Pis’'ma v ZhETF, vol. 88, iss. 11, pp.819-824

© 2008 December 10
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The conditions for the cancellation of one loop contributions to vacuum energy (both U.V. divergent and
finite) coming from the Standard Model (SM) fields are examined. It is proven that this is not possible unless
one introduces besides several bosons, at least one massive fermion having mass within specific ranges. On
examining one of the simplest SM extensions satisfying the constraints one finds that the mass range of the
lightest massive boson is compatible with the present Higgs mass bounds. We briefly address the possible

treatment of the presence of interactions.
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1. Introduction. Almost sixty years ago Pauli[1, 2]
suggested that the vacuum (zero-point) energies of all
existing fermions and bosons compensate each other.
This possibility is based on the fact that the vacuum
energy of fermions has a negative sign whereas that of
bosons has a positive one. We note that such an idea
is realized in a highly constrained way in supersymmet-
ric models, although supersymmetry breaking must be
present at probed energies in order to explain observed
data. Subsequently in a series of papers Zeldovich [3]
connected the vacuum energy to the cosmological con-
stant, however rather than eliminating the divergences
through a boson-fermion cancellation he suggested a
Pauli-Villars regularization of all divergences introduc-
ing a spectrum of massive regulator fields. Covariant
regularization of all contributions then leads to finite val-
ues for both the energy density and (negative) pressure
corresponding to a cosmological constant, i.e. connected
by the equation of state p = —e, where p is the pressure,
while € is the energy density.

The approach, which we develop in this paper is
based on the combination of these two ideas: as Pauli
suggests the existing boson and fermion fields provide
the exact cancellation of all the ultraviolet divergences
in the vacuum energy, while as Zeldovich suggests, the
remaining finite part of the vacuum energy leads to an
effective cosmological constant. Thus, rather than use a
regularization approach we shall assume that the actual
particle content of a theory is such that U.V. divergences
do not appear insofar bosons and fermions should com-
pensate each other as Pauli suggested. Indeed we have
previously examined [4] the problem of U.V. divergences
of the vacuum energy for both Minkowski and de Sitter
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space-times and formulated the conditions for the can-
cellation of all divergences. These conditions lead to
strong restrictions on the spectra of possible elementary
particle models. In this note we shall apply such consid-
erations to the observed particles of the Standart Model
(SM) and also study the finite part of the vacuum energy
and the possibility of a cancellation for this contribution
also, so as to obtain a result compatible with the ob-
served value of the cosmological constant (almost zero
with respect to SM particle masses). The cancellation of
all one-loop contributions to the cosmological and New-
ton constants was also considered in the context of the
induced gravity approach [5]. We shall instead consider
Einstein gravity and obtain all constraints in Minkowski
space which is implicit if all contributions (divergent and
finite) compensate between fermions and bosons. Let us
illustrate them in order.

The requirement that quartic divergences cancel is
just that the numbers of bosonic and fermionic degrees
of freedom be equal (Ng = NF). The conditions for the
cancellation of quadratic and logarithmic divergences on
a flat Minkowski background are

Zm3+32m%=22m%« (1)

and

Zmi+32m%,=22m‘}-, (2)
respectively. Here the subscripts s, V and F' denote
scalar, massive vector and massive spinor Majorana
fields respectively (for Dirac fields it is enough to put
4 instead of 2 on the right-hand sides of Egs. (1) and
(2)). For the case of a de Sitter spacetime, equations
giving conditions for the cancellation of quadratic and
logarithmic ultraviolet divergences are more involved.
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Some examples of these conditions for simple particle
physics models have been presented in Ref. [4].

As was shown in Ref. [3] the finite part of the vacuum
energy density is equal to

e= % / duf (p)ptlnp, (3)
where f(u) is the spectral function. The requirement
that the finite part of the vacuum energy (and pressure)
is very small compared with SM masses suggests that
we also need a compensation between the finite parts of
fermion and boson vacuum energies, obtaining

Zm‘:lnm, +3Zm%,1nmv —ZZmé‘lan =0.
(4)

This leads to a zero cosmological constant (Minkowski
space).

