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An intense electromagnetic wave and a gravitational wave can interact to
effectively generate electromagnetic waves at sum and difference frequencies.

The self-effect of a monochromatic electromagnetic wave through a
gravitational field leads to third-harmonic generation.

PACS numbers: 04.40. 4 ¢

1. A vacuum with a static gravitational field is known to be equivalent to a
medium with a refractive index which is determined by the strength of the gravita-
tional field.! If, on the other hand, a gravitational wave is propagating in a vacuum,
then there are also changes in the electrodynamic properties; they become periodic in
the spatial and temporal variables.!) The problem of the propagation of an electro-
magnetic wave in a vacuum with a gravitational wave thus reduces to a parametric
problem. A circumstance of fundamental importance here is that the propagation
velocities of the electromagnetic and gravitational waves are equal,! ™ so that there
may be a resonant collinearinteraction when the resonance conditions are satisfied ex-
actly. Although the interaction itself may be slight, the waves which appear will
have amplitudes that grow linearly over distance, and over a large distance the effect
can become quite significant.

As an electromagnetic wave propagates in a vacuum in which a gravitational wave
is also propagating in the same direction, new electromagnetic waves appear at the
sum and difference frequencies, with amplitudes that grow over distance. The detec-
tion of waves at the sum and difference frequencies might be used as a method for
detecting gravitational waves.

Let us derive an expression for the amplitudes of the electromagnetic waves at
the sum and difference frequencies which are “diffracted” by a gravitational wave.

Assuming that the gravitational field h; is weak and that the metric tensor is
gik =g§£) + hjy, where g,(-,S) are the Galilean values (g((x%) = O,ggg) = l,gfxo ==-84p), we
can write Maxwell’s equations incorporating gravitation as follows:

rot H -

0 — . -
—((/y D) =0,D=E/vg,,,
ey 9t

(1)

—~ 9 (VyB) =0, B=H/\Vg,,’
c\/y dt

rot E +

229 0021-3640/81/17229-04$00.60 © 1982 American Institute of Physics

229



where E and H are the electric and magnetic fields. The gravitational field enters
Eqgs. (1) only through the determinant of the spatial part of the metric tensor,
Yap=-8ap=08as~Pag, €., y=Det v 1. By virtue of the polarization properties of
a gravitational field which is propagating along the x* direction, the only nonvanish-
ing components Ayg are Ap3 and A3z =-hy, (Sec. 102 of Ref. 1), and the determinant
7 turns out to be 1 -#3, - h2;, i.e., quadratic in the strength of the gravitational field.
For the same reason, the effect discussed below turns out to be quadratic in the a,.
Furthermore, it is easy to show that the incorporation in the tensor g;; of terms
proportional to the square amplitude of the gravitational wave, hJ 3, leads to the ap-
pearance in the determinant v of terms that are proportional to h0% and A%, which
are small. Assuming the gravitational wave to be given,
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where w, = kgc is the frequency of the gravitational wave, and writing the electro-

magnetic field as
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where €y and #, are the amplitudes of the given intense electromagnetic wave, and
€ and # ' are those of the weak “diffracted” wave, we find from (1) an equation for
the field £’ with a given polarization on the right side:
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It can be seen from (4) that under the resonance conditions wg + 2wg = w' (for a col-

linear interaction the conservation law for the wave vectors is satisfied automatically,

since the velocities of the electromagnetic and gravitational waves are equal*), there

exists a solution which grows over distance along the wave propagation direction, x!.

