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When electron states in carbon nanotubes are characterized by two-dimensional wave vectors with the
components K; and K> along the nanotube circumference and cylindrical axis, respectively, then two such
vectors symmetric about a M-point in the reciprocal space of graphene are shown to be related by the time-
reversal operation. To each carbon nanotube there correspond five relevant M-points with the following co-
ordinates: K{" = N/2R, K" = 0; K = M/2R, K’ = —n/T; K® = 2N — M)/2R, K{* = =n/T;
K" = (M +N)/2R K" = —n/T, and K{® = (M — M)/2R, K(S) = /T, where N and M are the integers
relating the chiral, Cj, symmetry, R, and translational, T, vectors of the nanotube by N R = Cp, + M T,
T = |T|, and R is the nanotube radius. We show that the states at the edges of the one-dimensional Bril-
louin zone which are symmetric about the M-points with Ko = +7/T are degenerate due to the time-reversal
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symmetry.

A single-wall carbon nanotube can be described as a
graphene sheet rolled into a cylindrical shape so that the
structure is one-dimensional with axial symmetry. Be-
cause of the large variety of possible helical geometries
known as chirality, carbon nanotubes provide a family of
structures with different radii and chiralities. One of the
most significant physical properties of carbon nanotubes
is their electronic structure which depends only on their
geometry while originating from the band structure of
graphene.

The electronic states in carbon nanotubes can be
characterized by a two-dimensional wave vector k with
a component K; along the nanotube circumference and
K, along the nanotube cylindrical axis. The component
K, enumerates subbands within the conduction and va-
lence bands and takes discrete values K{' = u/R. Here
R is the nanotube radius and g is an integer in the range
0 < u<N-1, where N = 2(n?> + m?> + mn)/dg is
the number of hexagons within the nanotube unit cell,
n and m are the nanotube chiral indices, and dg is the
greatest common divisor of 2n + m and 2m + n [1].
The component K, is uniquely defined within the range
—7n/T < Ky < /T, where T is the length of the nan-
otube translational vector [1]. This range determines the
one-dimensional Brillouin zone of a carbon nanotube.

The structure of subbands within the conduction or
valence band can be quite complicated and varies sig-
nificantly with nanotube chiralities. However, one may
notice that the states at the edges of the one-dimensional
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Brillouin zone have extra degeneracies, as the energy
subbands cross there pairwise. Which particular sub-
bands form these pairs and what is the symmetry be-
hind this degeneracy? In the present paper these ques-
tions are studied in a systematic way for nanotubes of
arbitrary chiralities. We show that the extra subband
degeneracy at the edges of the Brillouin zone is due
to the time-reversal symmetry. We show explicitly how
to determine the subbands with which a given subband
crosses at both edges of the Brillouin zone for nanotubes
of arbitrary chiralities.

We will start with a discussion of the effect of the
time-reversal operation on the electronic states of a nan-
otube. As the spin-orbit coupling is known to be negli-
gible for both graphene and carbon nanotubes, we will
neglect the spin of the electron. Then, for graphene, the
time reversal operation relates the states with the op-
posite wave vectors, k and —k. In carbon nanotubes,
since we restrict the range of p to 0 < p < N — 1,
we transpose the value of K3 = —u/R to an equivalent
value of K1 = (N — p)/R. Thus, the time-reversal op-
eration relates the states with K{l) = u/R, Kz(l) and
K" = (W =)/ B, Ky =
the rec1procal space of %raphene are symmetrlc with re-
spect to the p01nt K + K?)/2 = N/2R,
k" = &gV + k)2 = 0. As N is even, this
means that the K. 2—dependences of the electron energies
for subbands with p = N/2 — 1 and p' = N/2 + 1,
where [ is an integer modulo A//2, are mirror images
of one another. They cross at least at Ko = 0. In
case of achiral nanotubes with electron energy satis-

(1) These two points in
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fying E(u,K2) = E(u,—K>) this leads to the entire
degeneracy of the corresponding subbands. The sub-
bands with g = 0 and p = N/2 are always symmetric:
E(u, K>) = E(u, —K>) even for chiral nanotubes.

