Pis’ma v ZhETF, vol. 86, iss. 3, pp. 183 { 189 cfl 2007 August 10

Disappearing cosmological constant in f(R) gravity

A. A. Starobinsky^{1)}

Landau Institute for Theoretical Physics RAS, 119334 Moscow, Russia

Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan

Submitted 19 June 2007

For higher-derivative f(R) gravity where R is the Ricci scalar, a class of models is proposed which produce viable cosmology di¸erent from the LambdaCDM one at recent times and satisfy cosmological, Solar system and laboratory tests. These models have both ‚at and de Sitter space-times as particular solutions in the absence of matter. Thus, a cosmological constant is zero in ‚at space-time, but appears e¸ectively in a curved one for su‹ciently large R. A ’smoking gun’ for these models would be small discrepancy in values of the slope of the primordial perturbation power spectrum determined from galaxy surveys and CMB ‚uctuations. On the other hand, a new problem for dark energy models based on f(R) gravity is pointed which is connected with possible overproduction of new massive scalar particles (scalarons) arising in this theory in the very early Universe.

PACS: 04.50.+h, 95.36.+x, 98.80.�k

1. Continuing investigation of dark energy (DE) properties in the Universe (see the recent review [1] for the definitions of what is usually called the effective DE energy density ρ_{DE} and pressure p_{DE} from the observational point of view) has shown that its properties are very close to those of an exact cosmological constant Λ that has ρ_Λ = −p_Λ = Λ/8πG = const > 0.^{2)} In particular, if w_{DE} ≡ p_{DE}/ρ_{DE} is assumed to be constant, then |w_{DE} +1| < 0.1 (1σ error bars) or even smaller, see [3] for the analysis of the most recent observational data using different techniques.^{3)} However, for more generic DE models with w_{DE} ≠ const, the same analysis does not exclude varying w_{DE} including even temporal phantom behaviour of DE (w_{DE} < −1) at recent redshifts z < 0.3. The latter behaviour (in other words, breaking of the weak energy condition for DE), if confirmed by future, more exact data, may not be explained in the scope of physical DE models according to the terminology of [1] (e.g., the quintessence ones) and requires some kind of geometrical DE (otherwise dubbed modified gravity), see also recent reviews [4].

1)e-mail: alstar@landau.ac.ru 2)The sign conventions are: the metric signature (+ − −−), the curvature tensor R^σ_{μρν} = ∂ν Γ^σ_{μρ} − ..., Rμν = R^σ_{μσν} , so that the Ricci scalar R ≡ R^μ > 0 for the de Sitter space-time and the matter-dominated cosmological epoch; c = ~ = 1 is assumed throughout the paper.

3)Note that the assumption w_{DE} = const < 0 and not equal to −1, −2/3, −1/3 is not very natural in the presence of nonrelativistic matter since it requires DE models with rather specific potentials, see e.g. [2].

Among geometrical DE models one of the most simplest ones is the f(R) class of gravity models with the Lagrangian density L = f(R) 16πG + L_m, (1)

where L_m describes all non-gravitational kinds of matter including non-relativistic (cold) dark matter and the metric variation is assumed.^{4)} f(R) may be an arbitrary function subjected, however, to some stability conditions discussed below. For f(R) = R − 2Λ, it reduces to the Einstein gravity with a cosmological constant. Thus, it contains the standard cosmological ΛCDM model as a particular case. However for f^{′′}(R) ≠ 0, in addition to the massless spin-2 graviton, this class of models contains a scalar particle, dubbed scalaron in [5], which rest-mass is M^2(R) = (3f^{′′}(R))^{−1} in the WKBregime |M^2| ≫ R^2, R_{μν} R^{μν} (here and below prime means differentiation with respect to an argument). It is neither a tachyon, not a ghost for f^{′′}(R) > 0 in this regime. Finally, graviton is not a ghost if f^′(R) > 0. All these properties can be easily obtained either directly, or (in the absence of L_m) using conformal equivalence of equations of motions for this class of models to those of the Einstein gravity interacting with a min-

4)The Palatini variation of (1) leads to completely different equations of motion, even the number of degrees of freedom (i.e. particle content) is not the same. Thus, two models with the same Lagrangian density (1) but different ways of variation should be studied and compared with data as two separate models; their similarity is illusory.

Ŕĺśĳňă ć ĘİŠŤ šőň 86 ćżŕ. 3 { 4 2007 183 imally coupled scalar field ϕ with some potential V (ϕ) which form is uniquely determined by f(R) in all points where f^′(R) ≠ 0 [6]. However, I shall not use this conformal equivalence below, in particular, because it may be misleading in the presence of other kinds of matter.

