Pis’ma v ZhETF, vol. 93, iss. 12, pp. 782 { 786 cfl 2011 June 25

Compact equation for gravity waves on deep water

A. I. Dyachenko^∇�^{1)}, V. E. Zakharov^∇�^{◯∗}

∇Novosibirsk State University, 630090 Novosibirsk, Russia

�_{Landau Institute for Theoretical Physics, 142432 Chernogolovka, Russia}

◯Department of Mathematics, University of Arizona, 857201 Tucson, AZ, USA

∗Physical Institute of RAS, Leninskiy prospekt, 53, Moscow, 119991, Russia

Submitted 11 May 2011

Using the fact of vanishing four waves interaction for water gravity waves for 2D potential ‚uid we were able signi˛cantly simplify well-known but cumbersome Zakharov equation. Hamiltonian of the obtained equation is very simple and includes only fourth order nonlinear term. It rises the question about integrability of the free surface hydrodynamics. This new equation is very suitable as for analytic study as for numerical simulation.

1.Zakharov’s Equation. A one-dimensional potential flow of an ideal incompressible fluid with a free surface in a gravity field fluid is described by the following set of equations: ϕ_{xx} + ϕ_{zz} = 0 (ϕ_z → 0, z → −∞), η_t + η_xϕ_x = ϕ_z | | | |_{z=η} , ϕ_t + 1 2 (ϕ^2_x + ϕ^2_z ) + gη = 0 | | | |_{z=η} , here η(x, t) – is the shape of a surface, ϕ(x, z, t) – is a potential function of the flow and g – is a gravitational constant. As was shown in [4], the variables η(x, t) and ψ(x, t) = ϕ(x, z, t) | | |_{z=η} are canonically conjugated, and satisfy the equations ∂ψ ∂t = − δH δη , ∂η ∂t = δH δψ . Here H = K + U is the total energy of the fluid with the following kinetic and potential energy terms:

K = 1 2 ∫ dx ∫_η −∞ v^2dz, U = g 2 ∫ η^2dx. It is convenient to introduce normal complex variable a_k:

η_k = √ ω_k 2g (a_k + a^∗_{−k}), ψ_k = −i √ g 2ω_k (a_k − a^∗_{−k}),

1)e-mail: alexd@itp.ac.ru

here ω_k = √ gk – is the dispersion law for the gravity waves, and Fourier transformations ψ(x) → ψ_k and η(x) → η_k are defined as follows:

f_k = 1 √ 2π ∫ f(x)e^{−ikx}dx, f(x) = 1 √ 2π ∫ f_ke^{+ikx}dk. Hamiltonian can be expanded in an infinite series in powers of a_k (see [4, 5])

H = H_2 + H_3 + H_4 + . . .

This variable a_k satisfies the equation

∂a_k ∂t + i δH δa^∗_k = 0,

where

H_2 = ∫ ω_ka_ka^∗_kdk, H_3 = ∫ V^k_{k1k2} {a^∗_ka_{k1} a_{k2} + a_ka^∗_{k1} a^∗_{k2} }δ_{k−k1−k2}dkdk_1dk_2+ + 1 3 ∫ U_{kk1k2} {a_ka_{k1} a_{k2} +a^∗_ka^∗_{k1} a^∗_{k2} }δ_{k+k1+k2}dkdk_1dk_2,

V^k_{k1k2} = g^{14} 8 √ π ( |k|^{14} L_{k1k2} − |k_2|^{14} L_{−kk1} −|k_1|^{14} L_{−kk2} ) , U_{kk1k2} = g^{14} 8 √ π ( |k|^{14} L_{k1k2} + |k_2|^{14} L_{kk1} + |k_1|^{14} L_{kk2} ) ,

L_{kk1} = 1 |kk_1k_2|^14 (kk_1 + |k||k_1|).

782 Ŕĺśĳňă ć ĘİŠŤ šőň 93 ćżŕ. 11 { 12 2011

Fourth order part of Hamiltonian is the following:

H_4 = 1 2 ∫ W^{k3k4}_{k1k2} a^∗_{k1} a^∗_{k2} a_{k3} a_{k4} δ_{k1+k2−k3−k4}dk_1dk_2dk_3dk_4+ + 1 3 ∫ G^{k4}_{k1k2k3} (a^∗_{k1}a^∗_{k2}a^∗_{k3}a_{k4} +c.c.)δ_{k1+k2+k3−k4}dk_1dk_2dk_3dk_4+ + 1 12 ∫ R_{k1k2k3k4} (a^∗_{k1}a^∗_{k2}a^∗_{k3}a^∗_{k4}+c.c.)δ_{k1+k2+k3+k4}dk_1dk_2dk_3dk_4.

