Pis’ma v ZhETF, vol. 86, iss. 10, pp. 769 { 774 cfl 2007 November 25

Cluster Dual Fermion Approach to Nonlocal Correlations

H. Hafermann^+, S. Brener^+, A. N. Rubtsov, M. I. Katsnelson^∗, A. I. Lichtenstein^{+1)}

Department of Physics, Moscow State University, 119992 Moscow, Russia

+I. Institute of Theoretical Physics, University of Hamburg, 20355 Hamburg, Germany

�Institute for Molecules and Materials, Radboud University, 6525 ED Nijmegen, The Netherlands

Submitted 13 September 2007 Resubmitted 18 October 2007

We formulate a general cluster Dual Fermion Approach to nonlocal correlations in crystals. The scheme allows the treatment of long-range correlations beyond the cluster DMFT and nonlocal e¸ects in realistic calculations of multiorbital systems. We show that the simplest approximation exactly corresponds to the freecluster DMFT. We apply this approach to the one-dimensional Hubbard model. Already the ˛rst dual-fermion correction to the free cluster leads to a drastic improvement of the calculated Green function.

PACS: 71.10.Fd, 71.15.�m, 71.27.+a

One of the successful routes to the description of strongly correlated systems is the Dynamical Mean Field Theory (DMFT) [1, 2]. It is commonly accepted now that this approach typically catches the most essential correlation effects, e.g., the physics of the Mott-Hubbard transition [1, 2]. The method was implemented successfully into realistic electronic structure calculations [3, 4], which now is a standard tool in the microscopic theory of strongly correlated systems [5]. In the DMFT, the many-body problem for the crystal is split into a singleparticle lattice problem and the many-body problem for an atom in a self-consistently determined Gaussian fermionic bath. The self-energy in the DMFT approach is local in space but frequency dependent. However, there are many phenomena for which non-local correlations are important and often the relevant correlations are even long-ranged. The examples are Luttinger- Liquid formation in low-dimensional systems [6, 7], non- Fermi-Liquid behavior due to van-Hove singularities in two dimensions [8], the physics near quantum critical points [9] or d-wave pairing in high-T_c superconductors [10]. Obviously, the DMFT is not sufficient for the description of such systems. To treat these nonlocal correlations it is desirable to combine local intersite many-body phenomena, like the formation of RVB singlets [7], and long-range correlations. The former can be taken into account within various cluster approaches. They include the so-called Dynamical Cluster approximation (DCA) [11], real space periodic [12] and free cluster approaches [13], as well as the Cellular-DMFT [14](CDMFT) and the variational cluster approach [15].

1)e-mail: alichten@physnet.uni-hamburg.de

Recently, steps have been taken to go beyond DMFT and to treat long-range correlations. One of them is the Dynamical Vertex approximation [16] and similar approaches [17, 18], where a diagrammatic expansion around the DMFT solution is made. A principally new scheme with a fully renormalized expansion called Dual Fermion Approach has been proposed[19]. It is based on the introduction of new variables in the path integral representation. This approach yields very satisfactory results already for the lowest-order corrections, while the schemes proposed in Refs. [16 – 18] operate with infinite diagrammatic series and require the solution of complicated integral equations. A scheme similar to the Dual Fermion approach has been discussed earlier in terms of Hubbard operators [20], but without attempts to use it in a practical calculation.

In this letter we formulate a general cluster (or multiorbital) Dual Fermion scheme for non-local correlations. Similar to known cluster methods we consider a system with local interaction and assume that most of the correlations are located within the cluster. We point out however that the remaining long-range part of the correlations is physically important, and take it into account within a diagrammatic expansion of a special kind. By transforming the original interacting problem to socalled dual fermion variables we are able to include the local contribution to the self-energy into a bare propagator of the dual fermions and achieve much faster convergence of the perturbation expansion. An outcome of the scheme is the Green function of the original variables restored from a certain exact relation. Our method allows the treatment of clusters or multiorbital atoms within the Dual Fermion framework and can describe long-range

9 Ŕĺśĳňă ć ĘİŠŤ šőň 86 ćżŕ. 9 { 10 2007 769 correlations in real systems. We test the scheme for the half-filled one-dimensional Hubbard chain and demonstrate its superiority over short-range cluster methods.