In this paper Eq. (1) is considered as a purely phenomenological effective Lagrangian density describing geometrical DE. However, in principle, it may arise either due to quantum fluctuations of all fields including gravity (as was supposed in early papers like [5]), or as a result of reduction from higher dimensions to 4D in some variant of modern string/M-theory (see e.g. [7] in this respect).

First papers on cosmological models in f(R) gravity appeared already in 1969–1970 [8]. Then, among other results, this class of models with f(R) = R + R^2/6M^2 plus some small non-local terms (which are crucial for reheating after inflation) was used to construct the first internally self-consistent cosmological model possessing a (quasi-)de Sitter (latter dubbed inflationary) stage in the early Universe with slow-roll decay, a graceful exit to the subsequent radiation-dominated Friedmann-Robertson- Walker (FRW) stage (through an intermediate matterdominated one) and sufficiently effective reheating in the regime of narrow parametric resonance [5] (see [9] for more details). It is for this model that calculations of scalar (adiabatic) perturbations generated during inflation were first done [10]. Moreover, with all recent observational data taken into account, it still remains among viable cosmological models: as follows from the final results for both scalar and tensor perturbations [11] (see also [12 – 14]), the model predictions for the slope of the primordial spectrum of scalar perturbations n_s and the tensor/scalar ratio r are n_s − 1 = −2N^{−1} = = −0.04 (N/50)^{−1}, r = 12N^{−2} = 0.0048 (N/50)^{−2} where N is the number of e-folds between the first Hubble radius crossing of the present inverse comoving scale 0.05 Mpc^{−1} and the end of inflation – well in agreement with the present data (of course, in the case of r we have an upper limit only). The only free parameter of this model – the scalaron rest-mass M – is determined from the normalization of the primordial scalar spectrum. If we take it from the best fit to the combined WMAP3-SDSS measurements [15], then M = 2.8 × 10^{−6} (N/50)^{−1}M_{P l} where M_{P l} = 1/ √ G (by the way, this lies inside the range conjectured in [11]).

Due to remarkable qualitative similarity between the present DE and primordial DE that supported inflation in the early Universe, all inflationary models may be applied to the description of the present DE, too, after changing numerical values of their microscopical parameters only.^{5)} Actually, it had been done already for practically all models (sometimes in the inverse historical order). The same occurred to models based on f(R) gravity beginning from [16], and then it was proposed in [17] to use f(R) models with f(R) diverging (or finite but non-analytic) at R → 0 for description of the present DE. However, after much agitation on this particular class of models, it was proven that they are either non-viable, or practically indistinguishable from the standard ΛCDM model, see [18, 14] for such rather pessimistic conclusions as well as for extensive lists of publications on this topic.

This does not completely close the way to construct a viable DE model in f(R) gravity observationally distinguishable from the ΛCDM model, but suggests to abandon the hypothesis of divergence of f(R) at R = 0, as well at any other value of R, and to return to the natural assumption that f(R) is regular in this point. Moreover, an interesting and intriguing possibility is f(0) = 0 while f → R − 2Λ for R ≫ Λ. This behaviour corresponds to an effective cosmological constant existing in a sufficiently curved space-time but ’disappearing’ in the flat one – that explains the title of the paper. In other words, in such a model the observed DE (close to the cosmological constant for sufficiently large R) is a purely curvature induced effect. It is totally unrelated to quantum vacuum energy in flat space-time that should be zero due to some other symmetry.^{6)} However, the price to pay is that flat space-time becomes unstable with a characteristic time of the order of the present Universe age.

Of course, it is much more difficult to construct a viable DE model in f(R) gravity as compared to general scalar-tensor gravity since the former contains only one arbitrary function while the latter has two functions and provides much place for viable DE models, see e.g. [20] for reconstruction of such models from different kinds of observational data and [21] for models which admit recent phantom behaviour of DE. Another source of problems is that it is rather non-trivial to satisfy laboratory and Solar system tests in f(R) gravity since it formally represents the limiting case ω = 0 of scalar-tensor gravity where ω is the Brans-Dicke parameter [22], though sometimes this limit should be taken carefully (see [23]

5)This does not mean that the present and primordial DE should necessarily be the same kind of matter, like in the so called quintessential inflationary models. I am only speaking about possibility to use the same kind of theoretical models in both cases.

6)So, this model easily realizes a possibility of ’degravitation of the cosmological constant’ in the scalar sector which was recently proposed and tried to be achieved in the tensor sector in [19] but faced with very serious technical problems due to non-locality of equations.