Here W^{k3k4}_{k1k2} , G^{k4}_{k1k2k3} and R_{k1k2k3k4} are equal to:

W^{k3k4}_{k1k2} = − 1 32π [ M^{k1k2}_{−k3−k4} + M^{−k3−k4}_{k1k2} − M^{k1−k3}_{k2−k4} − −M^{k2−k3} k1−k4 − M k1−k4 k2−k3 − M k2−k4 k1−k3 ] .

G^{k4}_{k1k2k3} = − 1 32π [ M^{k3−k4} k1k2 + M k2−k4 k1k3 + M k1−k4 k2k3 − −M^{k1k2}_{k3−k4} − M^{k1k3}_{k2−k4} − M^{k2k3}_{k1−k4} ] .

R_{k1k2k3k4} = − 1 32π [ M^{k3k4}_{k1k2} + M^{k2k4}_{k1k3} + M^{k2k3}_{k1k4} +

+M^{k1k4}_{k2k3} + M^{k1k3}_{k2k4} + M^{k1k2}_{k3k4} ] . Here

M^{k3k4}_{k1k2} = |k_1k_2|^{34} |k_3k_4|^{14} (|k_1 + k_3| + |k_1 + k_4|+ + |k_2 + k_3| + |k_2 + k_4| − 2|k_1| − 2|k_2|).

Now one can apply canonical transformation from variables a_k to b_k to exclude non resonant cubic terms along with non resonant fourth order terms with coefficients G^{k4}_{k1k2k3} and R_{k1k2k3k4} . This transformation up to the accuracy O(b^5) has the form [4, 6, 7]:

a_k = b_k + ∫ Γ^k_{1k2} b_{k1} b_{k2} δ_{k−k1−k2} dk_1dk_2− − 2 ∫ Γ^{k2}_{kk1} b^∗_{k1} b_{k2} δ_{k+k1−k2} dk_1dk_2+ + ∫ Γ_{kk1k2} b^∗_{k1} b^∗_{k2} δ_{k+k1+k2} dk_1dk_2+ + ∫ B^{k2k3}_{kk1} b^∗_{k1} b_{k2} b_{k3} δ_{k+k1−k2−k3} dk_1dk_2dk_3+ + ∫ C^{k3}_{kk1k2} b^∗_{k1} b^∗_{k2} b_{k3} δ_{k+k1+k2−k3} dk_1dk_2dk_3+ + ∫ S_{kk1k2k3} b^∗_{k1} b^∗_{k2} b^∗_{k3} δ_{k+k1+k2+k3} dk_1dk_2dk_3. (1)

Here

B^{k2k3}_{kk1} = Γ^{k1}_{k1−k2} Γ^{k3}_{kk3−k} + Γ^{k1}_{k3k1−k3} Γ^{k2}_{kk2−k}− − Γ^k_{2k−k2} Γ^{k3}_{k1k3−k1} − Γ^{k1}_{k3k1−k3} Γ^{k2}_{k1k2−k1} − − Γ^{k+k1}_{kk1} Γ^{k2+k3}_{k2k3} + Γ_{−k−k1kk1} Γ_{−k2−k3k2k3} + B̃^{kk1}_{k2k3} ,

Γ^k_{1k2} = − V^k_{k1k2} ω_k − ω_{k1} − ω_{k2} , Γ_{kk1k2} = − U_{kk1k2} ω_k + ω_{k1} + ω_{k2} , Γ^k_{1k2} and Γ_{kk1k2} provides vanishing of cubic terms in the new Hamiltonian and B̃^{kk1}_{k2k3} is an arbitrary function satisfying the following symmetry conditions:

B̃^{kk}1_{k2k3} = B̃^k1^k_{k2k3} = B̃^{kk}1_{k3k2} = −(B̃^k2^k3_{kk1} )^∗.

B̃^{kk}1_{k3k2} manages 2 ↔ 2 coefficient in the new Hamiltonian. Coefficients C^{k3}_{kk1k2} and S_{kk1k2k3} provide vanishing 3 ↔ 1 and 4 ↔ 0 terms in the Hamiltonian.

