Pis’ma v ZhETF, vol. 86, iss. 7, pp. 563 { 566 © 2007 October 10

Oscillatory kinetics of gene transcription during the cellular growth

V. P. Zhdanov^{1)}

Department of Applied Physics, Chalmers University of Technology, S-412 96 Göteborg, Sweden

Boreskov Institute of Catalysis, RAS, Siberian reg., 630090 Novosibirsk, Russia

Submitted 6 August 2007

The negative feedback between mRNA and regulatory-protein production may result in oscillations in the kinetics of gene transcription. If the mRNA and/or protein number are low, the oscillations may be irregular. We present mean-˛eld calculations and Monte-Carlo simulations showing evolution of such oscillations during the cellular growth and division. The oscillations are found to be fairly stable with respect to the cellular growth.

PACS: 05.40.−a, 87.16.−b

In cells, the information encoded in deoxyribonucleic acid (DNA) is expressed via a templated polymerization called transcription, in which the genes (segments of the DNA sequence) are used as templates to guide the synthesis of shorter molecules of ribonucleic acid (RNA) [1]. In turn, RNA or, more specifically, messenger RNA (mRNA) serve to direct the synthesis of proteins on ribosomes. The feedback between mRNA and protein production may result in kinetic bistability and oscillations [2, 3]. Physiologically, the bistability in gene transcription is widely used as a key ingredient of regulation of cellular activity. The physiological role of kinetic oscillations in gene transcription is still open for debate.

In terms of conventional mean-field (MF) kinetic equations, the bistability and oscillations in gene transcription are associated with the saddle-node and Hopf bifurcations, respectively. The applicability of the MF concepts is however limited, because the number of mRNA and regulatory proteins is often low and accordingly the gene-transcription kinetics frequently exhibit stochastic behaviour. Instead of bistability, for example, one can observe kinetic bursts which look like huge irregular oscillations. The truly oscillatory kinetics exhibit irregularities as well. Theoretically, the stochastic gene-transcription kinetics are usually simulated by employing the Monte-Carlo (MC) technique. The available MF calculations and MC simulations (see reviews [2, 3], recent publications [4 – 7], and references therein) are focused on the temporal kinetics occurring under steady conditions (for the spatio-temporal effects, see Refs. [8, 9]). In reality, cells however grow, and this process may be relatively rapid. Stem cells, for ex-

1)e-mail: zhdanov@fy.chalmers.se

ample, may often divide daily under appropriate conditions. The effect of the cellular growth on the genetranscription kinetics has theoretically been studied in a few works [10 – 13]. In particular, the author has shown [12, 13] that the growth of cells may suppress the stochastic transcriptional bursts related to bistability. The goal of this Letter is to show the likely evolution of truly oscillatory temporal transcriptional kinetics during the cellular growth.

Kinetic oscillations are possible in the case of transcription of a single gene and also during the interplay of a few different genes. In the former case treated here, kinetic oscillations can be observed provided that the feedback between mRNA and protein production is negative and the suppression of the mRNA production is delayed due to protein conversion [2, 4, 7]. We will analyze one of the simplest generic models of this type, including production of protein P_1 by mRNA (R), conversion of P_1 to P_2 and then to P_3, and suppression of the R production by P_3 (for the earlier MF treatments of such models, see Ref. [7] and references therein).

To describe the kinetics of the mRNA and protein formation and degradation, one can use the mRNA and protein concentrations or numbers. If the MF approximation, these sets of variables are equally convenient if the cellular volume is constant. Moreover, the structures of the equations for these sets of variables are identical in this case. During the cellular growth, the cellular volume increases and due to this reason the structures of the equations for the two sets of variables are different. In the latter case, the use of the mRNA and protein numbers is slightly preferable, because by definition these variables are independent of the cellular volume. For comparison of the MF and stochastic kinetics, the use of the mRNA and protein numbers in the MF equations

Ŕĺśĳňă ć ĘİŠŤ šőň 86 ćżŕ. 7 { 8 2007 563 5�

Fig.1. Numbers of R (lower curve) and P3 (upper curve) as a function of time under the steady conditions according to the MF kinetic Eqs. (2){(5) with kt = 10^5 min�^1, ks = 2 min�^1, k12 = 0.2 min�^1, k23 = 0.2 min�^1, kR = 0.4 min�^1, kP 1 = 0.2 min�^1, kP 3 = 0.2 min�^1, n = 6, and vKP = 20 (a), 30 (b) and 40 (c)

is preferable as well, because the stochastic kinetics are calculated by operating with these numbers. In addition, the use of the mRNA and protein numbers in the MF equations makes it possible to naturally introduce the algorithms of simulations of stochastic kinetics. For these reasons, we employ the mRNA and protein numbers in the MF equations below.

