Pis’ma v ZhETF, vol. 92, iss. 4, pp. 219 { 225 © 2010 August 25

Renormalization group improved black hole space-time in large extra dimensions

T. Burschil^{+∗}, B. Koch^{∗1)}

+Institut für Theoretische Physik, Johann Wolfgang Goethe - Universität, D-60438 Frankfurt am Main, Germany

�_{Departamento de Física, Pontificia Universidad Católica de Chile,}

4860 Santiago, Chile

Submitted 31 May 2010

By taking into account a running of the gravitational coupling constant with an ultra violet ˛xed point, an improvement of classical black hole space-times in extra dimensions is studied. It is found that the thermodynamic properties in this framework allow for an e¸ective description of the black hole evaporation process. Phenomenological consequences of this approach are discussed and the LHC discovery potential is estimated.

1. Introduction. Models with extra spatial dimensions offer an elegant solution to the hierarchy problem [1, 2]. In the case of [1] this is achieved by banning all standard model particles and forces onto a 4- dimensional subspace, while gravity can propagate also into d additional spatial dimensions. In order to keep the model consistent with todays gravity experiments the additional dimensions are assumed to be compactified in a small volume V_d. By this construction the measured gravitational coupling (or equivalently the Planck mass M_{P l}) can be explained by a fundamental mass M_f which might be as low as a few TeV. Since this would be much closer to the electro-weak scale, such models give a possible solution of the hierarchy problem. The relation

M^2_{P l} = V_dM^{d+2}_f (1)

connects these two couplings via the volume V_d which is spanned by the extra dimensions. In a world with extra dimensions and a gravitational coupling in a TeV range colliders like the LHC could create tiny black holes (BH) [3 – 8]. The line element of a higher dimensional spherically symmetric black hole is given by [9]

ds^2 = f(r)dt^2 − f^{−1}(r)dr^2 − r^2dΩ_{d+2}, (2)

with

f(r) = 1 − R^{d+1}_H /r^{d+1}. (3)

The event horizon R_H depends on the black hole mass M and the universal gravitational coupling G

R^{d+1}_H = 16πGM (d + 2)A_{d+2} , 1)e-mail: bkoch@fis.puc.cl

where

A_{d+2} = 2π d+3_2 Γ (_{d+3} 2 ) marks the surface of a d + 3 unit sphere. Please note, that there are different definitions of the higher dimensional coupling constant G. We use the definition of [6]. For more discussion and other definitions see [5]. By redefining the coupling in terms of the fundamental mass M^{d+2}_f ≡ 1/G, the radius of the event horizon is given by R^{d+1}_H = 16π (d + 2)A_{d+2} M M^{d+2}_f

. (4)

This form of the black hole horizon holds as long as R_H ≪ R which is for TeV masses true since R_H exceeds R typically by fifteen orders of magnitude. A black hole emits thermal radiation [10]. The temperature of this radiation is given by the radial derivative of the metric coefficient f(r) at the horizon. For the case of d extra dimensions this temperature is given by

T_H = d + 1 4πR_H . (5)

However, this prediction is limited to large black hole masses M ≫ M_f . For masses close to the fundamental mass one expects modifications of the Hawking temperature and it was conjectured that the thermal radiation could be suppressed, leading to the formation of a stable final state [11 – 13].

Although, some extra dimensional models like in eq. (1) can solve the hierarchy problem, they are not the desired unified description of all forces yet. The reason for this is that gravity (with or without extra dimensions) can not be generalized in the usual loop expansion to a renormalizable quantum field theory. It was

Ŕĺśĳňă ć ĘİŠŤ šőň 92 ćżŕ. 3 { 4 2010 219 conjectured that this problem results from expanding the theory in the gravitational coupling instead of solving the complete theory that might even contain higher powers in the curvature R. In [14 – 17] it was shown that by using special truncation methods an exact renormalization group (RG) equation for the gravitational coupling can be derived. In a first order truncation those studies have been generalized to extra dimensions [18, 19] leading to a fundamental mass that depends on the energy scale k: M^{d+2}_f → M̃^{d+2}_f (k). It was shown that the running gravitational coupling has the form

M̃^{d+2}_f (k) = M^{d+2}_f [ 1 + ( k tM_f )_{d+2}] (6) which also depends on a parameter, t. Going beyond one loop, this transition behavior between the infrared and ultraviolet regime was found to be even more pronounced with increasing number of extra dimensions [20]. For the case of d = 0 the effect of this running coupling on the structure of the Schwarzschild metric was derived in [21]. The aim of this paper is to repeat the construction for d ≠ 0 and to study its phenomenological implications.

