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 2010 December 25Tunneling Hall E�ectP. S.Alekseev1)Io�e Physico-Technical Institute, 194021 St. Petersburg, RussiaSubmitted 4 October 2010Resubmitted 27 October 2010Electron tunneling in a semiconductor heterostructure with a barrier in a weak magnetic �eld applied par-allel to the barrier interfaces is analyzed theoretically. A novel mechanism of the Hall e�ect in this structureis suggested. It is shown that the Hall current in the vicinity of the wide enough barrier is determined bythe orbital e�ect of the magnetic �eld on the electron motion under the barrier, rather than by the electron~E � ~H-drift and scattering in the conductive regions lying to the left and to the right of the barrier.1. Application of a magnetic �eld frequently revealsimportant features of numerous e�ects in semiconduc-tors and metals and makes it possible to determine pa-rameters of a material. The electron tunneling througha semiconductor barrier in a magnetic �eld has been ex-tensively studied in this regard. This paper is concernedwith the case in which the magnetic �eld is directedalong the barrier interfaces (see �gure). It is necessaryto distinguish the cases of quantizing and non-quantizing
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Energy diagram of the heterostructure. The magnetic �eldmodi�es the barrier as shown by use of thick dashed lines.In the inset: heterostructure with a barrier, an in-planemagnetic �eld, and the directions of the tunneling current(jz) and the tunneling Hall current (jjj)magnetic �elds. As usual, in a quantizing magnetic �eldthe dependence of the current on the magnetic �eld andthe applied bias has an oscillatory character [1]. The ef-fect of a non-quantizing magnetic �eld on the tunnelingcurrent through a single barrier was experimentally andtheoretically studied for the �rst time in [2]. The mag-netic �eld leads to a slight modi�cation of the tunnelingcurrent. The value of this modi�cation was explained1)e-mail: pavel.alekseev@mail.io�e.ru

quantitatively in [2] in terms of a semiclassical patternof the electron motion under the barrier. Such an analy-sis conforms to the concept of the \traversal time fortunneling" [3].At the same time, the structure in which 2D elec-trons in a quantum well (QW) are subjected to an in-homogeneous magnetic �eld has been fabricated quiterecently. The inhomogeneous magnetic �eld was gen-erated by Abrikosov vortexes in a 3D superconductorplaced above the QW [4] or by narrow superconduc-tor strips deposited above the QW [5]. In principle,it is possible to fabricate a 1D magnetic barrier for 2Delectrons by using structures of a similar design. The2D electron tunneling through 1D magnetic barriers wastheoretically studied in [6]. It was shown that the barriertransparency coe�cient depends not only on the wavevector component in the tunneling direction, but also onthat along the 1D barrier interface.In this paper, I consider the tunneling of 3D elec-trons through a single 2D semiconductor barrier in aweak non-quantizing magnetic �eld directed along thebarrier interfaces. It is shown that the tunneling proba-bility depends on the wave vector in the plane of the in-terface (as in the case of 2D electrons in structures witha 1D magnetic barrier). This dependence gives rise toa surface current along the interface near the barrier. Idemonstrate that the density of this current for realisticvalues of the heterostructure parameters may exceed the3D Hall current density described by the Drude formu-las. Such a generation of the in-plane electric currentdue to the cyclotron e�ect of the magnetic �eld underthe barrier can be named the tunneling Hall e�ect.2. Let me choose the coordinate axes and the mag-netic �eld direction as shown in �gure ( ~H = Hex,H > 0). Regions to the right and to the left of the barrierare equally strongly doped with donors and the tempera-ture is low enough. If a bias U0=e is applied to the struc-ture (e > 0 is the elementary charge), its main part falls872 �¨±¼¬  ¢ ���� ²®¬ 92 ¢»¯. 11 { 12 2010