Now let us show that the point with K; = N//2R,
K> = 0 corresponds to the M point in the reciprocal
space of graphene. The directions of K; and K, are
determined by the vectors

K; = N !(—tab; +t; by) (1)
and
K2:N71(mb1—nb2), (2)

where b; and b, are the reciprocal lattice vectors of
graphene, t; = (2m + n)/dg, t2 = —(2n + m)/dg [1].
The length of K; is equal to the quantum of wave vec-
tor along K;: |K;| = R™!, while the length of K gives
the size of the Brillouin zone: |Ka| = 27 /T. The vector
with the coordinates K1 = N'/2R, K> = 0 is thus

KT it QZdZn bz 3)
At least one of the numbers (2n+m)/2dg, (2m+n)/2dg
is half-integer while the other is either integer or half-
integer. In either case the resulting vector corresponds
to a M-point in the reciprocal space of graphene.

In fact, a more general statement is also true. The
electron states corresponding to two points in the recip-
rocal space of graphene symmetric with respect to a
M-point are related by the time-reversal operation [2].

The atom site vectors within the nanotube unit cell
are determined with the help of the symmetry vector
R = pa; + gax [1], where a; and a, are the unit vec-
tors of graphene in real space and p and ¢ are inte-
gers which have no common divisor except for unity.
When repeated N times this vector yields [1] NR =
= Cp + MT, where C, = na; + mas is the chiral
vector, T = ¢, a; + t3 as is the translational vector, and

M=mp—ngq. (4)
The indices p and g satisfy the following condition [1]
tig—top=1. (5)

Let us show that the point with the coordinates
Ky = M/2R, K, = —7/T in the reciprocal space of
graphene corresponds to a M-point. The corresponding
vector is given by

M 1 (ng —mp)ta —m
K -IK, =

2 T 2N
(mp—ng)ti +n

2N

by +

+

bs. (6)

Using Eq. (5) one can exclude p in the first term of this
equation and ¢ in the second one:

M 1 mti —nty
—K;{—~-Ky=——-(—¢gb bs) =
2 1 5 2 SN (—gb1 +pby)
q p
=—=b = bs,. 7
2 1—|—2 2 (7)

As p and ¢ do not have a common divisor except for
unity, at least one of them is odd and, thus, the point
with the coordinates K1 = M/2R, K» = —x /T corre-
sponds to a M-point in the reciprocal space of graphene.

One can distinguish the two cases. When M is even
then the M-point with K3 = M/2R, K, = —n/T is
at the edge of the one-dimensional Brillouin zone for
the subband with y = M/2. The states with Kl(l) =
= (M/2-1)/R, K" = —x/T and K\* = (M/2+1)/R,
Kz(z) = —x/T are symmetric with respect to the M-
point (I is integer). States which are symmetric with
respect to a M-point are related to one another by the
time-reversal operation and, therefore, have the same
energy. Thus, the subbands with p = M/2 — [ and
uw = MJ/2 41 cross at K = —n/T. The subband
with g = M/2 crosses with the subband with u' =
=(M+N)/2 at Ky = —7/T (see below).

If M is odd then the M-point with K; = M/2R,
K, = —n/T is between the subbands with p; =
= (M —=1)/2 and pp = (M + 1)/2. This leads to
crossing of the subbands with 4 = (M — 2l —1)/2 and
p=M+20+1)/2 at Ko = —7/T.

In general, there are three more M-points with sim-
ilar properties. One occurs at K1 = (2N — M)/2R,
K, = «/T. (This point and the one with K; = M/2R,
K, = —x/T are symmetric about the M-point with
K; = N/2R, Ky = 0). The two other M-points oc-
cur at K1 = (M + N)/2R, K> = —n/T and K; =
= (W — M)/2R, K5 = 7/T, respectively.