Our goal is to find an (approximate) solution to a general multiband problem described by the imaginary time action S[c^∗, c]=− ∑ ωkσmm^′ c^∗_ωk_{σm} ((iω + μ)1 − hk_σ)_{mm}′ c_ωk_{σm}′ + + ∑ i H_{int}[c^∗_i , c_i] . (1)

Here hk_σ is the one-electron part of the Hamiltonian, ω = (2n + 1)π/β, n = 0, ±1, ... are the Matsubara frequencies, β and μ are the inverse temperature and chemical potential, respectively, σ =↑, ↓ labels the spin projection, m, m^′ are orbital indices and c^∗, c are Grassmannian variables. The index i labels the lattice sites and the k-vectors are quasimomenta. It is important to note that can be any type of interaction inside the multiorbital H_{int} atom. The only requirement and our main assumption is that it is local:

H_{int}[c^∗_i , c_i] = 1 4 ∑ i β∫ 0 dτ U_{1234}c^∗_{i1}c^∗_{i2}c_{i4}c_{i3} , (2)

where U is the general symmetrized Coulomb vertex and e.g. 1 ≡ {ω_1m_1σ_1} comprehends frequency-, orbitaland spin degrees of freedom and summation over these states is implied.

The formalism is equally applied within the cluster (super-site) formalism. In this case, i and m label clusters and atoms within the cluster, repectively, while k runs over the reduced supercell Brillouin zone. In order to capture the local physics, we introduce a cluster impurity problem just in the spirit of CDMFT[12, 14, 13] in the form

S_{imp}[c^∗, c]=− ∑ ωσ c^∗_{ωσm} ((iω + μ)1 − Δ_{ωσ} )_{mm}′ c_{ωσm}′ + + H_{int}[c^∗, c] , (3)

where Δ is an as yet unspecified hybridization matrix describing the interaction of the impurity cluster with an electronic bath. We suppose that all properties of the impurity problem, i.e. the single-particle Green function g_{σω} and the irreducible vertices γ^{(4)}, γ^{(6)}, etc. are known. Our goal is to express the Green function G_ωk and vertices γ of the original lattice problem via these quantities.

Since Δ is local, one may formally rewrite the original lattice problem in the following form:

S[c^∗, c] = ∑ i S_{imp}[c^∗_{ωiσ} , c_{ωiσ} ] − − ∑ ωkσmm^′ c^∗_ωk_{σm} (Δ_{ωσ} − hk_σ)_{mm}′ c_ωk_{σm}′ . (4) We introduce spinors c_ωk_σ = (. . . , c_ωk_{σm}, . . . ), c^∗_ωk_σ = = (. . . , c^∗_ωk_{σm}, . . . ). Omitting indices, the Gaussian identity that facilitates the transformation to the dual variables in matrix-vector notation is ∫ exp ( −f^∗Âf − f^∗B̂c − c^∗B̂f ) D[f, f^∗] =

= det(Â) exp ( c^∗B̂Â^{−1}B̂c ) , (5)

which is valid for arbitrary complex matrices Â and B̂. In order to decouple the non-local term in Eq. (4), we choose

A = g^{−1}_{ωσ} (Δ_{ωσ} − hk_σ)^{−1} g^{−1}_{ωσ} , B = g^{−1}_{ωσ} , (6)

where g_{ωσ} is the Green function matrix of the local impurity problem in orbital space (m, m^′). Using this identity, the lattice action can be rewritten in the form

S[c^∗, c, f^∗, f] = ∑ i S_{site,i} + + ∑ ωkσ [ f^∗_ωk_σ g^{−1}_{ωσ} (Δ_{ωσ} − hk_σ)^{−1} g^{−1}_{ωσ} f_ωk_σ ] , (7)

where ∑ i S_{site,i} = ∑ i S_{imp}[c^∗_i , c_i] +

+ f^∗_{ωiσ} g^{−1}_{ωσ} c_{ωiσ} + c^∗_{ωiσ} g^{−1}_{ωσ} f_{ωiσ} . ∗ (8)

