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 2011 July 10Hawking radiation of E < m massive particles in the tunnelingformalismG. Jannes1)Low Temperature Laboratory, Aalto University School of Science, PO Box 15100, 00076 Aalto, FinlandSubmitted 4 May 2011Resubmitted 19 May 2011We use the tunneling formalism to calculate the Hawking radiation of massive particles. For E � m, werecover the traditional result, identical to the massless case. But E < m particles can also tunnel across thehorizon in a Hawking process. We study the probability for detecting such E < m particles as a function ofthe distance from the horizon and the energy of the particle in the tunneling formalism. We derive a generalformula and obtain simple approximations in the near-horizon limit and in the limit of large radii.1. Introduction. Hawking radiation [1] consistsin the emission of pairs of quanta from a black-holehorizon: one with \positive energy" (positive co-movingfrequency) towards the exterior and one with \negativeenergy" (negative co-moving frequency) towards the in-terior of the black hole. The emission has a thermalspectrum as seen by an asymptotic observer at in�n-ity, with a temperature TH determined by the deriva-tive of the free-fall velocity v at the horizon rh: TH == ~ ��dvdr ��r=rh =2�. This result can be obtained very sim-ply in the semiclassical method. This tunneling descrip-tion of Hawking radiation, �rst introduced by Volovik[2] (see also [3] for the Parikh{Wilczek version, and [4]for its extension to E > m massive particles), indi-cates that the Hawking process can be understood asthe quantum tunneling across the horizon between clas-sical trajectories on both sides of the horizon. The semi-classical method was also applied to Hawking radiationfrom rotating [5] and charged [6] black holes, and to sev-eral higher-dimensional and other more exotic black holegeometries (see e.g. [7{10] for some recent examples),as well as to related phenomena such as the Zel'dovich-Starobinsky e�ect [11, 12] (see [13]), and the Unruh ef-fect [14] (see e.g. [15]).We will focus on massive particles in a Schwarzschildgeometry. If one is interested only in the spectrum asmeasured at in�nity, then it is straightforward to ar-rive at the usual conclusions [16], namely that there isa threshold E � m for massive quanta, but otherwise,the spectrum does not di�er from that of the standardmassless case.However, although no E < m particles arrive at in-�nity, they are nevertheless radiated from the horizon,see also [17]. We will calculate the probability for de-tecting such E < m particles as a function of the dis-1)e-mail: jannes@ltl.tkk.�

tance from the horizon and the energy of the particle.We largely follow Volovik's derivation and notation [2](see also [18, 19]), focus on purely radial movement ina Schwarzschild geometry and set ~ = c = 1.2. General calculation. We start from thePainlev�e{Gullstrand{Lemâitre (PGL) form of theSchwarzschild line element:ds2 = g��dx�dx� = �[1� v2(r)]dt2 � 2v(r)drdt + dr2;(1)where v(r) = �prh=r is the free-fall velocity and rhthe horizon or Schwarzschild radius. The PGL-metric isstationary and moreover, unlike the Schwarzschild form,it is regular across the horizon. This makes it partic-ularly suited for the tunneling description of Hawkingradiation.For a massive particle, one hasg��p�p� = �m2 (2)with p� = (�E; pi), leading to the energy-momentumdispersion relationm2 + p2 = (E � p � v)2: (3)Since v represents the free-fall velocity, it is natural towrite this as E = E0 + p � v; (4)and interpret E as the Doppler-shifted energy (the en-ergy in the \black hole rest frame"), which is a con-served quantity, and E0 = pm2 + p2 as the energy ina co- moving reference frame. This interpretation is re-inforced by the observation that the PGL-metric is alsothe natural metric in analogue gravity [20], where it de-scribes the propagation of sound waves or other pertur-bations on a background 
