Pis’ma v ZhETF, vol. 89, iss. 8, pp. 486 { 490 © 2009 April 25

Universality and non-universality in behavior of self-repairing random networks

A. S. Ioselevich, D. S. Lyubshin

Landau Institute for Theoretical Physics RAS, 117940 Moscow, Russia

Moscow Institute of Physics and Technology, 141700 Moscow, Russia

Submitted 11 March 2009

We numerically study one-parameter family of random single-cluster systems. A ˛nite-concentration topological phase transition from the net-like to the tree-like phase (the latter is without a backbone) is present in all models of the class. Correlation radius index νB of the backbone in the net-like phase; graph dimensions { dmin of the tree-like phase, and Dmin of the backbone in the net-like phase appear to be universal within the accuracy of our calculations, while the backbone fractal dimension DB is not universal: it depends on the parameter of a model.

PACS: 61.43.−j

Properties of disordered networks, such as porous materials, are of great interest from both practical and theoretical point of view (see [1]). The standard percolation models (see [2, 3]) can not adequately describe many of these systems, in particular the “single-cluster” ones, which are obligatory connected (e.g., because of mechanical stability requirements) and do not allow for detachment of finite clusters. In our earlier paper [4] we have introduced and studied a simple model of selfrepairing bond-percolation (SRBP) in which all finite clusters arising in the process of gradual destruction of randomly chosen bonds in the system are immediately “repaired” by means of regeneration of that very bond whose destruction has lead to violation of connectivity. The system therefore remains connected and constitutes a single large cluster at all accessible concentrations. The SRBP-model turned out to be analytically tractable by means of a partial mapping onto the standard bondpercolation model; we were able to prove the existence of a finite-density topological phase transition, at which the backbone of the system vanishes and the system occurs in a fragile tree-like state with zero mechanical rigidity and zero electric conductivity. The backbone density P_B and correlation radius ξ_B slightly above the transition follow the scaling laws

P_B (p) ∝ (p − p_c)^βB , ξ_B (p) ∝ (p − p_c)�^νB . (1)

The critical concentration of bonds p_c and relevant critical exponents could be related to those of standard bond percolation (though not being necessarily equal to them). In particular, in two-dimensional lattices β^{(SRBP)}

B ≡ β^{(perc)}_B = 0.4757(10), (2)

ν^{(SRBP)}

B ≡ ν^{(perc)} = 4/3. (3)

The numerical value for β^{(perc)}_B in 2D, given in (2), is taken from [5], while the exact value of ν^{(perc)} in 2D was first obtained in [6]. The fractal dimension of the backbone is generally related to β_B and ν_B

D_B = D − β_B /ν_B . (4)

For the SRBP model it is also the same, as in percolation. In 2D:

D^{(SRBP)}

B ≡ D^{(perc)}_B = 1.6432(8). (5)

From the topological point of view the difference between the tree-like phase and the usual net-like one is the abundant presence of arbitrary large (up to the system size) cycles in the graph of the net-like system and exponential decay of concentration of large cycles on the graph of the tree-like system.

One can easily envisage many other models of singlecluster random networks. We were not able, however, to develop an analytical approach to any physically reasonable model except SRBP. The question about universality of the discovered phase transition (and, moreover, the very existence of the transition in a particular model) is very important and nontrivial. In contrast to standard percolation models, the connectivity constraint (common for all single-cluster models) is essentially nonlocal. This increased complexity of the model makes the existence of relations of single-cluster models to local field theories (similar to the well-known relation between the standard percolation and the Pottsmodel, see [7] and [3]) highly improbable; we cannot

486 Ŕĺśĳňă ć ĘİŠŤ šőň 89 ćżŕ. 7 { 8 2009 therefore proclaim the universality basing on standard renormalization-group arguments. Note, that the invasion percolation (see [8, 3]), which also involves a nonlocal constraint in its definition, does not belong to the standard percolation universality class and is characterized by its own critical indices. Thus any new singlecluster model introduces a new puzzle of its own, and it is very interesting to explore different patterns of their behavior and try to establish some order in the corresponding zoology. In this paper we start this program, and study the non-universality of critical exponents.