Here the summation in the last term over states labeled by k has been replaced by the equivalent summation over all sites. The Gaussian identity can further be used to establish an exact relation between the lattice Green function and the dual Green function. To this end, the partition function of the lattice is written in the two equivalent forms Z = ∫ exp (−S[c^∗, c]) D[c, c^∗] = = Z_f ∫ ∫ exp (−S[c^∗, c, f^∗, f]) D[f, f^∗]D[c, c^∗], (9)

where

Z_f = ∏ ωkσ det [g_{ωσ} (Δ_{ωσ} − hk_σ) g_{ωσ}] . (10)

Ŕĺśĳňă ć ĘİŠŤ šőň 86 ćżŕ. 9 { 10 2007

By taking the functional derivative of the partition function, Eq. (9), one can obtain the following exact relationship between the dual and lattice Green functions:

G_ωk_σ = (Δ_{ωσ} − hk_σ )^{−1} + + (g_{ωσ} (Δ_{ωσ} −hk_σ))^{−1} G^d_ωk_σ ((Δ_{ωσ}−hk_σ) g_{ωσ} )^{−1} , (11)

where the lattice Green function is defined via the imaginary time path integral as

G_{12} = − 1 Z ∫ c_1c^∗_2 exp (−S[c^∗, c]) D[c, c^∗] (12)

and similarly for the local Green function g and dual Green function G^d with Z and S replaced by the corresponding expressions.

We now wish to derive an action depending on the dual variables only. This can be achieved by integrating out the original variables c,c^∗. The crucial point is that this can be done for each site separately: ∫ exp (−S_{site}[c^∗_i , c_i, f^∗_i , f_i]) D[c_i, c^∗_i ] =

= Z_{imp}e^−(P^{ωσ} f^{∗ωiσ g−1ωσ} f^{ωiσ +Vi [}f^{∗i ,}f^{i]}). (13)

This equation can be seen as the defining equation for the dual potential V [f^∗, f]. Since S_{site} contains the impurity action, expanding the remaining part of the exponential and integrating out the original variables corresponds to averaging over the impurity degrees of freedom. Equating the resulting expressions by order, one finds that the dual potential in the lowest order approximation is given by V [f^∗, f] = 1 4 ∑ i γ^{(4)}_{1234}f^∗_{i1}f^∗_{i2}f_{i4}f_{i3} + . . . (14)

where

γ^{(4)}_{1234} = g^{−1}_{11}′ g^{−1}_{22}′ [ χ^{imp}_1′_2′_3′_4′ − χ^{imp,0}_1′_2′_3′_4′ ] g^{−1}_3′_3g^{−1}_4′_4 ,

χ^{imp,0}_{1234} = g_{14}g_{23} − g_{13}g_{24} (15)

is the fully antisymmetric irreducible vertex. The local two-particle Green function of the impurity model is defined as

χ^{imp}_{1234} = 1 Z_{imp} ∫ c_1c_2c^∗_3c^∗_4 exp (−S_{imp}[c^∗, c]) D[c, c^∗] .

(16)

The dual action now depends on dual variables only and can be written as

S_d[f^∗, f] = − ∑ ωkσ f^∗_ωk_σ (G^{d,0}_ωk_σ )^{−1}f_ωk_σ + ∑ i V [f^∗_i , f_i] .

(17)

The bare dual Green function is given by

G^{d,0}_ωk_σ = −g_{ωσ} [ g_{ωσ} + (Δ_{ωσ} − hk_σ)^{−1} ]_{−1} g_{ωσ} . (18)

and the dual self energy reads

Σ^d_ωk_σ = (G^{d,0}_ωk_σ )^{−1} − (G^d_ωk_σ )^{−1}. (19)

Let us introduce non-local part ~Σ as the difference between the self-energy Σ of the lattice problem and it’s DMFT value, i.e. ~Σ = g^{−1} + Δ − h − G^{−1}. For this quantity, there is a simple matrix relation with the dual self-energy:

~Σ^{−1} = Σ^{−1}_d + g , (20)

as one can obtain from the previous formulas.