Simple calculations (as in nonlinear optics®) of the amplitude of the electromagnetic
~ wave which is generated under the boundary condition €'(x! =0)=0 yield

(h°2+h )ng o,
e.=e(x'=L) = € (fo’h;B-—- const) e

+
2c W, iQ(ug

(5)
Here L is the distance which the intense electromagnetic wave has traversed along
with the gravitational wave, and the polarizations of the diffracted waves, E’, and of
the initial wave, Eq, are the same. Noting that the energy flux along the x! axis is
P=c® w3 (h% +h%)/4mx for a plane gravitational wave, where K is the gravitational
constant, we find from (5) the relative amplitudes of the electromagnetic waves at
the sum and difference frequencies:
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Consequently, the detection of gravitational waves reduces to the observation of
satellites on the signal from a coherent source of electromagnetic radiation if the in-
tensity of these satellites increases linearly with distance from the source. For ex-
ample, for gravitational waves with an energy flux density &~ 10'® erg/(cm - s) at
the frequency wg~ 2m + 100 Hz coming from a source at a distance L ~ 5 X 10 ¢cm
(in the Crab Nebula), the amplitude of the sum or difference peak in (6) is 107° of
the amplitude of the light source, o (wo >>>wy). Clearly, the effect is possible if
there is no deviation from the resonance conditions anywhere along the interaction
path. A deviation might be caused, for example, by a difference of the refractive in-
dex of the medium, n(w), from unity or by a frequency dispersion of this index, i.e.,
if

2w L
g 1-n(w,) +wo-a—n—1 ]<<1 (w, >> ("g)' (7
13}

c dw

Assuming n(w)=1-2me*N/Mcwi (as for a plasma), where NV is the number of parti-
cles per unit volume with charge e and mass M, we find that condition (7) is satisfied
with N<<10% em™ for protons and with N << 10% ¢m™3 for electrons with
L=5X10% c¢m and wg = 2m - 100 Hz at visible wavelengths.

2. There is yet another, extremely interesting, consequence of a parametric self-
effect of an electromagnetic wave in a vacuum through stimulated waves. For an in-
tense, monochromatic electromagnetic signal in a vacuum, this self-effect leads to har-
monics which can be detected experimentally, as we will now show.

From the theory of relativity for a weak gravitational field,! we have

167 « 1

where T}y is the energy—momentum tensor of the electromagnetic field. After a de-

rivation similar to that above (Section 1), we find the following result for a nontrans-
verse stimulated gravitational wave which is generated by an intense electromagnetic

wave of frequency w, that is propagating along the x' axis:

(-2)
hik=(i4nKW0/cswo)<eL2w° e +‘c.c.> (i, k= 0,1). (9)

In Eqs. (8) and (9) we have used the components Tog =Toy =Ty =Tyy =W[T=T?
=T, k#0)=0], W=E3/4m Wy =€} /4n (Ref. 1). It can be seen from (9) that the
amplitude of the gravitational wave increases linearly with increasing interaction
length. Substituting (9) into Maxwell’s equations in (1), and noting that we have
v=1-hy, in this case, we write the following equation for the resonant electromag-
netic wave at the third harmonic, €30,
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€30 axW L2
o = 3 : y (10)
€ ¢

o

where L is the distance traversed by the intense electromagnetic wave from its source.
The third-harmonic amplitude is independent of the frequency, being determined by
only the energy density and the distance over which the self-effect operates. Equa-
tions (10) and (6) are the same in structure. The energy density of the gravitational
wave is replaced in (10) by the energy density of the electromagnetic wave, and the
distance is raised to a power one unit higher because of the “double” resonance: The
nontransverse gravitational waves which are generated are at resonance with the initial
electromagnetic wave, and the gravitational wave and the intense electromagnetic
wave in turn resonantly generate an electromagnetic wave at the tripled frequency.

Estimates based on Eq. (10) show that with a detector on the moon
(L =3.8 X 10'® cm) capable of detecting several quanta per second in an area of 1
cm? the electric field in an electromagnetic pulse coming from the earth would have
to be of the order of 107 V/cm.

The generation of the third harmonic of a monochromatic electromagnetic signal
in a vacuum is essentially yet another consequence of the general theory of relativity.

l)Sibga’culljn’ and Dinariev and Sibgatullin® have analyzed the propagation of weak electromag-
netic and gravitational waves in an intense electromagnetic field.
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