Our first step was numerical exploration of the selfrepairing site-percolation (SRSP) on a square lattice, where randomly chosen sites of the lattice (not bonds, as in SRBP) are gradually removed and regenerated each time when the removal causes disconnection of a finite cluster from the mainland. Numerical simulation reveals a well-defined phase transition at the site-concentration x_c = 0.608(1) with the critical index of the backbone density β^{(SRSP)}

B = 0.463(2), which is distinct from the result (2) for the SRBP-model. The latter difference is a definite manifestation of the non-universality of the phase transition. On the other hand, our simulation did not show any reliable difference between the SRSP index of correlation radius: ν^{(SRSP)}_B = 1.337(8) and ν^{(SRBP)} = 4/3. For the fractal dimension, using (4), we obtain

D^{(SRSP)}

B = 1.653(2), (6)

which is, of course, also different from D^{(SRBP)}_B .

Another important fractal characteristic of the critical backbone on the spatial scale R ≪ ξ is the graph dimension D_{min}, describing the dependence of average ”chemical distance” ℓ(R) (that is, the length of the shortest path between two sites of a backbone, separated by euclidean distance R)

ℓ_B (R) ∝ R^{Dmin} . (7)

As we have shown in [4],

D^{(SRBP)} min ≡ D^{(perc)}_{min} = 1.13(2), (8)

where the numerical value (for 2D) was taken from [9]. Note that the graph dimension of the percolation backbone coincides with that of the entire infinite cluster (see [3]). Our simulations for the SRSP-model give D^{(SRSP)} min = 1.136(10), that, again, is not different from the SRBP value (8) within our accuracy.

In contrast with the SRBP-model, where the treelike phase can only exist in the range p_{tree} < p < p_c, bounded from below by p_{tree} > 0 (see [4]), in SRSPmodel the quasi-tree cluster can have arbitrary low concentration (0 < x < x_c). For x → 0 the concentration of cycles vanish very rapidly, so that the patterns looks like a tree already slightly below x_c. In Fig.1 reasonably

Fig.1. SRSP-patterns in the tree-like phase: upper panel, x = 0.5, here few small cycles are still visible; lower panel, x = 0.25: concentration of cycles is already so low, that we do not see any of them in this fragment of a quasi-tree

large randomly chosen fragments of a quasi-tree samples with x = 0.5 and x = 0.25 are shown. It demonstrates that the cycles die out very fast with lowering x: the sample with x = 0.25 is already practically a tree.

The tree-like phase is fractal in the entire range x < x_c, so that the chemical distance ℓ_T (R) in this phase obeys

ℓ_T (R) ∝ R^{dmin} , 1 < d_{min} < 2. (9)

As was shown (both numerically and analytically) in [4], for SRBP-model d_{min} does not depend on p throughout the tree-like phase and exactly coincides with the similar index d^{(MST)}_{min} of the Minimal Spanning Trees ensemble (MST) on a lattice:

Ŕĺśĳňă ć ĘİŠŤ šőň 89 ćżŕ. 7 { 8 2009 d^{(SRBP)} min ≡ d^{(MST)}_{min} = 1.22(1). (10)

The latter numerical value of d^{(MST)}_{min} in 2D was obtained in [10, 11] (see, also [4]).

To determine d_{min} and D_{min} for SRSP model in this paper we simulated systems of size 1024 × 1024 with open boundary conditions (see Fig.2). Statistics on av-