It immediately follows that ~Σ = 0 for Σ^d = 0, which corresponds to neglecting the nonlinear dual potential V , i.e. non-interacting dual fermions. In this case the DMFT result is restored, for a properly chosen Δ (for details, see below). In order to obtain the nonlocal correction to the DMFT, we thus need to calculate the dual self-energy with higher order in V . This is achieved by performing a regular diagrammatic series expansion of the dual action, Eq. (17) and considering the lowest order skeleton diagrams for Σ_d, constructed from the irreducible vertices and the dual Green function as lines. The use of skeleton diagrams ensures that the resulting theory is conserving according to the Baym- Kadanoff criterion [21, 19]. The diagrams considered here are shown in Fig. 1. The lowest order diagram is local while the next diagram already gives a nonlocal contribution to the self energy.

So far we have not established a condition for Δ. We require that the first diagram in the expansion of the dual self-energy should be equal to zero at all frequencies. Since γ^{(4)} is local, we can use the condition ∑ k G^dkω = 0. In the simplest approximation, which corresponds to non-interacting dual fermions, the full dual Green function is replaced by the corresponding bare Green function and the above condition can be reduced to ∑ k [ g_{ωσ} + (Δ_{ωσ} − hk_σ)^{−1} ]_{−1} = 0 (21)

which is equivalent to the self-consistency condition for the hybridization function in free-cluster CDMFT [12, 14, 13]. Usually, this equation is solved iteratively, with a repeated substitution

Δ → Δ + g^{−1}G^d_{loc}G^{−1}_{loc}. (22)

Ŕĺśĳňă ć ĘİŠŤ šőň 86 ćżŕ. 9 { 10 2007 9^�

Finally the resulting scheme is as follows: in order to include non-local correlations beyond the cluster approximation, one should take into account two-particle vertex, which plays the role of the effective interactions between the dual fermions, and perform the standard perturbation expansion. In our calculations, we take into account the first non-vanishing diagram for the dual self energy (the right diagram in Fig.1), and use the same substitution rule (22). The calculation procedure

Fig.1. The ˛rst two lowest order diagrams for the dual self energy ˚^d

Fig.2. The scheme of the calculation procedure. The outer loop corresponds to the an iterative calculation of the hybridization function ffi; it requires a solution of the impurity problem at each step. The inner loop describes the iterative calculation of the skeleton diagrams for dual self-energy, given the properties of the impurity problem. DMFT implies e̊ = 0 and therefore does not require the inner loop, as indicated by the dashed line

is as follows (see Fig.2): Starting from a starting guess for Δ, e.g. the DMFT result, we obtain a new local Green function g and the irreducible vertex γ^{(4)}. The continuous-time quantum Monte Carlo impurity solver [22] is employed for this calculation. Given g, we estimate the bare Green function (18) and calculate the diagram for Σ_d with the lines given by G^{d,0}. This guess for Σ_d is used for a new estimate of the dual Green function. A repeated execution of this procedure is illustrated by the inner loop in Fig. 2. After a few iterations it converges to a value for ~Σ, corresponding to a skeleton diagram (a diagram with renormalized lines). The dual Green function and the lattice Green function are then again used to obtain a new hybridization function according to the rule (22). It serves as input for the calculation of a new local Green function and renormalized vertex in the impurity solver step. This outer loop is also executed until self-consistency. Self-consistency for both loops is usually reached after a few iterations (depending on the system). The computational cost for the calculations aside from DMFT is less than for the DMFT itself, whereby the computation of the vertex is the computationally most expensive part.

In order to obtain information about the instabilities in the system, one needs to consider the two-particle Green function. The exact relation between the fourpoint correlation function for original lattice problem and the dual fermions is established by taking the second derivative of Z with respect to hk using the two equivalent representations of the partition function, Eq. (9). After some straightforward algebra we obtain the following expression for the four-point correlation function: χ_{λμνρ} = [ (Δ − h)^{−1} ⊗ (Δ − h)^{−1} ] λμνρ + + [ (Δ − h)^{−1} ⊗ [(Δ − h)^{−1}g^{−1}G_dg^{−1}(Δ − h)^{−1}] ] λμνρ + + [ [(Δ − h)^{−1}g^{−1}G_dg^{−1}(Δ − h)^{−1}] ⊗ (Δ − h)^{−1} ] λμνρ + + [ (Δ − h)^{−1}g^{−1} ] λl [ (Δ − h)^{−1}g^{−1} ] μm χ^d_{lmnr} × × [ g^{−1}(Δ − h)^{−1} ] nν [ g^{−1}(Δ − h)^{−1} ] rρ . (23) Here χ^d_{lmnr} ≡ ⟨f_lf_mf^∗_nf^∗_r ⟩ is the dual four-point correlation function and (A ⊗ B)_{λμνρ} ≡ A_{λρ}B_{μν} − A_{λν} B_{μρ} is the antisymmetrized direct product of two matrices.