2. RG improved black holes in extra dimensions and black hole remnants. In flat space-time the de Broglie relation connects energies k and distances d by k = 1/d. In curved space-time more care is needed since distances are determined locally by the metric. For the case of a spherically symmetric Schwarzschild spacetime, modifications of the de Broglie relation can only depend on the radial coordinate r. This leads to the ansatz k(r) = ξ d(r) , (7)

where ξ is a parameter of order one. Before calculating the distance function d(r) it is essential to remember its behavior for large distances r → ∞. In this limit the metric should approach the flat Minkowski metric lim_{r→∞} d(r) r = 1 . (8)

In that case the scale approaches asymptotically k(r → → ∞) ≈ ξ/r. The distance function is calculated via the definition of distance in general relativity by integrating the line element

d(P ) = ∫ C √ |ds^2_{class}| (9) along a curve C. The subscript class indicates that the line element is calculated with a fixed coupling M_f . We parameterize C in Schwarzschild space-time and calculate the distance along the curve ds^2_{class} = 1 f_{class}(r^′) dr^{′2}, d(r) = ∫_{r(P )} 0 1 √ |f_{class}(r^′)| dr^′ .

The parameterization along the radial coordinate r^′ in the range r^′ ∈ [0, r(P )] is chosen like in [21]. In eq. (9) it is necessary to take the absolute value of ds in order to have always a positive distance. Due to the absolute value the distance function differs inside and outside of the event horizon. Together with definition of the event horizon (4) the distance function is expressed in the two regions by

d_{r<R}H (r) = ∫ dr^′ √ r^{′d+1} R^{d+1}_H − r^{′d+1} , (10)

d_{r>R}H (r) = ∫ dr^′ √ r^{′d+1} r^{′d+1} − R^{d+1}_H . (11)

It is not possible to find a general analytic solution for those two distance functions. Instead, the functions are interpolated between the two limits r → 0 and r → ∞. For small r the denominator of (10) simplifies and the small r limit can be integrated

d(r) = ∫_r 0 dr^′ √ r^{′d+1} R^{d+1}_H − r^{′d+1} = r^0→0= ∫_r 0 dr^′ √ r^{′d+1} R^{d+1}_H = = 1 R d+1_2 H 2 d + 3 r d+3_2

. (12)

For large r one has to integrate in two steps, first form r^′ = 0 to r^′ = R_H which just gives a constant summand B̃, and afterwards from r′ = R_H to r′ = r. In the second integration the fraction simplifies to a constant and distance behaves like r, again with a summand Ã

d(r) = ∫_r RH dr^′ √ r^{′d+1} r^{′d+1} − R^{d+1}_H = r^0→∞= ∫_r RH dr^′ √ r^{′d+1} r^{′d+1} = = r − Ã . (13)

Ŕĺśĳňă ć ĘİŠŤ šőň 92 ćżŕ. 3 { 4 2010

This is the dependency as required in (8). Now the distance function is interpolated between eq. (12) and (13) by

d^′(r) = ( r^{d+3} r^{d+1} + γ_dR^{d+1}_H

) 1_2 , γ_d =

(d + 3)^2 4 , (14)

which has the correct asymptotic behavior in the limits r → ∞: d^′(r) → r and r → 0: d^′(r) → r^{(d+3)/2}. The parameter γ_d is evaluated by the small r limit. Identifying the energy scale k with inverse distance one finds

k(r) = ξ d^′(r) = ξ ( r^{d+1} + γ_dR^{d+1}_H r^{d+3} ) 1_2

. (15)

This relation between the energy scale k and the radius r in higher dimensional Schwarzschild space-time allows to express the scale dependent fundamental mass M̃_f (6) in terms of the radial coordinate r.