Tunneling Hall E�ect 873on the dielectric barrier (see �gure). The magnetic �eldis classical: ~!c � EF. Hence, an electron moves alongthe classical cycloidal trajectory in both the right- andleft-hand regions and this motion is interrupted by scat-tering events on the chaotic potential of donors and/oron acoustic phonons. The tunneling current 
ows alongthe z axis, being largely controlled by the barrier trans-parency, rather than by the electron scattering (the caseof a clean enough sample and high conductivities of theright- and left-hand regions is considered). Far from thebarrier, the Hall current is controlled by the ~E � ~H-driftand scattering. The Hall current density jy of electronsis given by the Drude formulas:jz = n e2m �1 + (!c�)2 E3D ;jy = n e2m �!c�21 + (!c�)2 E3D ; (1)where n is the concentration of electrons; m, e�ectivemass; � , scattering time considered to be equal withina numerical constant to the momentum relaxation time;!c = eH=mc, cyclotron frequency; jz , tunneling cur-rent density determined by U0 and the barrier con�gu-ration; and E3D, electric �eld in the left- and right-handconducting regions. Note that jE3Dj is far smaller thanE = U0=ea, which is the absolute value of Ez, the electric�eld in the barrier.As the magnetic �eld is non-quantizing, it is true thatlmkF � 1 and rc � k�1F (lm =pc~=eH; rc = l2m kF andk�1F are the cyclotron radius and the wavelength of acharacteristic electron). Thus, electrons in the right-and left-hand regions can be described as classical wavepackets with the width �x, rc � �x � k�1F , and thecenter �r(t), moving as a classical particle in the magnetic�eld. When the wave packet center �r(t) reaches the bar-rier (moment t1), the wave packet is partly transmittedthrough, and partly re
ected from the barrier as a quan-tum electron with the wave vector m _�r(t1)=~. For thisreason, the e�ect of the magnetic �eld on the electronmotion outside the barrier should be neglected when westudy the tunneling process. Thus, in further calcula-tions I assume that the magnetic �eld exists only withinthe barrier. Such an approach was used in papers [7, 2].The general concept of the tunneling Hall e�ect isfollowing. Similarly to the usual 3D situation, the elec-tron motion under the barrier is accompanied by a cy-clotron e�ect of the magnetic �eld in the (y; z)-plane.Quantitatively, this is re
ected by the fact that the in-cident electrons with ky and �ky have di�erent semi-classical tunneling times introduced in [3] and di�erenttunneling and re
ection amplitudes. In other words, the

magnetic �eld leads to the �ltering of electrons with onepreferred direction of the wave vector ky during tunnel-ing through the barrier. Thus, it is reasonable to believethat, for some heterostructure parameters, the Hall cur-rent within a distance of about the scattering length fromthe barrier may be determined by a tunneling process,rather than by the 3D mechanism.Electrons in the right- and left-hand regions are con-sidered to be in quasi-equilibrium states with the Fermidistributions fL and fR. Because it is expected thatboth the 3D and the tunneling Hall currents correspondto a weak modi�cation of the Fermi distributions, butthe tunneling Hall current is due to all conduction elec-trons, the distribution function of incident electrons issupposed to be symmetrical and Fermi-like.3. With the assumption of the absence of the mag-netic �eld outside the barrier, the classi�cation of elec-tron states is the same as that in the absence of a mag-netic �eld. The electron states in the right- and left-handregions are plane waves partly transmitted through, andpartly re