As one can see from Eq. (23), the two-particle excitations for dual fermions coincide with those for real fermions so that information about the instabilities can be obtained by considering the dual correlation function. Two different approximations to the four-point correlation function are obtained by summing up the ladders for the two-particle dual fermion Green function: χ^{d(pp)}_{lmnr} = χ^{d,0}_{lmnr} + χ^{d,0}_{lmνρ}γ_{ρνμλ}χ^{d(pp)}_{λμnr} (24) or χ^{d(ph)}_{lnmr} = χ^{d,0}_{lnmr} + χ^{d,0}_{lνmρ}γ_{ρμνλ}χ^{d(ph)}_{λnμρ} , (25) Ŕĺśĳňă ć ĘİŠŤ šőň 86 ćżŕ. 9 { 10 2007 where the first equation is written for the particleparticle channel and the second for the particle-hole channel. Here χ^{d0} = G_d ⊗ G_d is the bare two-particle dual Green function. The particle-particle channel is useful for investigation of superconducting instability, while the particle-hole excitations can give different magnetic behaviors.

As an example, we consider the two-site cluster calculation for the half-filled Hubbard chain. This model is described by the following Hamiltonian:

H_0 + H_{int} = t ∑ i (c^†_{i+1}c_i + c^†_{i−1}c_i) + U ∑ i n_{i↑}n_{i↓} . (26)

When this one-dimensional system is treated as a chain of two-site clusters as depicted in Fig.3, the tight-binding

Fig.3. Schematic representation of the 1D chain as a chain of two-site clusters

Hamiltonian for this model is readily shown to be

h_k = ( 0 t(1 + e^{−2ika}) t(1 + e^{2ika}) 0 ) . (27)

Due to the absence of a Mott transition in one dimension [23], the system is an insulator for any finite value of the on-site repulsion U. For the case of sufficiently large U/2t, the basic physics of the model is determined by the tendency of the formation of a spin-singlet between neighboring sites [7], and thus one can expect that the two-site cluster serves as a reasonable starting point, in contrast to the single-site DMFT. There is an obvious note that the translational invariance of the original lattice is broken in such a consideration. However it is not crucial for our purposes, since we will only be interested in the local part of the Green function.

In Fig.4, we compare our results with the one obtained by a Density Matrix Renormalization Group (DMRG) calculation [24], which is known to reproduce the spectral properties of 1D systems quite well. For our calculations we use the parameters U/t = 6 and β = 20. The DMRG solution corresponds to T = 0. We also present the results of the single-site DMFT and dual-fermion calculations. The single-site DMFT gives a qualitatively wrong answer, i.e. predicts the system to be metallic even for U as large as U/t = 6. The single-site dual-fermion approach fixes this, but is still quantitatively inaccurate. On the other hand, the results of the two-site CDMFT already provide a rather good

Fig.4. Local Matsubara Green function on the Matsubara axis obtained from DMRG for T = 0 in comparison with the results obtained from DMFT and from fully selfconsistent dual fermion calculations. For the 2-site calculation the renormalization of the vertex has a small e¸ect since the CDMFT is already a good starting point. For the single site calculation the renormalization is essential since DMFT even gives a qualitatively wrong answer, while the dual fermion result correctly predicts the system to be an insulator

description of the local Green function. This underlines the statement that local singlet physics is of pivotal importance. It is known that this result is hardly improvable by the consideration of larger clusters [24], which indicates the relevance of long-range correlations in the model. However, the two-site dual-fermion scheme with just the lowest-order correction taken into account improves the results substantially.