Modifying the horizon radius R_H by the radius dependent fundamental mass M̃_f (r) and defining

t̃ = (ξ/t)^{d+2} , (16)

gives

R̃^{d+1}_H (r) = 16π (d + 2)A_{d+2} 1 M̃^{d+1}_f M M̃_f =

= R^{d+1}_H 1 + t̃ M^{d+2}_f ( r^{d+1} + γ_dR^{d+1}_H r^{d+3} ) d+2_2 −1 , (17)

where t̃ parameterizes the strength of the RG corrections to the classical result. Since this R̃_H has an explicit rdependence it can not be interpreted as event horizon. Like usually the event horizon of a spherical symmetric black hole solution is the zero of the radial metric coefficient f(r) = 1 − R̃^{d+1}_H (r)/r^{d+1}. As shown in fig.1 the metric function does not cross f(r) = 0 for small values of M and so there is no singularity in the line element ds^2. However, for a larger black hole mass one finds the critical case where the line element gets a zero at one radius. For M > M_c this zero splits up into two zeros, where the outer zero corresponds to the apparent event horizon. As also shown in fig.1 this outer horizon grows for large BH masses (r → ∞) and approaches the classical event horizon of eq. (4). This kind of behavior of the metric function is independent of the number of extra dimensions. As it will be explained in the following

Fig.1. Metric coe‹cients f(r) for di¸erent BH masses M at d = 2, ~t = 0.002, and Mf = 1 TeV. For those parameters a critical mass of Mc = 1.67 TeV is found

sections, it is natural to identify the critical mass with the mass of a black hole remnant

M_R = M_c.

The critical mass can be calculated in dependence of the parameters t̃ and M_f . As it can be seen in fig.2 for d = 2, . . . , 7, M_c depends strongly on the parame-

Fig.2. Remnant masses depending on the quantum gravity parameter ~t for di¸erent numbers of extra dimensions d. Mf = 1 TeV

ter t̃. While M_c tends to zero for small values of t̃, it grows rapidly beyond the experimentally testable TeV range for larger values of t̃. Since the strength of the quantum gravity corrections is parameterized by t̃, it is interesting to note that by construction the continuous limit t̃ → 0 leads to M_c → 0, whereas in a priory classical calculation (t̃ = 0) no critical mass M_c and therefore no remnant exists.

3. Black hole thermodynamics. The predicted thermal decay of black holes due to Hawking radiation

Ŕĺśĳňă ć ĘİŠŤ šőň 92 ćżŕ. 3 { 4 2010 can be considered a key testing stone for any suggested theory of quantum gravity. Thus, black hole decay will now be studied in the presented theory with large extra dimensions and RG improved black hole space-times. The derivative of the radial function at the event horizon will still be interpreted as the black hole temperature

T_H = 1 4π (∂_rf(r)) | | | r=Horizon . (18)

In a purely classical calculation, the temperature rises for smaller BH masses, even up to the unphysical case when the typical energy of single quantum emitted by the black hole exceeds the total energy (mass) of the black hole. As it can be seen in fig.3, the temperature

Fig.3.Comparison of the standard and two RG (~t = 0.002 and ~t = 0.007, Mf = 1 TeV) temperature evolution of a black hole with mass M

for the RG behaves like the standard Hawking temperature for large masses M ≫ M_c. But as soon as the BH mass approaches the critical mass the RG corrected temperature is suppressed until at M = M_c the temperature is zero. This object with non zero mass M_c but zero temperature is not emitting any radiation and can thus be identified with a stable final BH state. Although the existence of such BH remnant states can be motivated from different grounds [11 – 13] it is a natural outcome of the RG improved BH space-time. This behavior solves the information loss problem and the problem of unphysical (the total energy exceeding) radiation for asymptotically slowly evolving black holes.