As is known the observed number of fermionic de-
grees of freedom in the SM is much higher than the
number of bosonic degrees of freedom [6]. Indeed Np
is equal to 96 (if we consider the neutrinos as massive
particles) while the number of bosonic degrees of free-
dom, carried by the photon, the gluons and the W+ and
Z° bosons is equal to 27. Thus we need an additional
69 boson degrees of freedom, one of which is the Higgs
boson. Ideally we would like to obtain some minimal
extension of the SM, which would not modify the fermi-
onic degrees of freedom while just adding hypothetical
bosons.

Our main result is a proof that, within the given
framework, such an extension does not exist. In other
words, we show that on introducing new bosonic fields,
which provide the cancellation of the ultraviolet diver-
gences in the vacuum energy density, the finite part of
the effective cosmological constant is always positive and
of order of the mass of the top quark to the fourth power,
which is much higher than the value of the effective cos-
mological constant compatible with the cosmological ob-
servations. This leads to the necessity of introducing
new heavy fermions. Indeed we shall find explicit real-
izations with zero finite energy once one introduces at
least one fermion with a suitable mass.

Following a general analysis, for the sake of simplic-
ity we shall consider an explicit minimal extension of
the SM with a few massive bosons and weakly coupled,
practically massless, others so as to satisfy the require-
ment Ng = Np. Such a possibility is viable in effective
action approaches and, for example, has been consid-
ered recently in such scenarios as unparticle physics [7].
In this minimal framework we shall analyze the boson
masses allowed by the cancellation constraints.

It is obvious that one may study vacuum energy in
the more modern and general setting [8] of effective ac-
tions, renormalization group flows, and even attempt to
include the effects of condensates, however we feel that
it is worthwhile to first examine the full consequences
for SM physics of Pauli’s original suggestion.

In next section we study the consequences of our
equations for the SM particle spectrum and in the last
section our results are summarized and discussed.

2. The Standard Model and vacuum energy
balance. Let us begin by observing that the mass of
the top quark m; ~ 170 GeV is much higher than the
masses of all other fermions (the bottom quark has the
mass mp ~ 4.5 GeV while the mass of the heaviest 7-lep-
ton is m, ~ 2 GeV). Thus, on considering Egs. (1), (2)
and (4) we can limit ourselves to only taking into ac-
count the contributions of the top quark, whose mass
is conveniently used as the reference unit mass, and
of the massive vector bosons. Then the mass of W+
bosons is my & 0.47m; while that of the Z° boson is
myz =~ 0.53m;, with m; = 1.

Quantities describing the contributions of the heavy
fermion and boson degrees of freedom in the conditions
(1), (2) and (4) are then:

R? = 12m} — 6m}, — 3m% ~ 11.5, (5)

h = 12m? — 6m3, — 3m% ~ 9.83, (6)

L = 12m} lnm? — 6m3y Inm}y — 3m% Inm% ~ 0.743.

(7)
If we denote the masses squared of some hypothetic
massive boson fields by z1,s,... , T, (z; > 0,V7) then

their values should satisfy the conditions

an &} = R?, ®)
=1

Sa=h )
i=1

Y allnzi=¢=L. (10)
i=1

We shall now proceed as follows:
— Firstly we shall find a lower bound to the number of
massive boson degrees of freedom due to the constraints

(8), (9) which define a surface S in the space of the z;.
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— Secondly we shall study on S, for positive z;, the
extrema of the function ¢ by using the method of La-
grange multipliers. We shall derive analytic formulae
for the extrema of the function ¢ on the constraint sur-
face S and show that its minimum is much higher when
the value of L coming from Eq. (7).

— Finally we shall obtain for ¢, its minimum (and
maximum) value as a function of the SM particle con-
tent plus possible additional fermions in order to inves-
tigate the conditions for the satisfaction of the condition
in (10).

