Pis’ma v ZhETF, vol. 93, iss. 4, pp. 252 { 255 cfl 2011 February 25

Generation of continuous-variable entanglement in a three-level system

Y. H. Ma, E. Wu^{1)}

School of mathematics, physics and biological engineering, Inner Mongolia University of Science and Technology, Baotou, 014010 P. R. China

Submitted 7 December 2010

A single three-level atom interacting with a two-mode cavity is studied. The generation of output entanglement and output squeezing is investigated. It shows that this system can serve as an output-entanglement source. By tuning the pump ˛eld or the detuning, strong entanglement can be generated.

1. Introduction. Continuous-variable (C-V) entanglement is known to be a very important resource in quantum computation and quantum communication [1]. The main motivation of introduction continuous variables theory in quantum information originates from a more practical observation: with continuous quadrature amplitudes of the quantized electromagnetic field, the quantum communication protocols is efficiently achieved in quantum optics. The generation of C-V entanglement has attracted much interest after the first realization of unconditional quantum teleportation [2]. Therefore, how to generate high-intensity entangled light has become an energetic research field in quantum optics.

The classical scheme of producing C-V entanglement is Nondegenerate parametric down conversion (NPDC) in a crystal [3, 4] and injecting single-mode-squeezed light to a beam splitter [5 – 7]. Besides, the preparation of the high-intensity entanglement based on atomic coherence has been investigated extensively [8 – 17]. For example, Xiong et al. [8] propose a class of generating entanglement amplifiers based on two-mode correlated spontaneous emission lasers (CEL) involving a threelevel atom interacting with two modes of the cavity is induced by pumping atom from the lower level. Then, Tan et al. [9] extend the work of Ref. [8] and investigate the generation and evolution of entangled light in the Wigner representation. In order to enhance the intensity of C-V entanglement, Zhou et al. [10] study the generation of a macroscopic entangled state in a single three-level atom in cavity-QED system even under the presence of cavity losses. Recently, Kiffner et al. [11] consider a scheme of generating two-mode entanglement in macroscopic light just using a single four-level atom. Very Recently, in order to estimate the entanglement in a quantum beat laser, Qamar et al. [12] consider a quantum beat laser as a source of entangled radiation.

All above researches are centred on generating C-V entanglement in the cavity. In this letter, output entan-

1)Tel: +86 04725954358; e-mail: towue@163.com

glement and output squeezing are investigated in a single three-level atom interacting with a two-mode cavity. It shows that this single atom cavity-QED system can generate output entanglement. By tuning the intensity of pump field with Rabi frequency Ω and the detuning δ, strong output squeezing and output entanglement can be produced.

2. The model and calculation. Here, we consider a single three-level atom in a cascade configuration trapped in a two-mode field cavity. The configuration of this system is depicted in Fig.1. The two atomic transi-

Fig.1. An outline of a single three-level atom and exciton mode in a microcavity driven by an external classical ˛eld

tions |a⟩ ↔ |b⟩ and |b⟩ ↔ |c⟩ interact with the two-mode cavity with detunings ∓δ. The dipole forbidden atomic transition between |a⟩ and |c⟩ are resonantly driven by a classical field with Rabi frequency Ω. The two-mode cavity interacts with atomic transitions |a⟩ ↔ |b⟩ and |b⟩ ↔ |c⟩ with the detunings ∓δ, and the classical field with the Rabi frequency Ω drives the dipole forbidden atomic transition between |a⟩ and |c⟩ resonantly. In rotating wave approximation and in the interaction picture, the Hamiltonian of this system is given by

Ĥ_I = g_1(âσ̂_{bc} + â†σ̂_{cb}) + g_2(b̂σ̂_{ab} + b̂†σ̂_{ba}) +

+ Ω(σ̂_{ac} + σ̂_{ca}) − δ(σ̂_{aa} + σ̂_{cc}), (1)

252 Ŕĺśĳňă ć ĘİŠŤ šőň 93 ćżŕ. 3 { 4 2011 where g_1 and g_2 are the atom-field coupling constants. â(â^†) and b̂(b̂^†) are the creation (annihilation) operators of the two cavity modes, and σ̂_{ij} = |i⟩⟨j| (i, j = a, b, c) are the atomic transition operators.