However, by looking at the thermal spectrum corresponding to a given temperature one sees that one problems remains. For thermal emission onto the four dimensional brane the spectrum I is given by I(ω, T_H ) = N ω^3 exp(ω/T_H ) + s

, (19) where N is a normalization factor and s is the factor corresponding to the spin of the emitted particle (Fermi-Dirac: s = 1, Boltzmann: s = 0, Bose-Einstein: s = −1). The energy (mass) of the black hole after a single radiation process is then given by M_{f in} = M − ω. Calculating the spectrum (19) for a given black hole mass M > M_c and taking the temperature as the temperature of the black hole before emission T = T (M) one finds that part of the previous problem persists: The spectrum is non zero even for very large values of ω (see fig.4), leading to the problem that the BH mass after

Fig.4. Radiation spectrum for RG (~t = 0.007, Mf = = 1 TeV) temperature and a standard temperature (5) for a black hole of the mass M = 4.8 TeV. The corresponding critical mass is Mc = 4.3 TeV. Thus the maximally allowed ω for mω = 0 should be just below 0.5 TeV, which does not hold for the standard blue and the RG red curve, where TH = TH (M) is assumed, but which is true for the cyan curve where TH = TH (Mfin) is assumed. Here Boltzmann statistics (s = 0) is used

emission M_{f in} = M − ω still could be below the critical mass or even negative. The nature of this problem is similar to the anterior problem of temperatures exceeding the total energy.

As simple mathematical solution of this problem one can use the conservation of energy and momentum. For a black hole with mass M that sits initially at rest and emits a quantum with mass m_ω and energy ω the final mass is M_{f in} = √ M^2 + m^2_ω − 2E_ωM. (20)

We propose to take the RG-improved temperature as a function of this final mass

T_H = T_H (M_{f in}), (21)

as opposed to taking the dependence on the initial mass only T_H = T_H (M). Now, for any unphysical radia-

Ŕĺśĳňă ć ĘİŠŤ šőň 92 ćżŕ. 3 { 4 2010 tion like ω ≥ M − M_c, the temperature in the exponential T_H is zero and the spectral density (19) vanishes. This cut off behavior is shown in fig.4. The physical interpretation of this simple modification is: First, one notices that for ω ≪ (M − M_c) the modified and the original spectrum agree. Second, for ω . M − M_c the modification becomes important. Further, the form T_H = T_H (M_{f in}) means that the black hole must know about the frequency ω of the emitted quantum, already at the moment of emission, a behavior which smells like violation of causality. Nevertheless, in a thermodynamical approach this seems to be simplest solution to the problem of overradiation.

The result of this section is that RG (for a positive parameter t̃) allows for a consistent description of the thermodynamic evolution of black holes. It further predicts the formation of a final stable black hole state with temperature T_H = 0 and mass M_c.

4. Phenomenology. Several models with extra dimensions allow for an effective Planck mass at the order of a few TeV. The most exciting prediction of such models is the production of mini black holes due to particle collisions at the TeV scale. Already a simple implementation of a running of the gravitational coupling has a significant phenomenological impact on models with large extra dimensions [19]. Therefore, it is straight forward to study how the predictions about mini black holes due to high energy particle collisions change for the RG-improved black holes. The necessary condition for doing phenomenology with such black hole is that they are produced at all and that they are produced at sufficient rates. Therefore, we will leave the analysis of the specific thermodynamical properties or of the direct detection stable remnants to future studies and focus on the RG effects on black hole production.

The semi-classical cross section for the production a black holes due to a particle collisions with invariant energy √ s is given by σ( √ s) = πR^2_H θ( √ s − M_{cut}), (22) where R_H is the Schwarzschild radius corresponding to the energy √ s. The production threshold is usually associated with the higher dimensional Planck scale M_{cut} = M_f . At this point it should be mentioned that the possible production of mini black holes at particle colliders does not imply any risk [22 – 25]. This approximation of the cross section turned out to also be valid in different approaches (for a discussion see [26 – 31]). A first generalization is achieved by replacing the classical Schwarzschild radius R_H with the RG improved Schwarzschild radius R̃_H (17) (evaluated at the outer horizon). The second generalization comes when replacing the heuristic threshold mass M_{cut} by the physical mass scale M_c. This leads to a physically intuitive threshold, since only for M > M_c an event horizon (and therefore a black hole) exists. Thus, taking renormalization group into account the black hole cross section reads σ̃( √ s) = πR̃^2_H θ( √ s − M_c). (23)