ected from the barrier. It is convenient totake a vector potential in the Landau gauge: A(r) = 0in the left-hand region, A(r) = �Hzey within the bar-rier, and A(r) = �Haey in the right-hand region. TheZeeman coupling and the nonparabolicity are neglected.The electron Hamiltonian has the form:Ĥ = 12m �p̂+ ec A�2 + V (z);V (z) = 264 0 ; z < 0V0 � eEz ; 0 < z < a�eEa ; z > a : (2)As the vector potential contains only the z space coor-dinate, the electron wave functions are the plane wavesin the (x; y)-plane:  k(r) = ei(kxx+kyy)uky ;kz (z). TheHamiltonian for the wave function uky;kz (z) � u(z)takes a form of a magnetic-�eld-induced correction tothe potential energy, �Vky (z): Ĥzu = Ezu , E =Ez + ~2(k2x + k2y)=2m ,Ĥz = � ~22m d2dz2 + V (z) + �Vky (z) ;
�Vky (z) = 26666664 0 ; z < 0m!2c2 (z � z0)2 � ~2k2y2m ; 0 < z < am!2c2 (a� z0)2 � ~2k2y2m ; z > a ;(3)�¨±¼¬  ¢ ���� ²®¬ 92 ¢»¯. 11 { 12 2010



874 P. S.Alekseevwhere z0 = ky l2m.Let the barrier width a be substantially smaller thanthe characteristic electron cyclotron radius rc: rc � a.It is essential to assume that the values of EF and U0are on the same order of magnitude and far smaller thanthe barrier height V0. The barrier is considered to bewide, k0a� 1 (k0 = p2mV0=~).While rc = kFl2m, rc � a and m!2cz20 � ~2k2y=m,the inequality j�Vky (z)j � EF is true [see (3)]. There-fore, the correction �Vky to the potential energy withinthe barrier and the electric �eld energy �eEz, eEz < U0,are far smaller than V0. This circumstance makes it pos-sible to use the WKB asymptotic for the wave functionwithin the barrier2):u(z) = A sh [k0z + �S=~] +B ch [k0z + �S=~]p~k0 + �S0 ; (4)where the action correction �S has the form:�S(z) =r m2V0 24 zZ0 �Vky (z0) dz0 + �e E z22 35 :The continuity of the zeroth and �rst derivatives ofthe wave function, which are plane waves u(z) == eikzz + r e�ikzz, u(z) = t eikrzz in the left- andright-hand regions and the WKB function (4) withinthe barrier, should be maintained at the points z == 0 and z = a. Here, the quantity krz(kz; ky) ==pk2z � 2m [�Vky (a)� e E a]=~2 is the z component ofthe wave vector in the right-hand region modi�ed bythe additional potentials of the electric and the magnetic�elds [see (3) and �gure].A full solution of the formulated problem of �ndingA, B, r and t was made. However, in order to simplifycalculations, it is reasonable to accept the following re-strictions (which are additional to those made above).First, let me consider not too small wave vectors ky only:jkyjl2m � a. With the fact that rc � a kept in mind, theinequality jkyjl2m � a is valid for most of electrons inthe real situation, when the electron distribution func-tion is the symmetrical Fermi function. Second, let meconsider that the magnetic �eld potential �Vky a�ectsthe barrier transparency only by modifying the classi-cal action in the argument of the functions sh and chin (4), rather than by modifying the prefactors and thederivatives of the functions sh and ch (all these modi�-cations are in the equations for r, t, A and B). It was2)It is impossible to use the WKB asymptotic for the wave func-tion in the whole structure. This is associated with the sharp edgesof the barrier and gives rise to a pre-exponential factor in the semi-classical tunneling probability D � e�2k0a [8].

con�rmed that this situation takes place if the inequali-ties k0a � 1 and kFa � k0=kF are satis�ed. Third, inorder to make the magnetic �eld induced action correc-tion small: �Smag(a)=~ � 1, let the magnetic �eld beweak enough: (kFa)2 � k0rc. If all the conditions dis-cussed above are satis�ed, the transmission coe�cientD = (krz=kz)jtj2 = 1� jrj2 is:D(kz ; ky) = 16 kzkrzk20 e�2~k0a � 1 + ky a2k0 l2m� ; (5)where an imaginary wave vector under the barrier, mod-i�ed by the electric �eld, ~k0 =p2m(V0 � U0=2)=~, wasintroduced. Due to the restrictions imposed on the prob-lem parameters, it should be taken that krz(ky; kz) ��pk2z + 2mU0=~2 if U0 � EF.The