uid moving with a velocity v.�¨±¼¬  ¢ ���� ²®¬ 94 ¢»¯. 1 { 2 2011 19 2�



20 G. JannesWe want to calculate the in
uence of the mass onthe tunneling rate of particles from the black hole upto a detector (where the particle can be captured in abound state, see also [21]) at an arbitrary �xed radialdistance R. The tunneling probability W is determinedby the imaginary part of the action S along the semi-classical trajectory:W / exp[�2ImS]; (5)where ImS = ImZ pr(r)dr (6)and pr(r) follows from the dispersion relation (3). The�nal result will be of the formW (E) / exp[�2ImS1] exp[�2ImS2] (7)with ImS1 a contribution for tunneling through the hori-zon, and ImS2 an additional action in case there is asecond classically prohibited region beyond the horizon.We certainly expect ImS2 6= 0 when E < m, since themassive particle is then classically forbidden (see (3)) in
at spacetime [v(r !1) = 0].From (3), we obtainp = � Ev1� v2 + 11� v2pm2(v2 � 1) +E2 = (8)= p1 + p2: (9)Note that, in order for the semiclassical formalism tobe valid, the action must be large (ImS � 1). In par-ticular, this implies that we consider the case mrh � 1.In the opposite limit mrh � 1, it was found in [17] thatthe created bound particles are localized mainly on res-onant levels outside the black hole with large occupationnumbers.2.1. S1: tunneling through the horizon. For p1, weshift the contour of integration to the complex plane andapply the standard residue theorem RC f(z) = 2�iRes f .There is one pole along the radial path: v = �1 atr = rh, soRes p1 = Res �Ev(1 + v)(1� v) = E2v0(rh) ; (10)where the prime denotes d=dr. We recover the standardHawking result, as for a massless particle to reach in�n-ity: 2ImS1 = E=TH , with TH = jv0(rh)j=2�. The pres-ence of a mass has absolutely no in
uence on the prob-ability of tunneling across the horizon.2.2. S2: Tunneling towards the detector at a distanceR. p2 will only have an imaginary contribution whenE2 < m2(1� v2): (11)

For a Schwarzschild black hole (v2 = rh=r), this leadsto E < Ec(R) = m�1� rhR �1=2 (12)for given R. Alternatively, it can be expressed as a con-dition on R for given E:R > rc(E) = m2m2 �E2 rh = 11�E2=m2 rh: (13)For E > Ec (or R < rc), there is no additional barrier.Once the particle has tunnelled through the horizon, itcan freely propagate up to the detector at R. At su�-cient distance from the black hole (v ! 0), the conditionfor a second imaginary contribution reduces to E < m,as we anticipated. This means that, for E � m, themass term does not cause any additional tunneling fac-tor, independently of R, and we recover the standardresult for massless particles all the way to r ! 1. ForE < m, however, the particle is created with an energyE which is insu�cient to escape all the way to 1, so itwill encounter a second barrier as v decreases (i.e., asthe particle moves towards 
at spacetime).In case of (11), we take the (positive) imaginary partand obtainImS2 = Z Rrc drpm2 �E21� v2 r1� v2 m2m2 �E2 = (14)= Z Rrc dr 11� rh=rpm2(1� rh=r)�E2; (15)where the last expression is speci�c for a Schwarzschildpro�le.Note that the logarithmic divergence for r ! rh (v !! 1) is avoided because rc > rh.Imp2 is shown, together with ImS2, for various val-ues of E=m in Fig. 1. For E=m < 1=p2, Imp2 increasesto a maximum 0:5m2=E at r = rhm2=(m2 � 2E2) be-fore decreasing to the asymptotic value pm2 �E2 forr ! 1. For E=m � 1=p2, the maximum disappearsand the increase is monotonic.3. Limit cases. Simple analytic results can befound in the following interesting limit cases.3.1. Limit R � rh. When the detector is very farfrom the horizon, the integral is dominated by the con-tributions where v ! 0 and we can immediately writeImS2 =pm2 �E2 Z Rrc dr � Rpm2 �E2; (16)where we have assumed R � rc, see Fig. 2. The globaltunneling probabilityW (E) / exp [�E=TH ] exp h�2Rpm2 �E2i (17)�¨±¼¬  ¢ ���� ²®¬ 94 ¢»¯. 1 { 2 2011