As one can see in fig.5, for the production of very mas-

Fig.5. Black hole cross sections for d = 2 and Mf = 1 TeV, varying ~t

sive black holes M ≫ M_c the improved cross-section agrees with the semi-classical estimate. Only when M is slightly higher than M_c, the numerical values start to differ significantly. The most drastic difference to the semi-classical estimate appears when M = M_c, since this defines the new threshold for black hole production. One sees that this threshold M_c can differ largely from the ad hoc threshold M_f . Since the remnant mass depends strongly on the RG parameter t̃, the black hole threshold also depends strongly on t̃. An analogous result was obtained in [32]. Please note that if one just replaces M_f by M̃_f (k) without taking the modification of f(r) into account one finds that the cross section for large masses M ≫ M_f is damped to zero [33]. As it can be seen in fig.5 the RG-improved result does approach the semi-classical estimate for M ≫ M_c and therefore the damping behavior was just an artefact of not taking the modification of f(r) into account.

Now, an estimate of the LHC discovery potential on the parameter space d, M_f , and t̃ will be given. Clearly, an upper limit of the accessable production threshold M_c will be given by the maximal LHC center of mass energy of 14 TeV. While an upper limit on the accessable cross-section area πR̃^2_H will be given by the first mileston of the integrated LHC luminosity L_{LHC} ∼ 100 fb^{−1}. The same estimate can be made for the Teva-

Ŕĺśĳňă ć ĘİŠŤ šőň 92 ćżŕ. 3 { 4 2010 tron with M_c < 1.8 TeV and πR̃^2_H < L_{T ev} = 10fb^{−1}). Combining the estimates already gives a rough estimates on lower limits on the LHC discovery potential in this model. For a more quantitative estimate of the discovery potential the luminosities (L_{LHC} , L_{T ev} ) are compared to integrated partonic cross section σ( √ s) = partons ∑ i,j ∫_1 0 dx ∫_1 0 dy f_i(x, q)f_j (y, q)σ̃( √ ŝ), (24)

by using the parton distribution functions f_i [34]. Here, the center of mass energy in the partonic reference frame is given by √ ŝ = √ (xy)s. For d = 2 the result of this scan over the parameter space is given in fig.6, showing

Fig.6. LHC ( √ s = 14 TeV, LLHC = 100 fb�^1) discovery potential (turquoise region) in the parameterspace ~t and Mf for d = 2. The Tevatron line is calculated with equation (24) for √ s = 1.8 TeV and LT ev = 10 fb�^1. For d = 2 the relation (1) in combination with the experimental limit on the compacti˛cation radius R ≤ 0.1 mm [35] gives the vertical line at Mf ≈ 1.8 TeV. Thus the red region is already excluded and the white region is not accessable by the LHC experiment

that the parameter t̃ has to be tuned to small values in order to be testable at one of the LHC experiments. On the other hand one sees that given a small value of t̃, the LHC might produce mini black holes even if the fixed point mass M_f exceeds the center of mass energy of 14 TeV. For each additional number of extra dimensions, the LHC and Tevatron lines are shifted about one order magnitude towards smaller values of t̃.

5. Summary and conclusion. We studied the impact of an effective running of the gravitational coupling on Schwarzschild black hole space-times for the case of large extra dimensions. The analysis of the black hole evaporation process revealed that this approach allows to solve the problem of overradiation for the whole process even for black hole masses comparable to the fundamental mass scale M ∼ M_f , which was not possible in the standard description (see fig.3, 4). Further, it was found that this evaporation ends in a stable final state with mass M_c. Finally the impact of this approach on the predicted black hole production at the large hadron collider is calculated and an estimate of the possible discovery potential is given (see fig.6).