Ŕĺśĳňă ć ĘİŠŤ šőň 86 ćżŕ. 3 { 4 2007 for recent reconsideration). However, this may be considered even as an advantage of DE f(R) models since it makes easier to falsify them. So, in the next section a trial 3-parametric form of f(R) is introduced which realizes the ’disappearing cosmological constant’ possibility and behaviour of its FRW solutions is investigated. In Sec. 3 laboratory and Solar system tests, as well as dynamics of small perturbations are considered. Sec. 4 contains conclusions and discussion of problems and further tests of this model.

2. Field equations following from (1) can be written in the following Einsteinian form (though gravity itself is not the Einstein one): R^ν_μ − 1 2 δ^ν_μR = −8πG ( T^ν_{μ(m)} + T^ν_{μ(DE)} ) , (2)

where 8πGT^ν_{μ(DE)} ≡ F^′(R)R^ν_μ − 1 2 F (R)δ^ν_μ + + ( ∇_μ∇^ν − δ^ν_μ∇_ρ∇^ρ ) F^′(R), F (R) ≡ f(R) − R, (3) and T^ν_{μ(m)} follows from variation of L_m and satisfies the generalized conservation law T^ν_{μ;ν(m)} = 0 separately (since the left-hand side of Eq. (2) and the right-hand side of Eq. (3) satisfy this condition, too). There exists a subtlety in this representation that is discussed below. The trace of Eq. (2) reads

3∇_μ∇^μf^′ − Rf^′ + 2f = 8πGT_m. (4)

Constant curvature solutions (de Sitter ones for R > 0) are roots of the algebraic equation Rf^′ = 2f.

Let us take f(R) in the following 3-parametric form:

f(R) = R + λR_0 (( 1 + R^2 R^2_0 )_{−n} − 1 ) , (5)

with n, λ > 0 and R_0 of the order of the presently observed effective cosmological constant. Then f(0) = 0 (the cosmological constant ’disappears’ in flat spacetime) and R^ν_μ = 0 is always a solution of Eq. (2) in the absence of matter, but f^{′′}(0) is negative – flat spacetime is unstable. For |R| ≫ R_0, f(R) = R − 2Λ(∞) where the high-curvature value of the effective cosmological constant is Λ(∞) = λR_0/2. The equation for de Sitter solutions having R = const = R_1 = x_1R_0, x_1 > 0 can be written in the form λ = x_1(1 + x^2_1)^{n+1} 2 ((1 + x^2_1)^{n+1} − 1 − (n + 1)x^2_1)

. (6)

Below, by x_1 I will mean the maximal root of Eq. (6). So, instead of specifying λ, one may take any value of x_1 and then determine the corresponding value of λ. It follows from the structure of Eq. (6) that x_1 < 2λ. Thus, the effective cosmological constant at the de Sitter solution Λ(R_1) = R_1/4 < Λ(∞). On the other hand, x_1 → 2λ in both limiting cases x_1 fixed, n ≫ 1 and x_1 ≫ 1, n fixed. In these cases the Universe evolution becomes indistinguishable from that in the ΛCDM model.

Let us now consider the stability conditions

f^′(R) > 0, f^{′′}(R) > 0, R ≥ R_1. (7)

Note that they are imposed not in the whole space of solutions but only on a trajectory of the evolution of our Universe from very large and positive R in the past to R = R_1 in the infinite future. The quantum meaning of these conditions (graviton is not a ghost, scalaron is not a tachyon) has already been mentioned in Sec. 1. However, violation of these conditions in the course of purely classical evolution is undesirable, too. If f^′(R) = 0 for some finite R > R_1, a universe generically becomes strongly anisotropic and inhomogeneous at some finite moment of time [24, 25] (the same happens to the Einstein gravity + a non-minimally coupled scalar field, preventing G_{eff} from changing sign [26]). In the point where f^{′′}(R) = 0, some weak singularity occurs which will be considered elsewhere. In terms of the conformal equivalence mentioned above, dR/dϕ diverges at this point.

It can be shown that it is sufficient to satisfy the conditions (7) for R = R_1 and then they will be valid over the whole interval [R_1, ∞). Correspondingly, this gives two necessary conditions for parameters of the form (5):

(1 + x^2_1)^{n+1} > 1 + (2n + 1)x^2_1, x^2_1 > 1/(2n + 1). (8)

To these inequalities, the condition of the stability of the future de Sitter stage has to be added. It follows from variation of Eq. (4) and reads (since the condition f^{′′}(R_1) > 0 is already assumed to be satisfied) [27]:

f^′(R_1) > R_1f^{′′}(R_1). (9)

This condition is stronger than the first of inequalities (7) at R = R_1, so it substitutes it. For our model it produces the requirement:

(1 + x^2_1)^{n+2} > 1 + (n + 2)x^2_1 + (n + 1)(2n + 1)x^4_1. (10)

It can be proven that it implies the second of inequalities (8), too. So, it is sufficient to check this inequality only. In particular, for n = 1 it reads x_1 > √ 3 that leads to λ > 8/3 √ 3. In addition, the value of x_1 saturating (10) is also the point where λ(x_1) in Eq. (6) reaches minimum.

