (x~a). (1)
At the same time we have for the phase correction
¢ (x) = (4 VA/g;th)sin @ +2kpa —¢) 8(x - a). (12)

On going through the impurity from left to right, the phase acquires an
increment

b ylx) = (4VA/g), v7)sin (b, + 2kpa -9 (2-a), (12%)
i.e., the period of the superstructure (3) changes.

We proceed to calculate, with the same accuracy, the harmonic terms (8) in
the energy. The terms linear in V all have the schematic form

+
Veadut

el
N

where different combinations (+) correspond to different sets of electron
Green’s functions (9), Because of the factor 1/g}, in (11) and (12), it is possible
to leave out V* from all these diagrams in comparison with dju}. The roles

of (11) and (12*) in these diagrams are different. Strictly speaking, ¢, in (12)
is small over distances x —a > £ only if the parameter
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A= 2V/g;hv (13)

is small, It was noted above that (12) has the meaning of the period of the
superstructure. According to (9), the free term G{¢’G{® in (8) contains a factor
exp(2i¢). It is easily verified that the contribution from the terms with ¢
means exactly the change of this factor on account of the change of the period

of the structure.

After the calculations we obtain in lieu of (5) the following equation for the
oscillations of the phase that is random over the impurity distributions:

wl¢ (x) =~ "zd’l”'(") + (w2 V/A) cos (¢, + 2kpa ~¢) 8(x - a)p,(x)- (14)

We note that cos(¢,+2kp—#) > 0. In the opposite case, the specifics of the one-
dimensional problem would lead to solutions with w? <0 near the given impurity.

From (1) and (12) follows the main conclusion: at small concentrations, the
phases of all the impurities are “pinned’”: ¢,+2kpa ~ ¥ =2n7. Otherwise the en~
ergy density (1) would acquire a term independent of the concentration ~A2A2/v,
It appears that at high temperatures a complete loss of phase coherence takes
place. Comparing A2A2/y with the contribution Swn(w) ~ T/a of the thermal
oscillations, we obtain for the corresponding temperature, T*, the estimate:

T* ~AAYE L. (15)

The loss of phase coherence on an individual impurity takes place also at a
finite concentration. Indeed, since 2k is not commensurate with the lattice
period, the phases are always different at different at different impurities,
and this leads inevitably to the appearance of V¢ « (#)-1, In light of the fore~
going, however, this means apparently that the ground state of the system
corresponds at a finite concentration to fixation of the phase on complicated
“complexes” of impurity centers.

Let us return to Eq. (14), which has the same form as the Schrédinger
equation with a repulsion potential. The coefficient of transmission through
the barrier tends at small «? to zero®): D~ 4w?/Mwjgl,. In this approximation,
Eq. (15) reduces to the problem of motion between impenetrable barriers, and
the probability density of a given distance ! between neighboring barriers is
(#)"! exp(~1/7). Inasmuch as in this case w,=nu/l, we have as w—0 for the
density of states

um um d
P(w) do = mexp(— ?w— @ .
In the same limit it is easy to determine the electromagnetic properties of the
system, Generalizing the results of!!, we can write
- 4nu? w??
i(x) =~ —

[DR(x, 5%) A(w, x*) dx”,
where DE(x,x’) is the averaged retarded Green’s function of Eq. (14):
DR, x") =3y (x) ¢, s No? -0l + Bl
n

constructed on its eigenfunctions ¥_(x)=v2/1I sin(mx/1). For the dielectric
constant € and the conductivity o(w')‘ we obtain
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8 L., 16u3¢ e? um
€= ——cer g(@) = ———g— exp[- —
3v vT W

We have thus shown that the conductivity vanishes at T=0. Whether a finite
conductivity of the Frohlich mode arises at T= 0 in the presence of defects is
still unclear. At any low defect concentration, the temperature dependence of
o(T) is of the semiconductor type as T— 0. If is curious that the concentration
does not enter in the estimate (15) of the temperature at which ‘““compete
breakaway’’ of the structure takes place.

The author is grateful to A,I. Larkin for useful discussions.
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