T. B. thanks M. Bleicher for supervision and ITP Frankfurt for accommodation. Many thanks also to D. Litim and C. Rahmede for very helpful comments and remarks. B. K. was funded by Conicyt-PBCT grant PSD73.

1. N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, Phys. Lett. B 429, 263 (1998) [arXiv:hep-ph/9803315]; I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, Phys. Lett. B 436, 257 (1998) [arXiv:hepph/9804398]; N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, Phys. Rev. D 59, 086004 (1999) [arXiv:hepph/9807344].

2. L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999) [arXiv:hep-th/9906064]; L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999) [arXiv:hepph/9905221].

3. T. Banks and W. Fischler, arXiv:hep-th/9906038. 4. S. B. Giddings and E. Katz, J. Math. Phys. 42, 3082 (2001) [arXiv:hep-th/0009176].

5. S. B. Giddings and S. D. Thomas, Phys. Rev. D 65, 056010 (2002) [arXiv:hep-ph/0106219].

6. S. Dimopoulos and G. L. Landsberg, Phys. Rev. Lett.

87, 161602 (2001) [arXiv:hep-ph/0106295].

7. S. Hossenfelder, S. Hofmann, M. Bleicher, and H. Stoecker, Phys. Rev. D 66, 101502 (2002) [arXiv:hepph/0109085].

8. M. Bleicher, S. Hofmann, S. Hossenfelder, and H. Stoecker, Phys. Lett. B 548, 73 (2002) [arXiv:hepph/0112186].

9. R. C. Myers and M. J. Perry, Ann. Phys. 172, 304 (1986).

10. S. W. Hawking, Nature 248, 30 (1974).

11. Y. Aharonov, A. Casher, and S. Nussinov, Phys.

Lett. B 191, 51 (1987); T. Banks, A. Dabholkar, M. R. Douglas, and M. O’Loughlin, Phys. Rev. D 45, 3607 (1992), [arXiv:hep-th/9201061]; T. Banks and M. O’Loughlin, Phys. Rev. D 47, 540 (1993), [arXiv:hep-th/9206055]; T. Banks, M. O’Loughlin, and A. Strominger, Phys. Rev. D 47, 4476 (1993), [arXiv:hep-th/9211030]; S. B. Giddings, Phys. Rev. D 49, 947 (1994), [arXiv:hep-th/9304027]. M. D. Maia, [arXiv:gr-qc/0505119]; V. Husain and O. Winkler, [arXiv:gr-qc/0505153]; R. Casadio and P. Nicolini, JHEP 0811, 072 (2008) [arXiv:0809.2471 [hep-th]]. P. Nicolini, Int. J. Mod. Phys. A 24, 1229 (2009) [arXiv:0807.1939 [hep-th]].

Ŕĺśĳňă ć ĘİŠŤ šőň 92 ćżŕ. 3 { 4 2010

12. B. Koch, M. Bleicher and S. Hossenfelder, JHEP 0510, 053 (2005) [arXiv:hep-ph/0507138]; S. Hossenfelder, B. Koch, and M. Bleicher, arXiv:hep-ph/0507140; B. Koch, M. Bleicher, and S. Hossenfelder, Lake Louise Winter Institute on Fundamental Interactions, Lake Louise, Alberta, Canada, 17-23 Feb 2006, pp. 235-239; B. Koch, M. Bleicher, and H. Stoecker, J. Phys. G 34, S535 (2007) [arXiv:hep-ph/0702187]; B. Koch, M. Bleicher, and H. Stocker, AIP Conf. Proc. 947, 376 (2007); T. J. Humanic, B. Koch, and H. Stoecker, Int. J. Mod. Phys. E 16, 841 (2007) [arXiv:hep-ph/0607097].

13. G. A. Vilkovisky, Ann. Phys. 321, 2717 (2006) [arXiv:hep-th/0511182]; G. A. Vilkovisky, Phys. Lett. B 638, 523 (2006) [arXiv:hep-th/0511184]; G. A. Vilkovisky, Phys. Lett. B 634, 456 (2006) [arXiv:hepth/0511183]; G. A. Vilkovisky, Phys. Rev. D 77, 124043 (2008) [arXiv:0803.3280 [hep-th]]; J. Larena and T. Rothman, arXiv:0911.2368 [astro-ph].