Ŕĺśĳňă ć ĘİŠŤ šőň 86 ćżŕ. 3 { 4 2007

Now turn to the model evolution at the matter dominated stage in the regime R ≫ R_0. By construction, the model (5) satisfies the conditions |F | ≪ R, |F^′(R)| ≪ 1, R|F^{′′}(R)| ≪ 1 (11) for R ≫ R_0. Due to this, it is possible to solve Eq. (4) iteratively in this regime and corrections to the standard Einsteinian (actually, even Newtonian) behaviour R = = R^{(0)} = 8πGT_m ∝ a^{−3} appear to be small (a(t) is a FRW scale factor). Thus, the model does not possess the Dolgov-Kawasaki instability [28]. These corrections are of two types – matter induced ones and free scalaron oscillations. The former ones follow from direct iteration of Eq. (4):

R = R^{(0)} + δR_{ind} + δR_{osc},

δR_{ind} = (RF^′(R) − 2F (R) − 3∇_μ∇^μF^′(R))_{R=R(0)} , (12)

where ∇_μ is taken with respect to the unperturbed metric, too. For R ≫ R_0, δR_{ind} ≈ const = −2F (∞) = 2λR_0 = 4Λ(∞) and 8πGT^ν_{μ(DE)} ≈ Λ(∞)δ^ν_μ. Thus, DE behaves as a positive cosmological constant at redsifts z ≫ 1. Let us now return to the subtle point in the definition of the DE energy-momentum tensor (3) pointed above. It consists in the following: what is the constant G in it? For the model involved, G coincides with G_{eff} (∞) – the value of the Newtonian gravitational constant measured in a Cavendish-type experiment made in an environment with space-time curvature R ≫ R_0. In the next section, we will discuss under what restriction on n this is achieved in laboratory experiments already made. Moreover, it coincides with G_{eff} at the radiationdominated stage in the Universe during the period of the Big Bang nucleosynthesis (BBN) t ∼ (1 − 100) s.^{7)} So, BBN predictions remain unchanged in this DE model, too. Thus, such a choice of G in the left-hand side of (3) is very natural for this model. Taking another constant, say G(df/dR)^{−1}_{now} where the subscript ’now’ means the present moment, results in adding a ’tracking’ component to DE which is proportional to the Einstein tensor and may have any sign. That is why with our definition (3), there is no effect of ρ_{DE} becoming negative at sufficiently large redshifts (with w_{DE} diverging at the moment when ρ_{DE} = 0) like that proposed in the recent paper [29].

7)Note that at t ∼ 100 s, after antimatter – positrons – annihilation, Tm is ∼ 10�3g·cm�3 only, similar to conditions on the Earth.

More unexpected is the behaviour of the second small correction δR_{osc}. It satisfies the equation 3 a^3 d dt ( a^3 d dt ( F^{′′}(R^{(0)}) δR_{osc} )) + δR_{osc} = 0 . (13)

For R ≫ R_0, the WKB-approximation may be used. Then the solution is

δR_{osc} = Ca^{−3/2}(F^{′′}(R^{(0)}))^{−3/4} sin (∫ dt √ 3F^{′′}(R^{(0)}) ) , (14)

with C = const. The integral here is just ∫ M(R^{(0)}) dt where M is the scalaron mass introduced in Sec. 1. At the matter-dominated regime:

a ∝ t^{2/3}, R^{(0)} = 4 3t^2 , F^{′′} ∝ t^{4n+4}, M(R) ∝ t^{−2n−2}, (15)

δR_{osc} ∝ t^{−3n−4} sin ( const · t^{−2n−1} ) , δa a ∝ t^n sin ( const · t^{−2n−1} ) . (16)

Similar behaviour continues during the radiationdominated stage:

R^{(0)} ∝ t^{−3/2}, M(R) ∝ t^{−3(n+1)/2},

δR_{osc} ∝ t^{− 9} n_{4 −3} sin ( const · t^{−(3n+1)/2} ) . (17)

Thus, though oscillations of the scale factor remain small as t → 0, oscillations of R grow to the past and finally violate the assumption |δR_{osc}| ≪ R^{(0)}. Note that the energy of scalaron oscillations at that moment ρ_{osc} ∼ (δR_{osc})^2/GM^2(R) is still much less than T_m since R ≪ M^2 for R ≫ R_0. Investigation of further FRW evolution of the model to the past is blocked by the stability problem: R can become less than R_1 and even negative during oscillations, so the conditions (7) are violated. For n > 1, it is possible to choose x_1 or λ in such a way that f^′(R) > 0 for all real R. But f^{′′}(R) always becomes zero at R = ±R_2 where R_2 = R_0/ √ 2n + 1 < R_1 and negative for |R| < R_2, and it is not possible to avoid this property without abandoning the assumption of the cosmological constant disappearance in flat space-time f(0) = 0.