The time evolution of the Heisenberg equations for the atomic operators σ̂_{bc} and σ̂_{ba} are written as i dσ̂_{ba} dt = −g_1â^†σ̂_{ca} + g_2b̂(σ̂_{bb} − σ̂_{aa}) + Ωσ̂_{bc} − δσ̂_{ba},

i dσ̂_{bc} dt = −g_1â^†(σ̂_{cc} − σ̂_{bb}) − g_2b̂σ_{ac} + Ωσ̂_{ba} − δσ̂_{bc}, (2) under the large detuning condition, Eq. (2) can be solved adiabatically by taking dσ̂_{ba}/dt = dσ̂_{bc}/dt = 0. The adiabatic solutions for σ̂_{ba} and σ̂_{bc} can then be substituted into the Hamiltonian Eq. (1), and can be obtained

Ĥ_1 = Ω(σ̂_{ac} + σ̂_{ca}) − δ(σ̂_{aa} + σ̂_{cc}) + + 1 Ω^2 − δ^2

{δg^2_1(2a^†a + 1)(σ̂_{cc} − σ̂_{bb}) +

+δg^2 (2b̃^†b̃ + 1)(σ̂_{aa} − σ̂_{bb}) + Ω[(g^2_1 a^†a + g^2b^†b)σ̂_{ac}+ + (g^2_1 aa^† + g^2 bb^†)σ̂_{ca}] + 2g_1g_2δ(abσ̂_{ac} + a^†b^†σ̂_{ca}) + + g_1g_2Ω(ab + a^†b^†)(σ̂_{aa} + σ̂_{cc} − 2σ̂_{bb})}. (3)

If the atom is initially prepared in the level |b⟩, it will remain confined to this level due to the large detuning approximation. The approximate effective Hamiltonian for this case reduces to

Ĥ_{eff} = η_1a^†a + η_2b^†b + 1 2 (η_1 + η_2) + ξ(ab + a^†b^†), (4)

where ξ = 2g_1g_2Ω δ^2 − Ω^2

, η_1 =

2g^2_1δ δ^2 − Ω^2

, η_2 =

2g^2δ δ^2 − Ω^2 . In Eq. (4) the constant term^1_2 (η_1 + η_2) does not affect the dynamics of this system. This Hamiltonian can be rewritten as

Ĥ_{eff} = (η_1 + η_2)K̂_0 + ξ(K̂_− + K̂_+) + 1 2 (η_1 − η_2)N̂_0, (5) where

K̂_0 = 1 2 (a^†a + b^†b + 1), K̂_− = ab, K̂_+ = a†b†, N̂_0 = a†a − b†b. These operators obey the SU(1, 1) commutation relations [K̂_−, K̂_+] = 2K̂_0, [K̂_0, K̂_±] = ±K̂_±, and [N̂_0, K̂_0] = [N̂_{0,}K̂_±] = 0. Thus, we can use the SU(1, 1)

Lie-algebra to expand the unitary evolution operator Û = e−i^^Heff t as

Û = e^{(A}+^{K̂}+^)e^{(ln A}0^{K̂}0^)e^{− it}2^{(η}1^{−η}2^{)N̂}0 e^{(A}−^{K̂}−^) (6)

where A_0 = a^2_0, A_+ = A_− = (−iξt/ϕ)a_0 sinh ϕ, with

a_0 = 1 cosh ϕ + it

(η_1 + η_2) 2ϕ sinh ϕ ,

ϕ^2 = [−( η_1 + η_2 2 )^2 + ξ^2]t^2. (7)