14. M. Reuter, Phys. Rev. D 57, 971 (1998) [arXiv:hepth/9605030].

15. D. F. Litim, Phys. Rev. Lett. 92, 201301 (2004) [arXiv:hep-th/0312114].

16. M. Niedermaier, Class. Quant. Grav. 24, R171 (2007) [arXiv:gr-qc/0610018].

17. D. F. Litim, arXiv:0810.3675 [hep-th].

18. P. Fischer and D. F. Litim, Phys. Lett. B 638, 497 (2006) [arXiv:hep-th/0602203].

19. J. Hewett and T. Rizzo, JHEP 0712, 009 (2007) [arXiv:0707.3182 [hep-ph]].

20. D. F. Litim and T. Plehn, Phys. Rev. Lett. 100, 131301 (2008) [arXiv:0707.3983 [hep-ph]].

21. A. Bonanno and M. Reuter, Phys. Rev. D 62, 043008 (2000) [arXiv:hep-th/0002196]; A. Bonanno and M. Reuter, Phys. Rev. D 73, 083005 (2006) [arXiv:hepth/0602159].

22. S. B. Giddings and M. L. Mangano, Phys. Rev. D 78, 035009 (2008) [arXiv:0806.3381 [hep-ph]].

23. S. B. Giddings and M. L. Mangano, arXiv:0808.4087 [hep-ph].

24. B. Koch, M. Bleicher, and H. Stocker, Phys. Lett. B 672, 71 (2009) [arXiv:0807.3349 [hep-ph]].

25. R. Casadio, S. Fabi, and B. Harms, Phys. Rev. D 80, 084036 (2009) [arXiv:0901.2948 [hep-ph]]; R. Casadio, S. Fabi, B. Harms, and O. Micu, arXiv:0911.1884 [hepth].

26. M. B. Voloshin, Phys. Lett. B 524, 376 (2002). Erratumibid. B 605, 426 (2005) [arXiv:hep-ph/0111099]; M. B. Voloshin, Phys. Lett. B 518, 137 (2001) [arXiv:hep-ph/0107119].

27. A. Jevicki and J. Thaler, Phys. Rev. D 66, 024041 (2002) [arXiv:hep-th/0203172].

28. D. M. Eardley and S. B. Giddings, Phys. Rev. D 66, 044011 (2002) [arXiv:gr-qc/0201034].

29. V. S. Rychkov, Phys. Rev. D 70, 044003 (2004) [arXiv:hep-ph/0401116]; V. S. Rychkov, arXiv:hepth/0410295.

30. K. Kang and H. Nastase, Phys. Rev. D 71, 124035 (2005) [arXiv:hep-th/0409099].

31. P. Nicolini, J. Phys. A 38, L631 (2005) [arXiv:hepth/0507266]; T. G. Rizzo, Class. Quant. Grav. 23, 4263 (2006) [arXiv:hep-ph/0601029]; T. G. Rizzo, JHEP 0609, 021 (2006) [arXiv:hep-ph/0606051]; E. Spallucci, A. Smailagic, and P. Nicolini, Phys. Lett. B 670, 449 (2009) [arXiv:0801.3519 [hep-th]].

32. D. Litim, Talk presented on Pascos-Conference at Desy (2008); K. Falls, D. Litim, and A. Raghuraman, poster presented at ERG2008 in Heidelberg (2008).

33. B. Koch, Phys. Lett. B 663, 334 (2008) [arXiv:0707.4644 [hep-ph]].

34. S. Alekhin, Phys. Rev. D 68, 014002 (2003) [arXiv:hepph/0211096].

35. D. J. Kapner, T. S. Cook, E. G. Adelberger et al., Phys.

Rev. Lett. 98, 021101 (2007) [arXiv:hep-ph/0611184].

6 Ŕĺśĳňă ć ĘİŠŤ šőň 92 ćżŕ. 3 { 4 2010