Consider, for instance, a (4,2) carbon nanotube, i.e.
let n =4, m = 2. Then N' = 28, M = 6. The relevant
M-points are at

KV =5R - R’ K =0,
kP =20=2 k=T
K P R =
T i 2
These M-points are shown in Fig.1.
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Fig.1. The 29 replicas of the Brillouin zone of a (4,2) car-
bon nanotube (corresponding to the 28 subbands in the
conduction or valence band) superimposed upon the recip-
rocal lattice of graphene. The Oth and the 28th replicas
correspond to the same subband
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Fig.2. The subband structure of the conduction band of
a (4,2) carbon nanotube calculated within the nearest-
neighbor tight-binding method. The energy is measured
in units of the transfer integral, 9. The pairs of numbers
near the edges of the Brillouin zone indicate the indices of
the subbands which intersect there

Figure 2 shows the structure of the conduction band
of a (4,2) carbon nanotube. Each particular subband
can be identified as a line “connecting” a given sub-
band index on the left-hand side to the same subband
index on the right-hand side. The subband indices are
shown in pairs according to the predictions of our the-
ory which implies that the subbands cross pairwise at
the edges of the Brillouin zone. One can readily see
that our predictions hold. For example, the subbands
with 4 = 14 and p' = 20 cross at Ks = —m/T because
the points K1 = 14/R, K, = —n/T and K| = 20/R,
K} = —n/T are symmetric with respect to the point
(K1+ Kj)/2=17/R, (K2 + K})/2 = —n /T which cor-
6 Iucema B ARIITD
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responds to one of our M-points. Therefore, there is a
pair (14, 20) in the left-hand side of Fig. 2. As M =6 is
even, this M-point is itself at the edge of the Brillouin
zone and there is another M-point at the same edge with
K, = 3/R, Ky = —n/T. Electron states at all the M-
points of graphene are degenerate. Therefore, there is
also a pair (3,17) in the left-hand side of Fig. 2. The sub-
bands with ;4 = 20 and x' = 8 are mirror images of one
another about the zone center. Indeed, the points with
K; = 20/R, K> and K| = 8/R, K} = —K, are sym-
metric with respect to the point (K; + K1{)/2 = 14/R,
(K2+K})/2 = 0 which corresponds to another M-point.

In a two-dimensional Brillouin zone of graphene there
are three inequivalent M-points, i.e. M-points which
cannot be connected by a reciprocal lattice vector of
graphene. Out of the five M-points relevant for a nan-
otube three are inequivalent. The equivalent M-points
in our case are those which are symmetric about the
M-point with K, = 0.

Our conclusions about subband degeneracy at
the edges of the one-dimensional Brillouin zone of a
nanotube can be alternatively drawn from a group-
theoretical analysis [3]. In the present paper we
only used elementary mathematics. We established a
connection of this degeneracy with the properties of
the high-symmetry points in the reciprocal space of
graphene and presented an original pictorial rendition
of the degeneracy.

In summary, we have shown that, when electron
states in carbon nanotubes are characterized by two-
dimensional wave vectors, then two such vectors sym-
metric about a M-point in the reciprocal space of
graphene are related by the time-reversal operation. To
each carbon nanotube there correspond five relevant M-
points with the following coordinates:

N

KM = L kM=o, (8)
P =22, kP =T, ©)
g 2N MOgp T )
g = MIN T
K® = NZ_RM KD = % (12)

where A" and M are the integers relating the chiral, Cp,
symmetry, R, and translational, T, vectors of the nan-
otube by NR = C, + MT, T = |T|, and R is the
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nanotube radius. We have shown that the states at the
edges of the one-dimensional Brillouin zone which are
symmetric about the M-points with Ko = +x/T are
degenerate due to the time-reversal symmetry. This re-
sult remains exact as far as the curvature of the atomic
bonds of a nanotube is neglected.
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