magnetic-�eld-dependent term in the squarebrackets in (5) has a semiclassical nature because of thefact that it is due to the \under-barrier" action correc-tion �S. Thus, this term is determined only by the prop-erties of the \imaginary", but classicalmotion of an elec-tron under the barrier in the z-direction with ~Ez = �Ez,~V (z) = �V (z), and ~�Vky (z) = ��Vky (z) and canbe written in the semiclassical form: (m!cvya2=v0)=~,where v0;y = ~k0;y=m. This statement follows fromthe connection between the solutions of the Schrodingerequation and the classical motion equations (in the casewhen the WKB method can be used) and is in the spiritof the \imaginary time" method of calculation of theatom ionization probability in an electric �eld [9].It is noteworthy that the magnetic �eld correctionto the tunneling probability (5) can be obtained by useof the perturbation theory in the continuous spectrum.The unperturbated wave functions u(0)kz;l=r(z) correspondto the Hamiltonian (2) with A = 0 and are plane wavesincident from the left or from the right, partly transmit-ted through, and partly re
ected from the barrier V (z).The perturbation is the potential energy correction �Vkyinside the barrier. A calculation based on the formulasfrom [10] leads to the correction to the tunneling ampli-tude:�t(1)l = r(0)r ~!cky im~2krz aZ0 [u(0)kz;r(z)]� u(0)kz;l(z) z dz ;where r(0)r � �1 is the re
ection amplitude of thewaves incident from the right. It was proved that(krz=kz)jt(0)l + �t(1)l j2 is equal to (5) in the �rst orderby H.4.The fact that the tunneling probability (5) dependson ky results in that the tunneled electrons, which hada symmetrical distribution function in the left-hand re-gion, will have a nonzero mean y-directed momentum�¨±¼¬  ¢ ���� ²®¬ 92 ¢»¯. 11 { 12 2010



Tunneling Hall E�ect 875in the right-hand region. During the motion of the tun-neled electrons in the z direction in the right-hand re-gion, their scattering and, thus, the relaxation of theirmean momentum will occur. So, a surface current will
ow near the right-hand barrier edge in a layer with awidth of about lsc (or the Hall voltage will be generated,as in the common Hall e�ect measurements).Let me restrict the analysis to calculation of the tun-neling Hall current in the right-hand region, which isdue to electrons tunneled from the left-hand region only,with the ky-dependent re
ection of electrons in the right-hand region disregarded. This corresponds to the casein which the applied bias is high enough: U0 > EF (but,nevertheless, U0 � EF; see �gure) and T = 0. Thus, theaim of the present calculation is an order-of-magnitudeestimation of the surface current in the situation of itssaturation, rather than a detailed calculation of its U0dependence for 0 < U0 < EF. In spirit of the simpleLandauer approach of calculation of tunneling currentsand following [11], I calculate the 
ux (in the z direction)of the y component of the velocity of tunneled electronsas a sum of values vzvy multiplied by the transmissioncoe�cient over all the populated states in the left-handregion with kz > 0. The surface current is a product ofthis 
ux by �e and � :jjj = � 2 e ~2 �(2�)3m2 Zkz>0 fL("k) ky kzD(ky ; kz) dk ;where 2 in the numerator is due to the spin degeneracy.If T = 0, a simple calculation based on (5) gives3):jjj = �0:152 e ~2 ��2m2 e�2~k0a hkrzi1 k7Fk20 a2l2mk0 ; (6)where hkrzi1 = hkrzi1(U0) is a quantity on the same or-der of magnitude as kF. A similar calculation for thetunneling currentjz = � 2 e ~(2�)3m Zkz>0 fL("k) kzD(ky ; kz) dk ;yields: jz = �0:533 e ~�2m e�2~k0a hkrzi2 k5Fk20 ; (7)where hkrzi2 = hkrzi2(U0) is also a quantity on the sameorder of magnitude as kF. A numerical calculation of3)The numerical constants in (6) and (7) are exact fractions, butare written in the decimal mode due to their being lengthy and be-cause of the presence of numerically calculated values hkrzii.