Therefore, first, to avoid M(R) becoming too large, say larger than M_{P l}, the function f(R) in (5) has to be modified at R → ∞. The simplest way is to add the term R^2/6M^2 to (5) where the value of M (which will be the limiting value of M(R) for R → ∞) may be taken

Ŕĺśĳňă ć ĘİŠŤ šőň 86 ćżŕ. 3 { 4 2007 just that which is needed for the R + R^2 inflationary model mentioned in Sec. 1. This term will be negligible for the present DE.

Second, a new serious problem for DE models in f(R) gravity appears which has not been considered before: to avoid destroying radiation- and matter-dominated FRW stages, some mechanism in the early Universe should work to prohibit overproduction of scalarons. In the R + R^2 inflationary model such mechanism does exist – gravitational creation of non-conformally-invariant particles and antiparticles (though not gravitons!) by oscillations of R. However, in the model (5) it is not possible to use it in full until the question how to evolve through the point where f^{′′}(R) = 0 is solved. The only way to avoid this problem at all is to assume that |δR_{osc}| < 8πGT_m just from the very beginning of early evolution of the Universe (or at least from the moment when the effective Lagrangian density (1) becomes valid). In any case this makes the constant C in Eq. (14) very small, practically zero at present and greatly reduces possible phase space for this DE model.

Still, if this problem is solved and C may be put zero somehow, then a viable FRW background is obtained once the condition (10) is satisfied. Moreover, since it follows from the present observational data that Λ(R_1) is not too much different from Λ(∞), one can choose x_1 close to 2λ. Then the whole FRW evolution is analytically described by the first iteration formula (12) where the background FRW metric is that of the ΛCDM model:

a^{(0)} ∝ sinh^{2/3} ( 3 2 H_0t ) , H^{(0)} = H_0 coth ( 3 2 H_0t ) ,

R^{(0)} = 3H^2_0 4 + 1 sinh^2( 3 2 H_0t) , (18)

where H ≡ ȧ/a, H^2_0 = Λ(∞)/3 = λR_0/6. Knowing δR_{ind}, it is straightforward to obtain δH and δa/a.

3. The main problem with laboratory and Solar system tests of gravity for all f(R) DE models irrespective of the form of f(R) is that this class of models represents the limiting case ω → 0 of scalar-tensor gravity as was mentioned above. As a result, would scalaron be massless, an additional ‘fifth force’ would show itself in laboratory experiments and the first post-Newtonian parameters would have the values β = 1, γ = 1/2 that is not admissible. However, this problem is qualitatively the same as it occurs for the string theory dilaton which in the massless low-energy limit corresponds to scalar-tensor gravity with ω = −1 that is excluded, too. As is well known, that problem is solved by assuming that the dilaton is sufficiently massive. The same one has to assume about the scalaron in f(R) DE models. Namely, let us choose model parameters in such a way that for any laboratory or Solar system test of gravity having a characteristic scale L and made in an environment with some non-relativistic matter density ρ_m, the scalaron mass satisfies the strong inequality M(R(ρ_m))L ≫ 1. Under this condition deviations from the equation R = 8πGT_m (and the Poisson equation, too) are small both inside and outside the Sun and other compact bodies. There have been hopes that this requirement may be circumvented using the so called “Chameleon” effect [30] (see also [31]). However, until recently it has not been shown to what extent can it be important in construction of viable f(R) gravity models, see e.g. [14]. For the model (5), M(ρ_m) ∝ ρ^{n+1}_m for R ≫ R_0 with M(R_0) ∼ R^{1/2}_0 ∼ 10^{−28} cm^{−1}.