The constraints (8), (9) have a simple geometrical
sense [4]: they describe a sphere and a plane in the n-
dimensional space and their intersection S is an (n — 2)-
dimensional sphere, eventually to be sliced on the pos-
itivity boundary of the z;. The distance of the plane
from the origin of the coordinates is h/4/n. In order to
have an intersection between the sphere of radius R and
the plane it is then necessary to have

n > h?/R* ~ 8.4. (11)

Thus, the number of massive bosonic degrees of freedom
should at least be equal to 9. In general it is convenient
to introduce the integer value ng for such a threshold

no = |h*/R* +1], (12)

so that n > nyg is the requirement to have a non empty S.
Now, in order to see when the condition (10) is also sat-
isfied, it is convenient to calculate the minimum value of
the function ¢ = Y., ; 27 Inz; on the constraint surface
S. Let us consider an auxiliary function

F({z:}) = imf Inz; —

—)\(im?—Rz)—p<ixi—h>, (13)

where A and p are the Lagrange multipliers. Search-
ing for the extrema of the function F' implies we should
equate its derivatives with respect to z;, A and p to zero.
The last two conditions OF/OX and OF/0u again give
the constraints (8), (9). Differentiation with respect to
x; gives the system of equations:

2?lnz; —z; —2Xz; —p=0, i=1,...,n. (14)

Without loss of generality we can choose z; # z2. In-
deed it is possible to have £y = --- = z, if and only
if h2/n? = R?, but this is a degenerate case, when the
sphere and plane touch each other in only one point.
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On substituting the values of z; and z, into the first
two equations of the system (14), one obtains A and f
as functions of z; and z,:

< z1lnz? — z21n 23 z1z2(Inz2 — Inz?)

=1 o= :
+ 1 — T2 ’ # 1 — T2
(15)

Let us suppose that Z,--- ,Z,, A, i are a solution of
the system (14) on S, i.e. with the constraints (8) and
(9) already satisfied. On now substituting these values
of A and f into the n — 2 remaining equations of the
system (14) we can easily see that a solution is given by
Ty = T3 = %4 = -+ = Tpy1 and T2 = Ty = Tp_1 =
= ... = Zg42. This solution is a stationary point of the
function F', or in other words the conditional stationary
point of the function ¢. Such a solution, with k& coordi-
nates having the value Z; = z and the remaining n — k
coordinates the other value Z; = y, is given, as function
of k and n, by

z = z(k,n) =g+\/R2(n_k) _Rr-k) (16)

nk n2k
h R2k h2k
= = — — — ]_
y =y(k,n) n \/n(n —k) n2(n—k)’ (17)

where 1 <k <n-—1.

The values of z given by Eq. (16) are always posi-
tive, while the values of y can be negative. It is easy to
show that the condition for the positivity of y is

k<mno<n. (18)

We have seen that points of the type described above
always satisfy the stationarity conditions (14) on the
constraint surface. This does not mean that stationary
points of other types cannot exist. Indeed, the analysis
of the structure of Eq. (14) shows (see for details [9])
that, in principle, stationary points whose coordinates x;
have three different values can exist. However, if such
points exist, at least one of these three values is negative
and, hence, is of no interest to us. Thus, the minimum
of the function ¢ can be reached only for the station-
ary points having the coordinates (16), (17) or on the
boundary of the positivity region, where at least one of
the coordinates x; is equal to zero. For this last case the
problem is reduced to one with lower dimensionality 7.

If n = ng (the smallest possible value for the dimen-
sionality of n) we notice that on the surface S all the
x; have positive values. Thus, the maximum and mini-
mum values of the function ¢ on the constraint surface
are obtained only for one of points with the coordinates
z and y (see formulae (16), (17)).
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Furthermore the following more general statement is
true: for n > mg the maximum value of the function
¢ corresponds to n = ng and £k = 1 while its mini-
mum value corresponds to the point with n = no and
k =ng—1. To prove it one may compute the derivatives
of the function