To conclude, we have generalized the recently proposed Dual Fermion Approach to the multiorbital case, facilitating the treatment of multiorbital systems within this framework. The approach was applied to the onedimensional Hubbard model starting from the free twosite cluster DMFT solution. The cluster dual fermion solution considerably improved the CDMFT result. The cluster formulation allows to combine this approach with realistic density functional calculations and thus opens a new way to describe long-range correlations in real systems. The advantage of this multiorbital approach is that it preserves translational invariance. Discussing possible further developments for Hubbard-like lattices, one can restore the translational invariance of the method. This can be achieved if the dual-fermion expansion is built on top of the cluster DCA method.

The work was supported by NWO project # 047.016.005 and FOM (The Netherlands), DFG Grant # SFB 668-A3 (Germany), the Leading scientific schools program and the “Dynasty” foundation (Russia).

Ŕĺśĳňă ć ĘİŠŤ šőň 86 ćżŕ. 9 { 10 2007

1. A. Georges, G. Kotliar, W. Krauth, and M. J. Rozenberg, Rev. Mod. Phys. 68, 13 (1996).

2. G. Kotliar and D. Vollhardt, Physics Today 57, No. 3, 53 (2004).

3. V. Anisimov, A. Poteryaev, M. Korotin et al., J. Phys.:

Condens. Matter 9, 7359 (1997).

4. A. I. Lichtenstein and M. I. Katsnelson, Phys. Rev. B 57, 6884 (1998).

5. G. Kotliar, S. Savrasov, K. Haule et al., Rev. Mod. Phys.

78, 865 (2006).

6. G. D. Mahan, Many-particle physics, Plenum Press, N.Y., 1993.

7. P. W. Anderson, The Theory of Superconductivity in the High-Tc Cuprates, Princeton University Press, Princeton, 1997.

8. V. Yu. Irkhin, A. A. Katanin, and M. I. Katsnelson, Phys. Rev. B 64, 165107 (2001), Phys. Rev. Lett. 89, 076401 (2002).

9. S. Sachdev, Quantum Phase Transitions, Cambridge University Press, Cambridge, 1999.

10. D. J. Scalapino, Phys. Reports 250, 329 (1995). 11. T. Maier, M. Jarrell, T. Pruschke, and M. H. Hettler, Rev. Mod. Phys. 77, 1027 (2005).

12. A. I. Lichtenstein and M. I. Katsnelson, Phys. Rev. B 62, R9283 (2000).

13. V. V. Mazurenko, A. I. Lichtenstein, M. I. Katsnelson et al., Phys. Rev. B 66, 081104 (2002).

14. G. Kotliar, S. Y. Savrasov, G. Palsson, and G. Biroli, Phys. Rev. Lett. 87, 186401 (2001).

15. M. Pottho¸, Eur. Phys. J. B 32, 429 (2003). 16. A. Toschi, A. A. Katanin and K. Held, Phys. Rev. B 75, 045118 (2007).

17. H. Kusunose, cond-mat/0602451.

18. C. Slezak, M. Jarrell, Th. Maier, and J. Deisz, condmat/0603421.

19. A. N. Rubtsov, M. I. Katsnelson, and A. I. Lichtenstein, cond-mat/0612196.

20. T. D. Stanescu and G. Kotliar, Phys. Rev. B 70, 205112 (2004).

21. G. Baym and L. P. Kadano¸, Phys. Rev. 124, 287 (1961).

22. A. N. Rubtsov, cond-mat/0302228; A. N. Rubtsov and A. I. Lichtenstein, JETP Lett. 80, 61 (2004); A. N. Rubtsov, V. V. Savkin, and A. I. Lichtenstein, Phys. Rev. B 72, 035122 (2005).

23. Elliott H. Lieb and F. Y. Wu, Phys. Rev. Lett. 20, 1445 (1968).

24. C. J. Bolech, S. S. Kancharla, and G. Kotliar, Phys. Rev.

B 67, 075110 (2003).

Ŕĺśĳňă ć ĘİŠŤ šőň 86 ćżŕ. 9 { 10 2007