Fig.2. Log-log plots for root mean square euclidean displacement R vs. chemical distance ℓ for the SRSP-model on square lattice with four di¸erent concentrations: x = 0.62 (above the threshold); x = 0.608 (at the threshold); x = 0.57 and x = 0.20 (both below the threshold). Within the accuracy of our calculations, the slope of the ˛rst curve corresponds to dmin = 1.0002 (practically, unity), the second curve { to Dmin = 1.136(10). The third and the fourth curves both have the same slope, corresponding to dmin = 1.226(12) (practically, the same as d^{(MST)}_{min} )

erage Euclidean displacement ⟨R⟩ as a function of chemical distance ℓ was gathered by performing breadth-first searches on points from the central part of the system. About 10^7 starting points were processed, and plain power fits ⟨R⟩ ∼ ℓ^{1/dmin} were applied in the stable region 500 < ℓ < 900 not significantly affected by the boundary. Our simulations give, again, x-independent

d^{(SRSP)} min = 1.226(12), (11)

throughout the tree-like range of x. This value, within our accuracy, does not differ from d^{(MST)}_{min} . To our knowledge, however, there is no obvious relation between quasitrees, appearing in the tree-like phase of the SRSP, and the MST ensemble.

At very low concentration x ≪ 1 the tree-like phase of the SR(S/B)P-models apparently acquire a new spatial scale ξ_C (x) ∼ x�^νC ≫ 1, – the density correlation length, that diverges as x → 0. On the scales 1 ≪ L ≪ ξ_C the quasi-tree, besides being a “chemical fractal” (with nontrivial d_{min} > 1) becomes also a “density fractal” with nontrivial fractal dimension D_f (see

Fig.3. SRSP-pattern at low density x = 0.0125: not only a tree, but apparently also a density fractal

Fig.3). Properties of this low-density phase and corresponding critical indices will be studied in a separate publication.

For further study of the nonuniversality we have considered a one-parameter family of hybridized SR(S/B)P-models, in which, at each step of the process, with probability 1 − Q a randomly chosen bond is removed (and restored, if necessary) and, with probability Q, a randomly chosen site together with all adjacent bonds is removed (and also restored, if necessary). In Fig.4 the concentration dependence of

Fig.4. The backbone density for SR(S/B)P hybrid models at di¸erent values of mixing parameter Q. Concentration p is de˛ned as a number of bonds present in the system; both p and PB are normalized by the total number of bonds in the full lattice

the backbone density P_B (p) is shown for five different values of the parameter Q. For three of them (Q = 0, Q = 0.5, and Q = 1) the critical exponents β_B , ν and ω

Ŕĺśĳňă ć ĘİŠŤ šőň 89 ćżŕ. 7 { 8 2009 were accurately extracted from the data (see Tables 1 and 2).

Table 1

Nonuniversal characteristics of the family of SR(S/B)P models Q pc βB DB ω 0 (3/4)(p3 � 1) 0.4757(10) 1.6432(8) 1.85(1) 0.5 0.420476(1) 0.468(2) 1.649(2) 1.785(5) 1 0.373116(1) 0.463(2) 1.653(2) 1.788(3)

Table 2

Universal indices of the SR(S/B)P-family

Q νB dmin Dmin

0 4/3 1.22(1) 1.13(1) 0.5 1.333(5) — — 1 1.337(8) 1.226(12) 1.136(10)

We have devised an efficient algorithm for simulations of models with arbitrary Q based on dynamic maintaining of connectivity on the dual lattice that allowed site or bond deletion operations to be performed in O(1) time. Lattices of size 128-256 turned out to be the most useful, and 10^6–10^7 samples were simulated for each Q. This algorithm enabled us to accurately determine fine differences in the critical exponents, appearing in the problem.

The procedure of finding the indices was as follows (c.f. paper [12], where a similar procedure was proposed for study of backbones for standard percolation): For a given L an ensemble of realizations on L × L square was generated with an additional “boundary constraint”, requiring that the sites and bonds, belonging to two opposite sides of the square (say, upper and lower ones) could not be removed and constitute two “bars” which by convention belong the the backbone. For a given realization of the process the threshold p̃_c was defined as a concentration, at which the infinite cluster splits into two parts – one, connected to the upper bar, the other – to the lower bar. A distribution function of p̃_c over the ensemble was found. The average and the standard deviation of this distribution are (see, e.g., [2]):