$1(k,n) =kz’lnz + (n — k) y’Iny, (19)

with respect to k and n. It can be shown [9] that
d¢y/dk < 0 and d¢y/dn > 0 for the range of possi-
bile physical values of k and n. In particular this means
that the function ¢;(k,n) decreases with increasing k
and has its minimum value at k¥ = ng — 1 and n = nyg.
This minimum value is

¢1 min — &1 (R, h) =
= (no — 1)z2(no — 1,m0) Inz(no — 1,n0) +

+ y*(no — 1,m0) Iny(ne — 1,n0), (20)

where one has to use Egs. (12), (16) and (17). The
solution of the equation

Z ?lnz; =L (21)
i=1

exists on the constraint surface S only if

#1(R,h) < L. (22)

A direct calculation shows that for ng = 9, @1 min ~ 1.95
which is higher than L = 0.743 in Eq. (7). For n > ng
the minimum value of the function ¢; is higher, so our
first result is that it is not possible to have the can-
cellations in an extension of the SM obtained on only
introducing new bosonic fields. One can also say that
the value of the effective cosmological constant is pro-
portional to (¢1 min — L) and hence is of the order of 1
in terms of the top quark mass elevated to the fourth
power. This is much higher when the observable value
of the cosmological constant.

Let us now consider an extension which includes new
fermionic fields with masses m in units of top mass and
nys degrees of freedom. On introducing the new parame-
ters

R? =R2+anm‘;,
f
h= h+2nf m?e, (23)
f
L= L+anm‘} Inmy,
f

one may search for solutions allowed by the inequality
d1(k = nop—1,n) < L < ¢1(k = 1,n) for different

n > ng, by varying ny and my. In general the lower
bound for n slightly increases from ny depending on ny
and my. In the simplest case with only one additional
fermion we already find solutions. Let us here give the
results for three interesting cases and a non physical
(ngy — 00) case:

Majorana: ny =2, mg > 1.52,
Dirac: ny =4, mj; > 1.46,
Dirac quark (3 colors) :

ns =12, my € [0.3536,0.3592] U x
x[0.4,0.655] U [0.6892, 0.6914] U [1.4, 0ol

1
nsy — o0, me[—nf,0.853]U[1.355,oo[ (24)

More possibilities are allowed if one introduces more
fermionic fields with different masses.

We finally investigated a simple extension of the SM
obtained on introducing a Majorana fermion and assum-
ing for the bosonic sector n < Npg, so that most of the
bosons are practically massless and weakly coupled, as
in the unparticle scenario mentioned near the end of the
previous section. We found, as a function of the Ma-
jorana fermion mass, sets of solutions for the massive
bosons (we consider the case n = 10). Of particular
interest is the lightest boson mass which could play the
role of the Higgs mass. In such a case we find for it the
allowed mass intervals (in GeV): [111,139], [115,172],
[112,178] and [86,177] for m% = 2.5, 3, 3.5 and 4 m}
respectively. These are solutions compatible with the
actual Higgs mass limits [6].

6. Conclusion. We have proved that it is impossi-
ble to construct a minimal extension of the SM by find-
ing a set of boson fields which, besides cancelling the ul-
traviolet divergencies, can compensate the residual huge
contribution of the known fermionic and bosonic fields
of the Standard Model to the finite part of the vacuum
energy density.

On the other hand we have found that the addition
of at least one massive fermionic field is sufficient for the
existence of a suitable set of boson fields which would
permit the cancellations and we have obtained the al-
lowed windows for the masses. This result is by itself
very suggestive since in extensions of the SM often new
extra fermions are considered, independently of any can-
cellation requirement. An example is the explanation by
a see-saw mechanism of the smallness of the neutrino
masses, which requires the presence of high mass Majo-
rana neutrinos.

The addition of one Majorana or Dirac fermion re-
quires a mass roughly at least 50% higher than the top
quark mass. If the fermion belongs to a new quark fam-
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ily, new mass windows appear (see (24)) with a range
of values lower than the top quark mass, implying that
this low mass family should be weakly coupled. Fur-
thermore we have investigated numerically the simplest
extensions of the SM which satisfy the constraints and
found that the lightest massive boson can have a mass
compatible with the bounds on the Higgs boson mass.