After transformation (1) the Hamiltonian acquires the following form:

H = ∫ ω_kb_kb^∗_kdk+ 1 2 ∫ [T^{k2k3}_{kk1} −(ω_k +ω_{k1} −ω_{k2} −ω_{k3} )× × B̃^{k2k3}_{kk1} ]b^∗_kb^∗_{k1} b_{k2} b_{k3} δ_{k+k1−k2−k3}dkdk_1dk_2dk_3 + . . . . (2) If B̃^{k2k3}_{kk1} = 0, equation (2) is known as Zakharov’s equation. Here T_{kk1,k2k3} satisfies the symmetry conditions:

T^{k2k3}_{kk1} = T^{k2k3}_{k1k} = T^{k3k2}_{kk1} = T^{kk1}_{k2k3}

and has the form:

T^{k2k3}_{kk1} = W^{k2k3}_{k1k} − − [ V_{kk2k−k2} V_{k3k1k3−k1} ω_{k2} + ω_{k−k2} − ω_k + V_{kk2k−k2} V_{k3k1k3−k1} ω_{k1} + ω_{k3−k1} − ω_{k3} ] − − [ V_{k1k2k1−k2} V_{k3kk3−k} ω_{k2} + ω_{k1−k2} − ω_{k1} + V_{k1k2k1−k2} V_{k3kk3−k} ω_k + ω_{k3−k} − ω_{k3} ] − − [ V_{kk3k−k3} V_{k2k1k2−k1} ω_{k3} + ω_{k−k3} − ω_k + V_{kk3k−k3} V_{k2k1k2−k1} ω_{k1} + ω_{k2−k1} − ω_{k2} ] − − [ V_{k1k3k1−k3} V_{k2kk2−k} ω_{k3} + ω_{k1−k3} − ω_{k1} + V_{k1k3k1−k3} V_{k2kk2−k} ω_k + ω_{k2−k} − ω_{k2} ] − − [ V_{k+k1kk1} V_{k2+k3k2k3} ω_{k+k1} − ω_k − ω_{k1} + V_{k+k1kk1} V_{k2+k3k2k3} ω_{k2+k3} − ω_{k2} − ω_{k3} ] − − [ U_{−k−k1kk1}U_{−k2−k3k2k3} ω_{k+k1} +ω_k +ω_{k1} + U_{−k−k1kk1}U_{−k2−k3k2k3} ω_{k2+k3} +ω_{k2} +ω_{k3} ] . (3) At this moment we approach to the key point of this article. Namely, appropriate choice of B̃^{kk1}_{k2k3} in (2) is based on two things:

1. The coefficient T^{k2k3}_{kk1} is identically equal to zero on the resonant manifold [1]:

k + k_1 = k_2 + k_3, ω_k + ω_{k1} = ω_{k2} + ω_{k3} , (4)

Ŕĺśĳňă ć ĘİŠŤ šőň 93 ćżŕ. 11 { 12 2011 with nontrivial solution:

k = a(1 + ζ)^2, k_1 = a(1 + ζ)^2ζ^2, k_2 = −aζ^2, k_3 = a(1 + ζ + ζ^2)^2; (5)

here 0 < ζ < 1 and a > 0

2. Also we consider waves moving in the same direction, that allows us to consider only positive wavenumbers k. This assumption came from numerical simulations [2, 3].

This fact and that observation allow drastically simplify Hamiltonian. One can vanish cumbersome expression for T^{k2k3}_{kk1} in (2) keeping only its diagonal part. This diagonal part corresponds to trivial four-wave scattering

k_2 = k_1, k_3 = k, or k_2 = k, k_3 = k_1. (6)

It is equal to

T_{kk1} = T^{kk1}_{kk1} = 1 4π |k||k_1| (|k + k_1| − |k − k_1|) . (7) Using this diagonal part one can construct the following function (with tilde):

T̃^{kk}1_{k2k3} = [ 1 2 (T_{kk2} + T_{kk3} + T_{k1k2} +T_{k1k3} )− − 1 4 (T_{kk}+T_{k1k1} + T_{k2k2} + T_{k3k3} ) ] θ(kk_1k_2k_3), (8)

θ(x) = { 0, if x < 0; 1, if x > 0.