p_c(L) ≡ p̃_c ≈ p_c + C_1L�^ω, Δp_c(L) ≈ C_2L�^{1/ν}B , (12)

and the average value of the backbone density at the transition is

P_B (L) ≡ P_B (p̃_c) ≈ C_3L^DB�^D, (13) where C_1, C_2, C_3 – critical amplitudes. The values of p_c, ν_B , D_B , β_B , and ω, given in the tables, were extracted from relations (12), (13). The extraction procedure is illustrated in Fig.5, where β_{eff} (L) ≡ ≡ (ν/ ln a) ln[P_B (aL)/P_B (L)], and a > 1 is some rescal-

Fig.5. Linear extrapolation of βeff (L) to 1/L → 0. The rescaling parameter was chosen a = 3/2

ing parameter (the result is not sensitive to the choice of a). Note, that the exponent ω is not universal already within the class of standard percolation (namely, it depends on a particular lattice, as well as on the boundary conditions), so that the dependence of ω on Q may only be viewed as an indirect evidence of nonuniversality of the SR(S/B)P class.

In conclusion, we have studied a one parametric family of self-repairing site/bond percolation single-cluster models. In all models of this family a topological phase transition between net-like and tree-like phases was found, but the backbone fractal dimension D_B (Q) turned out to be nonuniversal. It apparently is a smooth monotonous function of the site/bond mixing parameter Q, varying by ∼ 0.01 in the range 0 < Q < 1. Though the above variation is quite small, it is well outside the error bars ±0.002 of our calculations. To reach this high accuracy special efforts were made.

The nonuniversality of the critical indices was not unexpected, since there are no known reasons for universality, similar to those, existing for the family of standard percolation problems. In this connotation, it was a great surprise that index ν_B of the backbone correlation radius; the graph dimension D_{min} of the backbone; and the graph dimension d_{min} of the tree-like phase seemed to be Q-independent within our (rather high) accuracy. Based on our numerical observations, we conjecture:

ν^{(SR(S/B)P)}

B (Q) ≡ ν^{(perc)}, D^{(SR(S/B)P)} min (Q, p) ≡ D^{(perc)}_{min} ,

d^{(SR(S/B)P)} min (Q, p) ≡ d^{(MST)}_{min} .

Ŕĺśĳňă ć ĘİŠŤ šőň 89 ćżŕ. 7 { 8 2009

So far, we did not find any rational explanation for this intriguing phenomenon of “partial universality”.

This work was supported by RFBR grant # 06-02- 16533.

1. Disorder and Granular Media, eds. D. Bideau and A. Hansen, North-Holland, Amsterdam, 1993.

2. D. Stau¸er and A. Aharony, Introduction to Percolation Theory, Taylor and Fransis, London, 1994.

3. A. Bunde and S. Havlin, Percolation I, in Fractals and Disordered Systems, Eds. A.Bunde and S. Havlin, Springer, Berlin, 1996.

4. A. S. Ioselevich and D. S. Lyubshin, JETP Letters 79, 286 (2004).

5. P. Grassberger, Physica A 262, 251 (1999). 6. M. P. M. den Nijs, J. Phys. A 12, 1857 (1979). 7. P. W. Kasteleyn and C. M. Fortuin, J. Phys. Soc. Japan.

Suppl. 26, 11 (1969).

8. R. Lenormand and S. Boris, C. R. Acad. Sci. (Paris), 291, 279 (1980).

9. H. J. Herrmann and H. E. Stanley, J. Phys. A 21, L829 (1988); U. A. Neumann and S. Havlin, J. Stat. Phys. 52, 203 (1988).

10. M. Cieplak, A. Maritan, and J. R. Banavar, Phys. Rev. Lett. 76, 3754 (1996).

11. S. S. Manna and B. Subramanian, Phys. Rev. Lett. 76, 3460 (1996).

12. C. F. Moukarzel, Int. J. Mod. Phys. C 9,887 (1998).

Ŕĺśĳňă ć ĘİŠŤ šőň 89 ćżŕ. 7 { 8 2009