The gene transcription is performed by RNA polymerase (RNAP). In our analysis, we assume that the association of RNAP with DNA does not limit gene transcription. In addition, the association of P_3 with the regulatory sites and the P_3 detachment from these sites are considered to be rapid. In this case, the conventional MF kinetic equation for the R number is as follows (cf. e.g. Ref. [2]) dN_R dt = k_t `_{KP} K_P + N_P 3/v ´_{n − k} RN_R, (1) where k_t is the rate constant of the P_3-regulated gene transcription, N_{P 3} is the P_3 number, v is the cellu-

Fig.2. As Fig.1 according to the MC simulations. The time interval between the data points is about 2 min

lar volume, N_{P 3}/v is the P_3 concentration, [K_P /(K_P + +N_{P 3}/v)]^n is the probability that all the regulatory sites are free of P_3 (due to this factor the feedback between the R and protein production is negative), n is the number of regulatory sites, K_P is the constant describing the P_3 association-dissociation equilibrium, and k_R is the R-degradation rate constant.

Taking into account that K_P /(K_P + N_{P 3}/v) ≡ ≡ vK_P /(vK_P + N_P 3), we rewrite Eq. (1) as dN_R dt = k_t `_{vKP} vK_P + N_{P 3} ´_{n − k} RN_R. (2) For the P_1, P_2 and P_3 numbers, we use the following equations (cf. Ref. [7])

dN_{P 1}/dt = k_sN_R − (k_{12} + k_{P 1})N_{P 1}, (3)

dN_{P 2}/dt = k_{12}N_{P 1} − k_{23}N_{P 2}, (4)

dN_{P 3}/dt = k_{23}N_{P 2} − k_{P 3}N_{P 3}, (5)

where k_s is the rate constant of P_1 synthesis, k_{12} and k_{23} are the rate constants of conversion P_1 → P_2 and P_2 → → P3, and k_P 1 and k_P 3 are the P1- and P3-degradation

Ŕĺśĳňă ć ĘİŠŤ šőň 86 ćżŕ. 7 { 8 2007

Oscillatory kinetics of gene transcription during the cellular growth 565

Fig.3. Numbers of R (lower curve) and P3 (upper curve) as a function of time during one cellular cycle with tc = 1000 min for v0KP = 20 (the other model parameters are as in Figs. 1 and 2). The upper and lower panels show the MF and MC kinetics, respectively. For example, we have chosen the cycle occurring between 2000 and 3000 min

rate constants (the P_2 degradation is neglected in order to reduce the number of model parameters).

Typical oscillatory MF kinetics, predicted by Eqs. (2)–(5) with biologically reasonable values of the rate constants in the case when the cellular volume is constant, are shown in Fig.1. The product vK_P is chosen to be a governing parameter. With increasing vK_P by a factor of two, the oscillations are seen to persist. The stochastic oscillatory kinetics, calculated with the same parameters by employing the MC algorithm described in Ref. [12], are exhibited in Fig.2. As expected, the stochastic oscillations are rather irregular.

During the growth of a cell, the cellular volume increases, and accordingly some of the constants in Eqs. (1)–(5) may depend on time. Using Eqs. (2)–(5), we assume that all the constants introduced are independent of the cellular volume and accordingly independent of time. For K_P , this assumption is obviously correct, because this constant is related to thermodynamics. For k_t, this is obviously the case as well, because this rate constant characterizes the gene performance. For the other rate constants, this assumption is correct provided the corresponding biochemistry is insensitive to the cellular volume. The latter point has already been discussed in Ref. [12]. For example, we outline the corresponding arguments related to the mRNA-induced protein synthesis. This process takes place on ribosomes and its rate is proportional to the mRNA concentration, N_R/v. With increasing v, the corresponding decrease of the protein synthesis rate is however compensated by increase of the ribosomes size. Thus, the rate constant of the mRNAinduced protein synthesis is expected to be insensitive the cellular volume and accordingly to be independent of time. In contrast, the change of v in the first term of the right-hand part of Eqs. (1) and (2) is inherent and cannot be neglected. For these reasons, we focus our analysis on the latter effect.