This function. T̃^{kk1}_{k2k3} , has been intoduced already in our work [8], however only now we discovered possibility of essential simplification of Zakharov equation and its Hamiltonian. Let us consider the case when all waves move in the same direction. It mean that all k have the same sing. Thus, let k_i > 0, and b ≃ e^{i(kx−ωt)}. Then T̃^{kk1}_{k2k3} can be significantly simplified, modulus for |k + k_1| along with |k| and |k_1| can be dropped. Now

T̂_{kk1} = 1 4π kk_1 (k + k_1 − |k − k_1|) .

Simple calculations end up with

T̃^{kk}1_{k2k3} = 1 8π [kk_1(k + k_1) + k_2k_3(k_2 + k_3)]−

− 1 8π (kk_2|k − k_2| + kk_3|k − k_3|+ +k_1k_2|k_1 − k_2| + k_1k_3|k_1 − k_3|). (9)

2. Compact equation. Let us make choice for B̃^{kk}1_{k2k3} as follows:

B̃^{kk}1_{k2k3} = T^{kk1k2k3} −

T̃^{kk}1_{k2k3} θ(kk_1k_2k_3) ω_k + ω_{k1} − ω_{k2} − ω_{k3}

. (10)

It makes four-wave coefficient in (2) equal to T̃^{kk1}_{k2k3} . Note that expression (10) for B̃^{kk1}_{k2k3} has no singularity on resonance manifold. Using following relations for K̂ and space derivative kb^∗_k ⇔ i ∂ ∂x b^∗(x), (11) kb_k ⇔ −i ∂ ∂x b(x), (12)

|k − k_2|b^∗_kb_{k2} ⇔ K̂(|b(x)|^2) (13)

hamiltonian can be easily written in X-space: H= ∫ b^∗ω̂bdx+ i 16 ∫ [ b^{∗2} ∂ ∂x (b^{′2})−b^2 ∂ ∂x (b^{∗′2}) ] dx− − 1 4 ∫ |b|^2K̂(|b^′|^2)dx. (14) After integrating by parts Hamiltonian acquires very nice form: H= ∫ b^∗ω̂bdx+ 1 4 ∫ |b^′|^2 [ i 2 (bb^{′∗}−b^∗b^′)−K̂|b|^2 ] dx. (15) This is the main result of the article. Corresponding equation of motion is the following: i ∂b ∂t = ω̂b + i 8 [ b^∗ ∂ ∂x ( b^{′2}) − ∂ ∂x (b^{∗′} ∂ ∂x b^2 )] − − 1 4 [ bK̂(|b^′|^2) − ∂ ∂x [b^′K̂(|b|^2)] ] . (16)

Along with usual quantities such as energy and both momenta equation (16) conserves action or number of waves: N = ∫ |b|^2dx. 3. Some solutions. 3.1. Monochromatic wave.

Monochromatic wave with arbitrary amplitude B_0

b(x) = B_0e^{i(k0x−ω0t)} (17)

is the simplest solution of (16). Indeed, plugging (17) in to the equation (16) one can get the following relation

ω_0 = ω_{k0} + 1 2 k^3_0 |B_0|^2. (18)

Ŕĺśĳňă ć ĘİŠŤ šőň 93 ćżŕ. 11 { 12 2011

Recalling transformation from a_k to b_k one can see that for waves with small amplitude (a_k ≃ b_k)

|B_0|^2 = ω_{k0} k_0 η^2_0 ,

and relation (18) coincides with well known Stokes correction to the frequency due to finite wave amplitude

ω_0 = ω_{k0} ( 1 + 1 2 k^2_0 |η_0|^2 ) . (19)

3.2. Modulational instability of monochromatic wave. We consider perturbation to the solution b = B_0e^{i(k0x−ω0t)}, where B_0 = 1 √ 2π ∫ b_{k0} e^{i(k0x−kx)}dx and ω_0 = ω_{k0} + 1 2 |B_0|^2k^3_0 , 1 4π |b_{k0} |^2k^3_0 = 1 2 T^{k0k0}_{k0k0} |b_{k0} |^2.

Perturbed solution has the following form: b ⇒ (b_{k0} + δb_{k0+k}e^{−iΩkt} + δb_{k0−k}e^{−iΩ}�^{kt})e^{−iω0t} (20) with the following condition:

Ω_k = −Ω_{−k}.