When the two-mode field is initially prepared in a coherent state |α, β⟩. The time evolution of the field state can be obtained

|Ψ_f (t)⟩ ⇒ exp(A_+â^†b̂^†)|α, β⟩. (8)

The SU(1, 1) Lie-algebra yields e^{A+â†b̂†} = e^{(ϑ∗âb̂−ϑâ†b̂†)}e^{A∗+âb̂}e^{g(â†â+b̂†b̂+1)}. (9) Let ϑ = re^{iε}, g = ln cosh r, where r and ε are determined by the relation

A_+ = −e^{iε} tanh r. (10)

The squeezed parameters r and ε are

r= tanh^{−1} |A_+|, cos ε = −

Re A_+) |A_+| , sin ε = −

Im(A_+) |A_+| . The state of the system can then be written as |Ψ_f (t)⟩=e^{(ϑ∗âb̂−ϑâ†b̂†)}|α, β⟩=S(ϑ)D(α)D(β)|0, 0⟩, (11) it is obviously a two-mode coherent-squeezed state [18, 19].

3. Output Entanglement. In this section, it shows that this system can serve as an entangled source of the output cavity fields. The numerical results of the C-V entanglement is presented. Employed the methods of input-output theory [20, 21], the entanglement between the two modes outside the cavity can be evaluated. Assume that the two-mode cavity is driven by two external laser fields with strengths μ_1 and μ_2, the Langevin equations of motion for the two-mode cavity fields can be expressed as

ȧ = −i(η_1a + εb^† + μ^∗_1) − κ_1 2 a − √ κ_1a_{in}, ḃ = −i(η_2b + εa† + μ∗_2) − κ^2 2 b − √ κ_2b_{in}, (12)

where, a_{in} and b_{in} are the annihilation operators of input fields. κ_{1(2)} is the cavity decay rate of mode a(b).

Ŕĺśĳňă ć ĘİŠŤ šőň 93 ćżŕ. 3 { 4 2011

254 Y. H. Ma, E. Wu

Fig.2. The output squeezing spectrum S+(ω) as a function of parameters ω, δ and ˙. The parameters are g2 = 2g1, κ1 = κ2=0.2g1, (a) ˙ = 5g1; (b) δ = �50g1

With the transformations a = a^′ + α_0 and b = b^′ + β_0, Eq. (12) can be rewritten as

ȧ′ = −i(η_1a^′ + εb^{′†}) − κ^1 2 a^′ − √ κ_1a_{in}, ḃ′ = −i(η_2b′ + εa′†) − κ^2 2 b^′ − √ κ_2b_{in}, (13)

where

α_0 =

−2iμ^∗_1(κ_2 + 2iη_2) − 4μ^∗_2ε (κ_1 + 2iη_1)(κ_2 + 2iη_2) + 4ε^2 ,

β_0 =

−2iμ^∗_2(κ_1 + 2iη_1) − 4μ^∗_1ε (κ_1 + 2iη_1)(κ_2 + 2iη_2) + 4ε^2 . (14)

Using the input-output relationship a_{jout} = a_{jin} + + √κ_j a_j , one can perform fourier transformation to Eq. (13)

a_{out}(ω) = √ κ_1α_0δ(ω) − − (α^∗_1α_2 + ε^2)a_{in}(ω) − iε √ κ_1κ_2b^†_{in}(−ω) α_1α_2 − ε^2

, (15)

b_{out}(ω) = √ κ_2β_0δ(ω) − − (β^∗_1 β_2 + ε^2)b_{in}(ω) − iε √ κ_1κ_2a^†_{in}(−ω) β_1β_2 − ε^2 , where α_1 = κ_1/2 + i(η_1 − ω), α_2 = κ_2/2 − i(η_2 + ω), β_1 = κ_2/2 + i(η_2 − ω), and β_2 =^{κ1}_2 − i(η_1 + ω).