For the most recent and best Cavendish-type experiment [32], taking L ≈ 50 μm and ρ_m ≈ 10^{−12} g·cm^{−3} (corresponding to a vacuum of ≈ 10^{−6} torr achieved there), we obtain the sufficient condition n ≥ 1 (rounded to a larger integer). In the case of light deflection or the Shapiro time delay by the Sun, the main contribution to γ − 1 is from distances r ∼ R_⊙ ≈ 7 · 10^{10} cm. If we take the Solar corona density at this distance (∼ 10^{−15} g·cm^{−3}) as ρ_m, then already n ≥ 0.5 would be sufficient. In the case 0.5 < n < 2 the condition M(R) r ≫ 1 can be violated farther from the Sun. However, the scalar component of Solar gravitational field has been already screened by the Yukawa damping factor exp ( − ∫ M(r) dr ) by that distance. Clearly more careful calculation is needed here with the detailed account of interplanetary matter profile in the Solar system. The same refers to such tests like Lunar laser ranging. In any case, all known laboratory and Solar system tests of gravity are certainly satisfied for n ≥ 2 and probably this condition may be softened up to n ≥ 1. However, it will be shown below that there is no necessity in such softening due to limits from the large-scale structure of the Universe.

Finally, let us turn to the evolution of weak inhomogeneities in the linear regime. It follows from equations for perturbations, either obtained for scalar-tensor gravity with the limit ω → 0 taken in them, see e.g. [20], or from those directly derived for f(R) theory ([12, 13, 33] and other papers), that the equation for density perturbations δ_m ≡ δρ_m/ρ_m in the non-relativistic matter component (cold dark matter + baryons) during the matter-dominated stage has the form

δ̈_m + 2Hδ̇_m − 4πG_{eff} ρ_mδ_m = 0 (19)

Ŕĺśĳňă ć ĘİŠŤ šőň 86 ćżŕ. 3 { 4 2007 in the limit k ≫ aH where k ≡ |k| (spatial dependence exp(ikr) is assumed) and G_{eff} = G/f^′(R) for k ≪ M(R)a and G_{eff} = 4G/3f^′(R) for k ≫ M(R)a (f^′(R) ≈ 1 for R ≫ R_0). This increase of G_{eff} in 4/3 times is just how the ’fifth force’ due to additional scalar gravity shows itself at large scales and low matter density.

Because of this, δ_m grows as usually, ∝ t^{2/3}, before the time moment t_k when k = M(R)a, but after that this law changes to δ_m ∝ t p_{33}�_{16} that continues up to t_Λ – the end of the matter-dominated stage when ä = 0. Using (15), we obtain t_k ∝ k^{−1/2(n+ 23 )}. As a result, δ_m(k) acquires an additional growth factor during the matterdominated stage (compared to the ΛCDM model) proportional to ( t_Λ t_k ) p33�1_{6 −} 2_3 ∝ k p_{33}�_5

4 (3n+2) . (20)

This additional increase occurs at small redshifts and is not seen in CMB fluctuations (apart from some features in a few low multipoles which are bounded by cosmic variance). E.g., for n = 2, k/a_{now}H_{now} = 300 and z_Λ = 0.7, the redshift z_k(t_k) = 2.5. As a result, there arises some discrepancy between values of the slope n_s of the primordial power spectrum determined from galaxy surveys on one side (assuming the standard evolution of perturbations) and CMB fluctuations on the other:

Δn_s = n^{(gal)}_s − n^{(CMB)}_s = √ 33 − 5 2 (3n + 2)

. (21)

For comparison, Δn_s is equal to 0.074 for n = 1 and 0.047 for n = 2. Note that the limit n → 0 corresponds not to the ΛCDM model but to F (R) ∝ ln R at large R.

At present no such discrepancy is seen, see e.g. [15], so we may conservatively bound Δn_s < 0.05 that leads to n ≥ 2 in (5). Of course, a more exact numerical calculation is needed for larger values of n since then the values of z_k lie rather close to unity, so the formula (21) becomes too approximate.

4. Thus, in contrast to numerous unsuccessful previous attempts to construct a viable DE model in f(R) gravity using a function f divergent or non-analytic at R = 0, it appears possible to achieve this goal with a regular f(R) satisfying the condition f(0) = 0 which means the absence of a ’bare’ cosmological constant in flat space-time. On the other hand, DE in this model behaves itself as an effective cosmological constant for large R if F (R) = f −R → const at R → ∞. This model passes laboratory and Solar system tests of gravity if its parameter n is sufficiently large (n ≥ 2 seems to be the sufficient, but probably not necessary condition), though analysis of gravitational radiation from double pulsars may add some new restriction. But it is clear already that limits from large-scale structure arising due to the anomalous growth of linear perturbations at recent redshifts are more critical and lead to a stronger limit on n. Just the opposite, any discrepancy Δn_s between values of the slope of the primordial perturbation spectrum obtained from galaxy and CMB data may serve as a strong argument for such model. Then Eq. (21) directly relates Δn_s to n.