Suppose δb_{k0+k} grows as δb_{k0+k} ⇒ δb_{k0+k}e^{γkt} one can easily obtain the following formula for γ_k:

γ^2_k= [ −d(k)− 3|B_0|^2 4 k_0k^2 ][ d(k)+|B_0|^2k_0 ( k_0− |k| 2 )_2] . (21)

If we introduce steepness of the carrier wave ω_{k0} μ^2 = = |B_0|^2k^2_0 and approximate d(k) as d(k) ≃ − 1 8 ω^{′′}_{k0} k^2 = − 1 8 ω_{k0} k^2 k^2_0 , then growth rate is equal to:

γ^2_k = 1 8 ω^2_{k0} k^4_0

(1 − 6μ^2)k^2 [ μ^2 ( k_0 − |k| 2 )_2 − k^2 8 ] . This expression for growth rate is more accurate than usually derived from nonlinear Schrodinger equation. The difference is seen from two terms marked with boldface.

3.3. Breathers. Equation for amplitude of the wave train can be easily derived from (16). Let us introduce envelope B(x, t) so that b(x, t) = B(x, t)e^{i(k0x−ω0t)}. (22) B(x, t) is also normal hamiltonian variable and Hamiltonian for it is the following: H = ∫ B^∗(ω̂_{k0+k} − ω_{k0} )Bdx+ + 1 4 ∫ |B^′ + ik_0B|^2× × { i 2 (B(B^{′∗}−ik_0B^∗)−B^∗(B^′+ik_0B))−K̂|B|^2 ] dx. (23) Breather is the solution equation with Hamiltonian (23) in the following form: B(x, t) = B(x − V t)e^{−iΩt}. (24) V is close to linear group velocity.

4. Conclusion. Simple equation describing evolution of 1D water waves is derived. Derivation of this equation is based on the important property of vanishing four-wave interaction for gravity water waves. This property allows to simplify drastically well-known Zakharov’s equation for water waves, which is very cumbersome. Written in X-space instead of K-space, it allows further analytical and numerical study. Simple Hamiltonian which is obtained after canonical transformation rises the question about integrability of the equations for potential flow of fluid in the gravity field. It remains still open.

This new equation can be generalized for the “almost” 2D waves, or “almost” 3D fluid. When considering waves slightly inhomogeneous in transverse direction, one can think in the spirit of Kadomtsev– Petviashvili equation for Korteveg–de-Vries equation, namely one can treat now frequency ω_k as two dimensional, ω_{kx,ky} , while leaving coefficient T̃^{kk1}_{k2k3} in (9) not dependent on y. Now b depends on both x and y: H = ∫ b^∗ω̂_{kx,ky} bdxdy+ + 1 4 ∫ |b^′_x|^2 [ i 2 (bb^{′∗}_x − b^∗b^′_x) − K̂_x|b|^2 ] dxdy. (25) This work was supported by Grant of Government of Russian Federation for support of scientific research, carried under direction of leading scientists in russian universities # 11.G34.31.0035 (leading scientist – Zakharov V.E., GOU VPO “Novosibirsk State University”). Also was it was supported by the US Army Corps of Engineers Grant # W912-BU-08-P-0143, by

Ŕĺśĳňă ć ĘİŠŤ šőň 93 ćżŕ. 11 { 12 2011

ONR Grant # 00014-06-C-0130, NSF Grant # DMS 0404577, Grant NOPP “TSA-a two scale approximation for wind-generated ocean surface waves”, RFBR Grant # 09-01-00631 and RFBR Grant # 09-05-13605, the Program “Fundamental Problems in Nonlinear Dynamics” from the RAS Presidium, and Grant “Leading Scientific Schools of Russia”.

1. A. I. Dyachenko and V. E.Zakharov, Phys. Lett. A 190, 144 (1994).

2. A. I Dyachenko and V. E. Zakharov, Pis’ma v ZhETF, 88, 356 (2008).

3. V. E Zakharov and A. I. Dyachenko, European Journal of Mechanics, B/Fluids 29(2), 127 (2010).

4. V. E. Zakharov, Prikl. Mekh. Tekh. Fiz.(in Russian) 2, 190 (1968).

5. D. E. Crawford, H. G. Yuen, and P. G. Sa¸man, Wave Motion 2, 1 (1980).

6. V. P. Krasitskii, Sov. Phys. JETP 71, 921 (1990). 7. V. E. Zakharov, V. S. Lvov, and G. Falkovich, Kolmogorov Spectra of Turbulence I, Springer-Verlag, 1992.

8. A. I. Dyachenko, Y. V. Lvov, and V. E. Zakharov, Physica D 87, 233 (1995).

Ŕĺśĳňă ć ĘİŠŤ šőň 93 ćżŕ. 11 { 12 2011