The squeezing spectrum can be defined as [22] ⟨I_±(ω)⟩⟨I_±(ω^′)⟩ + ⟨I_±(ω^′)⟩⟨I_±(ω)⟩ = = 2S±(ω)δ(ω + ω^′), (16)

where I_±(ω) can be defined as

I_+(ω) = 1 √ 2 [a(ω) + a^†(ω) − b(ω) − b^†(ω)],

I_−(ω) = 1 √ 2i [a(ω) − a^†(ω) + b(ω) − b^†(ω)].

According to this define, one find that S_+(ω) is equal to S_−(ω) for uncorrelated vacuum input noise.

To evaluate entanglement of the output fields, the fluctuated criterion proposed by Duan et al. [23] is employed

S_+(ω) + S_−(ω) < 2. (17)

If above condition is satisfied, the spectrum S_±(ω) is not only squeezing but also entangled. Assumed that the input field is in the vacuum, from Eq. (15) one can give the expression of S_+(ω) as

S_+(ω) = = |ε^2+α^∗_1α_2|^2−i √ κ_1κ_2ε(α_1α^∗_2−α_2α^∗_1)+κ_1κ_2ε^2 2|α_1α_2−ε^2|^2 + + (α_j → β_j ). (18)

From Eq. (15) and Eq. (18), it can be clearly seen that the squeezing spectrum is independent of the parameters α_0 and β_0.

In Fig.2, output squeezing spectrum S_+(ω) for the two-mode light as a function of parameters ω, δ and Ω is plotted. It shows that it is possible to obtain the squeezing and C-V entanglement for output photons. The maximum squeezing and maximum entanglement can be observed for the parameter ω = 0, while with the absolute value |ω| increasing, squeezing spectrum reduces to zero corresponding to S_+(ω) = 1. Moreover, the output squeezing is decreasing with the detuning δ enhancing (Fig.2a). The degree of squeezing increases with the parameter Ω which represents the pump fields (Fig.2b). Thus, by increasing the pump field or reducing the detuning, strong output squeezing and output entanglement can be generated.

In order to investigate the influence of the decay rate γ on the output squeezing and output entanglement. In

Ŕĺśĳňă ć ĘİŠŤ šőň 93 ćżŕ. 3 { 4 2011

Fig.3. The output squeezing spectrum S+(ω) as a function of ω with the di¸erent decay rates κ1 and κ2. The parameters are g2 = 2g1, ˙ = 5g1, δ = �40g1 and (1) κ1 = κ2=0.05g1; (solid line); (2) κ1 = κ2=0.2g1 (dashed line); (3) κ1 = κ2=g1 (dotted line)

Fig.3 we show that the squeezing spectrum changes with different decay rates of the cavity. For κ_1 = κ_2 = 0.2g_1 or κ_1 = κ_2 = g_1, the splits from one valley into four minima are seen from the figure, that is, a minimum values corresponding to maximum squeezing and entanglement can be obtained. Generally only one valley can be seen for κ_1 = κ_2 [24], however for κ_1 = κ_2 = 0.05g_1, four symmetrical minimum values corresponding to the maximum squeezing are observed. This abnormal behavior originates the nonzero and asymmetric parameters η_1 and η_2 (η_1 ≠ η_2 it can be seen from Eq. (5)). With the increasing of the decay rate κ, this abnormal splits disappear. Moreover, one can find that an appropriate value κ can ensure the successful squeezing and entanglement. For example, in this system choosing κ_1 = κ_2 = 0.2g_1 is better than κ_1 = κ_2 = 0.05g_1, g_1. From the figure one can also see that the bandwidth of the squeezing becomes wide with the increasing of the decay rates.