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10Fig. 2. Tunneling action ImS2 (thick lines) and approxi-mation (16) for R � rh (dashed lines) as a function ofE=mdecreases exponentially with the distance R to the detec-tor, and the energy di�erence pm2 �E2. Note that thisresult does not depend on the Schwarzschild pro�le, butis generally valid as long as R lies su�ciently far awayfrom the horizon for the integral (14) to be dominatedby the region v � 1.3.2. Limit R ! rh. Another interesting limit isv ! 1, i.e. R=rh � 1 � 1. In this near-horizon limit,there is a non-zero contribution only for E � m, see(13). There will then be a strong barrier almost assoon as the particle crosses the horizon (see the caseE=m = 0:1 in Fig. 1 above), since it has practically noenergy to sustain its own mass.Starting from (15), we write r=rh�1 = (E2=m2)y �� 1, and obtainImS2 = Erh Z (m2=E2)(R=rh�1)1 dyy py � 1; (18)where we have used E2=m2 � 1 and r � rh.Two limit cases yield a simple interesting result.

(i) E2=m2 � R=rh�1� 1 (i.e. R=rc�1� E2=m2).For given R, this implies E2=E2c (R) � 1. The inte-gral is then dominated by the region where y � 1 soImS2 � 2mrh (R=rh � 1)1=2 : (19)The second tunneling action ImS2 becomes independentof the energy E in this limit, as illustrated in Fig. 3.
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Fig. 3. Tunneling action ImS2 (thick lines) and approxima-tion (19) for E � Ec (dashed lines) as a function of E=mfor di�erent positions R of the detector near the horizon(ii) 0 < (m2=E2) (R=rh � 1)�1� 1 (i.e. R=rc�1 �� E2=m2).For given R, this condition is equivalent to1�E2=E2c � 1. Now y � 1 in the whole integrationregion, soImS2 � 23rhm3E2 ��Rrh � 1�� E2m2 �3=2 � (20)� 23rhEc�1� E2E2c �3=2 � (21)� 23mrh�Rrh � 1�1=2 �1� E2E2c �3=2 ; (22)where we have used R � rh.The prefactor is similar to the previous result, butnow there is an additional suppression with decreasingE, see Fig. 4.4. Conclusion. Massive particles tunnel across thehorizon at exactly the same rate as massless particlesof the same energy E, even if E < m. Such massiveparticles with E < m do not reach in�nity, but nev-ertheless have a non-zero probability of being detectedat any �nite distance (R � rh) from the horizon. Fora detector very close to the horizon, or very far fromthe horizon, the detection probability reduces to simpleexpressions in terms of E=m and R=rh. Di�erent labo-ratory systems in which this behaviour of massive parti-cles near a black hole could be simulated in the context�¨±¼¬  ¢ ���� ²®¬ 94 ¢»¯. 1 { 2 2011
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Fig. 4. Tunneling action ImS2 (thick lines) and approxima-tion (22) for E � Ec (dashed lines) as a function of E=mfor di�erent positions R of the detector near the horizonof analogue gravity were suggested in [22]. An interest-ing prospect for future work is that the double barriercould cause a resonance mechanism, thereby leading topeaks of strongly increased tunneling probability. Suchresonant Hawking radiation in the presence of double-barrier structures was recently studied for a BEC-basedanalogue system in [23].It is a pleasure to thank G.E.Volovik for encourage-ment, clarifying discussions and help on the calculations.The author is supported by a FECYT postdoctoral con-tract of the Spanish Ministry of Education. This work isalso supported in part by the Academy of Finland andits CoE program 2006{2011.1. S.W. Hawking, Commun. Math. Phys. 43, 199 (1975).2. G. E. Volovik, Pisma v Zh. Eksp. Teor. Fiz. 69, 662(1999) [JETP Lett. 69, 705 (1999)].
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