hkrzi1 and hkrzi2 shows that they lie between 2kF and3kF when U0 lies between U0 and 3U0.For the considered con�guration of the structure (�g-ure), it is true that Ez = �E < 0 and E3D < 0. Thus, onbase of (1) and (6 ), one concludes the 3D Hall currentand the tunneling Hall current have di�erent directions.It is noteworthy that the result (6) is linear inH, whereasthe magnetic �eld correction to jz is quadratic in H [2].The surface tunneling Hall current can be observedif its density exceeds that of the 3D Hall current. To es-timate the tunneling Hall current density (near the bar-rier), jjj should be divided by the scattering length lsc =~hkrzi�=m, where hkrzi can be taken the same as hkrzi1 in(6). Using (7), we obtain for the ratio of this currentdensity to the tunneling current density (with a numer-ical coe�cient omitted): jtunny =jz � kFa2=k0l2m: Com-pare this formula with the formulas (1) for the 3D Hallcurrent density. Equations (1) leads to j3Dy = jz !c � .Therefore, the ratio of the tunneling Hall current den-sity to the 3D Hall current density is given byjtunnyj 3Dy � kF a2v0 � � (kF a)2k0 lsc :Now, we can formulate a criterion for prevalence of thetunneling Hall current over the 3D Hall current: kFa�pk0lsc (the barrier must be wide enough). At the sametime, it is necessary that a < lsc for the ballistic tunnel-ing picture to be relevant. It is noteworthy that, accord-ing to these estimations, E3D � �(ak2F=lsck20) e�2~k0aE .Let me summarize all the inequalities, discussedabove, which guarantee that the tunneling Hall current isobservable. The structure con�guration must satisfy theinequalities: kF � k0 and kFa� k0=kF. The scatteringlength must lie within the interval: a < lsc � (kFa)2=k0.The magnetic �eld must have a cyclotron radius rc fargreater than (kFa)2=k0. Note that it follows from theseinequalities that a� k�1F and rc � a; lsc.In paper [2], a GaAs/AlGaAs heterostructure withthe parameters V0 = 43 meV, a = 25 nm, EF = 12 meVwas studied. For this structure, the \geometrical" in-equalities are valid with a twofold safety margin, whichis su�cient for a qualitative manifestation of the pre-dicted e�ect. The optimal scattering length for thisstructure is lsc � 3 � 10�6 cm. Such lsc is a physicallyreasonable value and provides a 1.5-fold safety marginfor the inequalities for lsc. The corresponding magnetic�elds must be lower than � 1 T (this value also corre-sponds to a twofold safety margin for the magnetic �eldinequality). The surface current calculated using (6) isjjj � 3 � 10�7 A=cm for this structure at H = 1 T. Itis noteworthy that raising the barrier width by even afactor of 1.5, with all the other parameters remaining the�¨±¼¬  ¢ ���� ²®¬ 92 ¢»¯. 11 { 12 2010



876 P. S.Alekseevsame, will make the ranges of the appropriate values oflsc considerably wider.It is reasonable to try to measure the suggested ef-fect in a heterostructure with several barriers (i.e., in asuperlattice with wide QW regions). If the distance be-tween barriers is about lsc, the Hall e�ect in the wholesuperlattice will be mainly due to the sum of the tunnel-ing Hall e�ects near each barrier.5. The spin-orbit coupling can in
uence the probabil-ity of tunneling in clean enough heterostructures [11, 12].For example, the surface current along the interface canbe generated as a result of the spin-orbit coupling ofthe spin-polarized electrons tunneling through a barriergrown of noncentrosymmetrical semiconductors (tunnel-ing spin-galvanic e�ect [11]). Of interest is the possiblee�ect of the spin-orbit coupling on the tunneling Halle�ect under study. Let spin-polarized electrons tunnelthrough the barrier in a GaAs/AlGaAs heterostructurein a weak in-plain magnetic �eld. The goal is to calcu-late the total surface current in the right-hand region.It was proved that, in the case of spin-polarized elec-trons tunneling in a weak magnetic �eld, the tunnelingHall e�ect and the tunneling spin-galvanic e�ect are in-dependent and give additive contributions to the surfacecurrent near the barrier. The estimate of the tunnelingHall current, obtained above for the structure studiedin [2], is on the same order of magnitude (10�7 A=cm)as the estimate of the tunneling spin-galvanic current in[11] for a similar GaAs/AlGaAs structure.In conclusion, I would like to make two comments.First, the nature of the tunneling Hall e�ect is simi-lar to that of the Hall e�ect in the hoping conductivitymode [13] in which, as in the present study, the Hall cur-rent component arises due to the electron motion witha negative kinetic energy. Second, in atomic physics, the\imaginary time" method of calculation of the tunnelingprobability of an electron from an atom, similar to theconsideration of the present paper, was used to studythe e�ect of a magnetic �eld on the atom ionization inan electric �eld [14].I am deeply grateful to M.M.Glazov, M.I. Dyakonov,V.I. Kozub, L.A. Sedova, S.A.Tarasenko, I.N.Yas-sievich, A.A. Zyuzin for useful discussions, toM.M.Glazov, A.A.Greshnov, V.Yu.Kachorovsckii,S.Miarka, D.S.Moseev, A.A. Proko�ev, A.A. Solta-mova, M.Tagirdzhanov for improving the langauge
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