However, more deep theoretical analysis of this class of models has uncovered its new serious problem not considered before: how to avoid an overabundance of new scalar particles arising in f(R) gravity (dubbed scalarons) which can be generated in the very early Universe. Mathematically this means that the coefficient C in Eq. (14) should be practically zero at present, i.e. almost the whole degree of freedom has to be suppressed. Otherwise, a FRW solution in this model cannot have sufficiently long radiation- and matter-dominated stages because it hits the weak singularity where f^{′′}(R) = 0. Note that this difficulty is of a more subtle type than those of linear stability considered before. It is rather a problem of a measure of initial conditions in the early Universe leading to the standard cosmological evolution almost up to the present time. Anyway it remains an important topic for further study.

While this paper was being prepared for publication, two papers [34, 35] appeared where similar DE models in f(R) gravity possessing the property f(0) = 0 were proposed. Our model is closer to that in [34].

The research was partially supported by the Russian Foundation for Basic Research, grant # 05-02-17450, by the Research Programme “Astronomy” of the Russian Academy of Sciences and by the scientific school grant # 1157.2006.2. The author thanks the Yukawa Institute for Theoretical Physics, Kyoto University for hospitality during the period when this project was finished.

1. V. Sahni and A. A. Starobinsky, IJMPD 15, 2105 (2006) [arXiv:astro-ph/0610026].

2. V. Sahni and A. A. Starobinsky, IJMPD 9, 373 (2000) [arXiv:astro-ph/9904398].

3. V. Barger, Y. Gao, and D. Marfatia, Phys. Lett. B 648, 127 (2007) [arXiv:astro-ph/0611775]; A. Gong and A. Wang, Phys. Rev. D 75, 0435520 (2007) [arXiv:astroph/0612196]; U. Alam, V. Sahni, and A. A. Starobinsky, JCAP 0702, 011 (2007) [arXiv:astro-ph/0612381]; S. Nesseris and L. Perivolaropoulos, JCAP 0702, 025 (2007) [arXiv:astro-ph/0612653]; G.-B. Zhao, J.-Q. Xia, H. Li et al., arXiv:astro-ph/0612728; K. Ichikawa and T. Takahashi, JCAP 0702, 001 (2007) [arXiv:astro-

Ŕĺśĳňă ć ĘİŠŤ šőň 86 ćżŕ. 3 { 4 2007 ph/0612739]; P. Serra, A. Heavens, and A. Melchiorri, arXiv:astro-ph/0701338; T. M. Davis, E. Mortsell, J. Sollerman et al., arXiv:astro-ph/0701510; E. L. Wright, arXiv:astro-ph/0701584; Y. Wang and P. Mukherjee, arXiv:astro-ph/0703780.

4. S. Nojiri and S. D. Odintsov, Int. J. Geom. Meth.

Mod. Phys. 4, 115 (2007) [arXiv:hep-th/0601008]; E. J. Copeland, M. Sami, and S. Tsujikawa, IJMPD 15, 1753 (2006) [arXiv:hep-th/0603057]; J.-P. Uzan, arXiv:astro-ph/0605313; S. Bludman, arXiv:astroph/0702085.

5. A. A. Starobinsky, Phys. Lett. B 91, 99 (1980). 6. B. Whitt, Phys. Lett. B 145, 176 (1984); J. D. Barrow and S. Cotsakis, Phys. Lett. B 214, 515 (1988); K. I. Maeda, Phys. Rev. D 39, 3159 (1989); S. Gottl-ober, H.-J. Schmidt, and A. A. Starobinsky, Class. Quant. Grav. 7, 893 (1990).

7. S. Nojiri and S. Odintsov, Phys. Lett. B 571, 1 (2003) [arXiv:hep-th/0307071].

8. T. V. Ruzmaikina and A. A. Ruzmaikin, Zh. Eksp. Teor.

Fiz. 57, 680 (1969) [Sov. Phys. { JETP 30, 372 (1970)]; B. N. Breizman, V. Ts. Gurovich, and V. P. Sokolov, Zh. Eksp. Teor. Fiz. 59, 288 (1970).

9. A. A. Starobinsky, in: Proc. of the 2nd Seminar “Quantum Gravity”, Moscow, 13-15 Oct. 1981, INR Press, Moscow, 1982, pp. 58; reprinted in: Quantum Gravity, Eds. M. A. Markov and P. C. West, Plenum Publ. Co., N. Y., 1984, pp. 103; A. Vilenkin, Phys. Rev. D 32, 2511 (1985); M. B. Mijic, M. S. Morris, and W.-M. Suen, Phys. Rev. D 34, 2934 (1986).