The problem we have addressed could also be stud-
ied in the context of renormalized effective actions
wherein all parameters are running, including the cos-
mological constant as well as the field masses. Further
the cosmological constant may also be affected by the
presence of condensates which we do not consider in our
analysis. Another point we feel is important, but not
understood, is a finite vacuum energy contribution due
to the presence of bound states, originating from inter-
actions, whose conceptual distinction from fundamental
particles may not appear obvious when one is trying to
give an effective formulation at different scales. This is
a typical feature of interacting quantum field theories
wherein “fundamental” degrees of freedom appear to be
different for different scales, one example being given
by strong interaction physics. Again we believe that the
most promising approach is given by a RG flow of effec-
tive actions. In this sense our results are only a first step
in a more general scheme, which also takes into account
any form of interaction.

However, we can already sketch an approach which
could be developed to take into account the interaction
between quantum fields. Firstly, let us notice that to
treat the finite contribution of quantum fields to the vac-
uum energy it is reasonable to combine the cancellation
mechanism proposed by W. Pauli [1] applied in [4] and
in the present paper with the standard renormalization
procedure for the ultraviolet divergences in the tradi-
tional quantum field theory of the scattering matrix (see
e.g. [10]). Indeed, the cancellation of the contributions
of boson and fermion fields to the vacuum energy is use-
ful only to treat the one-loop divergences coming from
propagators of free fields. As is well-known these diver-
gences, which in standard quantum field theory, that is
in the absence of gravity, are eliminated by the normal
ordering procedure, create problems, when the gravity
is included. All the other ultraviolet divergences need
not be cancelled, but rather renormalized. It is worth
remembering that even in the majority of models pos-
sessing an exact supersymmetry not all the ultraviolet
divergences are cancelled. For example, in the Wess-
Zumino model [11] the loop-contributions to the vertices
are ultraviolet finite, while those to the propagators are
divergent and should be renormalized.
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Thus, the standard procedure of the elimination of
ultraviolet divergences, results in the renormalization of
masses, coupling constants and kinetic terms of the fields
under consideration. The last (kinetic terms) can be
fixed in such a way that they have standard form, i.e.
the corresponding renormalization coeflicients are equal
to one [10]. The renormalization of the masses reduces
to the appearance of the physically measurable masses —
these are the ones which we have used for the sum rules
in [4] and in the present paper.

The renormalization of the coupling constants (or
the corresponding vertex diagrams) is more complicated.
Here one should take into account the origin of the cor-
responding interactions. Indeed, the coupling constants
coming from the self-interaction of non-Abelian Yang-
Mills fields tend to zero in ultraviolet limit (the asymp-
totic freedom phenomenon [12]) and hence do not in-
fluence our sum rules for the cancellation of ultraviolet
divergences. The electromagnetic interaction instead re-
veals the opposite phenomenon — the growth if the effec-
tive coupling constant in the ultraviolet region implying
the existence of the so called Landau pole [13]. How-
ever, as a remedy to this problem one can use the ana-
lytic approach [14] (see also [15]), combining the renor-
malization group invariance with the Killen-Lehmann
spectral representation. On applying this approach the
Landau pole disappears and the coupling constant has
a finite value in the ultraviolet limit and is well-defined.
On now remembering that in spinor electrodynamics the
only interaction term is represented by the cubic vertex
multiplied by the coupling constant, one sees that its
contribution to the vacuum energy is equal to zero and
hence does not influence the rules for the cancellation
of the ultraviolet divergences [4]. Thus, these sum rules
formulated in [4] and used also in the present paper
are valid in spite of the inclusion of interactions present
in the Standard Model and its simple extensions. The
problem of the contribution of interactions in the in-
frared region (finite contributions to the vacuum energy)
where also bound states arise is more complicated and
deserves further investigation.

To conclude, we wish to say that our results, us-
ing the present data, are encouraging since they suggest
that reasonable non supersymmetric extensions of the
SM with almost zero vacuum energy may exist.
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