4. Conclusion. In summary, using a single threelevel atom driven by a pump field, a scheme for the generation of output entanglement and squeezing is proposed. According to the numerical results, the influence of the Rabi frequency Ω, the detuning δ and the decay rate γ on the output squeezing and entanglement is investigated. It shows that, by increasing the strength of pump field or reducing the detuning, strong output squeezing and C-V entanglement can be generated. In addition, one find that choosing an appropriate value κ can ensure the successful squeezing and entanglement.

The project is supported by NSFC under Grant # 11074028.

1. S. L. Braunstein and P. Van Lood, Rev. Mod. Phys. 77, 513 (2005).

2. A. Furusawa, J. L. Sorensen, S. L. Braunstein et al., Science 282, 706 (1998).

3. Z. Y. Ou, S. F. Pereira, H. J. Kimble et al., Phys. Rev.

Lett. 68, 3663 (1992).

4. X. Jia, X. L. Su, Q. Pan et al., Phys. Rev. Lett. 93, 250503 (2004).

5. C. Silberhorn, P. K. Lam, O. Weiss et al., Phys. Rev.

Lett. 86, 4267 (2001).

6. W. P. Bowen, N. Treps, R. Schnabel et al., Phys. Rev.

Lett. 89, 253601 (2002).

7. J. K. Asboth, J. Calsamiglia, and H. Ritsch, Phys. Rev.

Lett. 94, 173602 (2005).

8. H. Xiong, M. O. Scully, and M. S. Zubairy, Phys. Rev.

Lett. 94, 023601 (2005).

9. H. T. Tan, S. Y. Zhu, and M. S. Zubairy, Phys. Rev. A 72, 022305 (2005).

10. L. Zhou, H. Xiong, and M. S. Zubairy, Phys. Rev. A 74, 022321 (2006).

11. M. Ki¸ner, M. S. Zubairy, J. Evers et al., Phys. Rev. A 75, 033816 (2007).

12. S. Qamar, F. Ghafoor, M. Hillery et al., Phys. Rev. A 77, 062308 (2008).

13. G. Morigi, J. Eschner, S. Mancini et al., Phys. Rev. Lett.

96, 023601 (2006).

14. H. T. Tan, H. X. Xia, and G. X. Li, Phy. Rev. A 79, 063805 (2009).

15. Y. H. Ma, Q. X. Mu, G. H. Yang et al., J. Phys. B: At.

Mol. Opt. Phys. 41, 215502 (2008); L. Zhou, Y. H. Ma, and X. Y. Zhao, J. Phys. B: At. Mol. Opt. Phys. 41, 215501 (2008); Y. H. Ma, X. Y. Zhao, and L. Zhou, Phys. Lett. A 373, 2025 (2009); L. Zhou, Q. X. Mu, and Z. J. Liu, Phys. Lett. A 373, 2017 (2009).

16. E. Alebachew, Phys. Rev. A 76 023808 (2007); E. Alebachew, Opt. Commun. 280, 133 (2007).

17. S. Tesfa, Phys. Rev. A 79, 033810 (2009); S. Tesfa, Phys. Rev. A 79, 063815 (2009); S. Tesfa, Phys. Rev. A 74, 043816 (2006).

18. H. Zeng and F. Lin, Phys. Rev. A 52, 809 (1995). 19. C. T. Lee, Phys. Rev. A 42, 1608 (1990). 20. C. W. Gardiner and P. Zoller, Quantum Noise, Splinger, Berlin, 2000.

21. D. F. Walls and G. J. Milburn, Quantum Optics, Splinger, Berlin, 1994.

22. D. Vitali, G. Morigi, and J. Eschner, Phys. Rev. A 74, 053814 (2006).

23. L. M. Duan, G. Giedke, J. I. Cirac et al., Phys. Rev.

Lett. 84, 2722 (2000).

24. A. S. Labne, M. O. Reid, and D. F. Wall, Phys. Rev.

Lett. 60, 1940 (1988).

Ŕĺśĳňă ć ĘİŠŤ šőň 93 ćżŕ. 3 { 4 2011