10. V. F. Mukhanov and G. V. Chibisov, Pis’ma v ZhETF 33, 549 (1981) [JETP Lett. 33, 532 (1981)].

11. A. A. Starobinsky, Pisma v Astron. Zh. 9, 579 (1983) [Sov. Astron. Lett. 9, 302 (1983)].

12. L. A. Kofman, V. F. Mukhanov, and D. Yu. Pogosyan, Zh. Eksp. Teor. Fiz. 93, 769 (1987) [Sov. Phys. { JETP 66, 433 (1987)].

13. J.-C. Hwang and H. Noh, Phys. Lett. B 506, 13 (2001) [arXiv:astro-ph/0102423].

14. T. Faulkner, M. Tegmark, E. F. Bunn, and Y. Mao, arXiv:astro-ph/0612569.

15. M. Tegmark, D. Eisenstein, M. Strauss et al., Phys. Rev.

D 74, 123507 (2006) [arXiv:astro-ph/0608632]. 16. S. Capozziello, IJMPD 11, 483 (2002) [arXiv:grqc/0201033].

17. S. Capozziello, S. Carloni, and A. Troisi, arXiv:astroph/0303041; S. M. Carroll, V. Duvvuri, M. Trodden, and M. Turner, Phys. Rev. D 70, 043528 (2004)

[arXiv:astro-ph/0306438]; S. Nojiri and S. D. Odintsov, Phys. Rev. D 68, 123512 (2003) [arXiv:hep-th/0307288].

18. L. Amendola, D. Polarski, and S. Tsujikawa, Phys.

Rev. Lett. 98, 131302 (2007) [arXiv:astro-ph/0603703]; L. Amendola, R. Gannouji, D. Polarski, and S. Tsujikawa, Phys. Rev. D 75, 083504 (2007) [arXiv:grqc/0612180].

19. G. Dvali, S. Ho¸mann, and J. Khoury, arXiv:hepth/0703027.

20. B. Boisseau, G. Esposito-Farese, D. Polarski, and A. A. Starobinsky, Phys. Rev. Lett. 85, 2236 (2000) [arXiv:gr-qc/0001066].

21. R. Gannouji, D. Polarski, A. Ranquet, and A. A. Starobinsky, JCAP 0609, 016 (2006) [arXiv:astroph/0606287].

22. P. Teissandier and Ph. Tourrenc, J. Math. Phys. 24, 2793 (1983); D. Wands, Class. Quant. Grav. 11, 269 (1994) [arXiv:gr-qc/9307034]; T. Chiba, Phys. Lett. B 575, 1 (2003) [arXiv:astro-ph/0307338].

23. T. Chiba, T. L. Smith, and A. L. Erickcek, arXiv:astroph/0611867; V. Faraoni, arXiv:gr-qc/0703044.

24. H. Nariai, Prog. Theor. Phys. 49, 165 (1973). 25. V. Ts. Gurovich and A. A. Starobinsky, Zh. Eksp. Teor.

Fiz. 77, 1683 (1979) [Sov. Phys. { JETP 50, 844 (1979)]. 26. A. A. Starobinsky, Pisma v Astron. Zh. 7, 67 (1981) [Sov. Astron. Lett. 7, 36 (1981)].

27. V. Faraoni, Phys. Rev. D 72, 061501 (2005) [arXiv:grqc/0509008]; V. Faraoni and S. Nadeau, Phys. Rev. D 72, 124005 (2005) [arXiv:gr-qc/0511094].

28. A. D. Dolgov and M. Kawasaki, Phys. Lett. B 573, 1 (2003) [arXiv:astro-ph/0307285].

29. L. Amendola and S. Tsujikawa, arXiv:0705.0396 [astroph].

30. J. Khoury and A. Weltman, Phys. Rev. Lett. 93, 171104 (2004) [arXiv:astro-ph/0309300]; Phys. Rev. D 69, 044026 (2004) [arXiv:astro-ph/0309411].

31. D. F. Mota and J. D. Barrow, Phys. Lett. B 581, 141 (2004) [arXiv:astro-ph/0306047]; MNRAS 349, 291 [arXiv:astro-ph/0309273].

32. D. J. Kapner, T. S. Cook, E. G. Adelberger et al., Phys.

Rev. Lett. 98, 021101 (2007) [arXiv:hep-ph/0611184]. 33. Y.-S. Song, W. Hu, and I. Sawicki, Phys. Rev. D 75, 044004 (2007) [arXiv:astro-ph/0610532]; B. Li and J. D. Barrow, Phys. Rev. D 75, 084010 (2007) [arXiv:astro-ph/0701111].

34. W. Hu and I. Sawicki, arXiv:0705.1158 [astro-ph]. 35. S. A. Appleby and R. A. Battye, arXiv:0705.3199 [astro-ph].

Ŕĺśĳňă ć ĘİŠŤ šőň 86 ćżŕ. 3 { 4 2007