To use Eqs. (2), we should specify the dependence of the cellular volume on time. In our treatment, we analyse cycles of the proliferation or differentiation processes. During each cycle, a cell with initial volume v_0 is considered to grow up to volume 2v_0 and then to divide into two equal parts with the same volumes as in the beginning. In this case, the increase of the cellular volume during the cell cycle is nearly exponential [14], i.e.,

v(t) = v_0 exp(k_g t), (6)

where k_g ≡ (ln 2)/t_c is the growth rate constant, and t_c is the cell-cycle duration. In the end of each cycle

Ŕĺśĳňă ć ĘİŠŤ šőň 86 ćżŕ. 7 { 8 2007

(due the cell division), v drops from 2v_0 to v_0 and then increases again.

The mRNA and protein numbers are reduced by a factor of two in the end of each cycle as well. This procedure mimics the distribution of mRNA and protein between the two daughter cells after the cell division.

In addition, we should take into account DNA replication occurring during cell cycles. Basically, this process represents duplication of genes. In our model, it can be mimicked by increasing k_t by a factor of two at the moment of the gene duplication and then by decreasing k_t back by a factor of two in the end of the cell cycle [13]. For simplicity, we assume that the gene duplication occurs near the end of the cell cycle and accordingly consider that k_t is constant during the whole cycle. If necessary, the gene duplication can easily be performed in simulations at an arbitrary moment of the cell cycle, and we have proved that it does not change our main conclusion.

The MF gene-transcription kinetics, calculated for the case when the cellular volume increases as predicted by Eq. (6) with t_c = 1000 min, are shown in Fig.3. The corresponding MC kinetics, calculated by employing the MC algorithm described in Ref. [12], are presented in Fig. 3 as well. During the MC simulations, the increase of the cellular volume was considered to be deterministic as predicted by Eq. (6). This approximation is reasonable, because during the cell growth the fluctuations of the cellular volume are nearly negligible compared to the fluctuations of the mRNA and protein numbers.

The data exhibited in Fig.3 indicate that, as one could expect from the data presented in Figs.1 and 2, the cellular growth does not suppress oscillations. During the cell cycle, the average value of N_{P 3} is seen to increase with increasing time. The average value of N_R is nearly constant. The amplitudes of oscillations of N_R and N_{P 3} are nearly constant as well.

In summary, our MF and MC calculations indicate that for biologically reasonable kinetic parameters the oscillations in gene-transcription kinetics are fairly stable with respect to the cellular growth.

This work is a part of the FP6-project STREP NANOCUES (Nanoscale surface cues to steer cellular biosystems), funded by the European Commission, and is partially funded by the Chalmers Bioscience Program, the Swedish Science Council, and the Foundation for Strategic Research.

1. B. Alberts, A. Johnson, J. Lewis et al., Molecular Biol-

ogy of the Cell, Garland, New York, 2002.

2. L. Mariani, M. L-ohning, A. Radbruch, and T. H-ofer, Progr. Biophys. Mol. Biol. 86, 45 (2004).

3. M. Kaern, T.C. Elston, W.J. Blake, and J.J. Collins, Nature Rev. Genet. 6, 451 (2005).

4. D. Bratsun, D. Volfson, L. S. Tsimring, and J. Hasty, Proc. Nat. Acad. Sci. USA 102, 14593 (2005).

5. T. Zhou, L. Chen, and K. Aihara, Phys. Rev. Lett. 95, 178103 (2005).

6. M. Yoda, T. Ushikudo, W. Inoue, and M. Sasai, J.

Chem. Phys. 126, 115101 (2007).

7. K. Rateitschak and O. Wolkenhauer, Math. Biosci. 205, 163 (2007).

8. S. A. Isaakson and C. S. Peskin, SIAM J. Sci. Comp. 28, 47 (2006).

9. V. P. Zhdanov, JETP Lett. 85, 302 (2007). 10. F. I. Isaacs, J. Hasty, C. R. Cantor, and J. J. Collins, Proc. Nat. Acad. Sci. USA 100, 7714 (2003).

11. N. J. Guido, X. Wang, D. Adalsteinsson et al., Nature 439, 856 (2006).

12. V. P. Zhdanov, Chem. Phys. Lett. 424, 394 (2006). 13. V. P. Zhdanov, JETP Lett. 84, 632 (2006). 14. B. Novak and J. J. Tyson, J. Theor. Biol. 230, 563 (2004).

Ŕĺśĳňă ć ĘİŠŤ šőň 86 ćżŕ. 7 { 8 2007