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We investigate quantum dynamics of vibrational excitations in one-dimensional (1D) molecular chain. Our
model includes nearest neighbor interaction between identical molecular sites and one impurity atom placed

in the middle (n = 0). We show that upon exciting the impurity site, its excess energy for relatively long for
molecular scales time up to 100 ps is not redistributed uniformly among all other degrees of freedom. On the
contrary an excitation propagates along the chain, reflected from the chain ends, and quantum interference of

these waves yields to recurrence cycles and echo phenomena. For a critical cycle number k., echo components
of the neighboring cycles start to overlap, and eventually for k¥ > k. dynamics looks like chaotic one. The
critical cycle number k. depends on the coupling strength 0 < C' < 1 of the impurity site with its neighbors
n = +1. k. achieves the maximum for C* = 1/2. Our results are in qualitative agreement with experimental

data on vibrational excitations in various (CH),, molecular chains, and besides offer a way for loss-free energy

transfer between separated in space reaction centers.

The challenging question how energy, released due to
certain local chemical reaction propagates almost with-
out dissipation to a distant location (where this energy
can trigger a new chemical reaction, and so on) was
posed first many years ago by Landau, Tamm, Davy-
dov and some other prominent scientists of their caliber
(see discussions and references in the monograph [1],
and review paper [2]). However, the identification and
understanding of underlying mechanisms responsible for
the fast and almost loss-free energy transfer is still very
limited. In recent experimental investigations [3—-6] were
found that excitation of the end group in a linear chain
of 18-26 CH, fragments, leads to fast (about 2ps per
fragment) and almost ballistic propagation of that vibra-
tional excitation. Reflection of this excitation from the
end of the chain yields to re-excitation of the initially ex-
cited site (so-called Loschmidt echo phenomenon). Only
after a number of these cycles the echo amplitude van-
ishes, signaling that the initial excitation energy is dis-
tributed over many sites of the chain. Another very
relevant for biology example provides bacteriorhodopsin
molecules, where transformation of the retinal molecule
is the primary reaction in vision processes [7]. This
chemical reaction is triggered by an optical transition in
the reactive center embedded into molecular chain. It
is worth to noting also femtosecond spectroscopy exper-
iments in photochromic molecules [8-11]. By analyzing
all these data one can extract characteristic time scale
10~13-10"s, space scale 10-100 A, and energy scale
0.2-0.3 €V for the excitation energy transfer along mole-

cular chains. Our aim in this work is to build the model
(and to solve it) to describe the vibrational excitation
propagation in molecular chains.

Our model hamiltonian describes the finite length
chain of 2N + 1 of coupled molecular sites. Each site
can be only in the ground and in the first excited states.
All higher order excited states are neglected, and the
approximation is justified if the energy of these higher
excited states is much larger than the inter-molecular
coupling energy (vibrational spectrum band width).
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where Q(T , Qo are creation and annihilation operators
of the impurity site excitation n = 0, Q" , @, for n # 0
are similar operators for all other molecular sites along
the chain, Ey is the first excited vibrational state of the
impurity, Qo determines the chain molecular vibration
band center, C', and J are matrix elements for corre-
sponding nearest-neighbor couplings (all the same for a
uniform chain).

The hamiltonian (1) is written in the site (space)
representation. It can be transformed into the quantum
state representation (similar to Wannier basis widely
used in solid state physics), keeping separately one im-
purity n = 0 state and standing waves corresponding
to two (n > 0 and n < 0) uniform half-chains. First
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let us note that for uniform molecular chain of N sites
(one of the two half-chains in our model), its vibrational
spectrum looks as

kr

Ek:QO-FZJCOSm,

k=1,2,...,N. (2)
Eq. (2) represents the unperturbed spectrum of the half-
chains (will be termed as reservoir spectrum in what fol-
lows). This discrete spectrum (2) is not an equidistant.
It becomes denser and denser upon approaching to the
spectrum boundaries, however, near the band (2) center
the spectrum is almost equidistant with characteristic
interlevel spacing on the order of Ay ~ 27 J/(N +1).
Therefore, the characteristic recurrence period T is pro-
portional to the chain length T' ~ 2(N + 1)/J. In the
reservoir state representation the coupling matrix ele-
ments C; are proportional to the amplitudes of the sites
n = %1 in the j-th state of the unperturbed half-chain.
Namely C; = C+/N + 1cos[rj/(N + 1)]. In what fol-
lows dynamics behavior is governed by dimensionless
parameter I' o~ C; /A, (see below more details and ac-
curate expression for the parameter I'). The physical
meaning of the parameter I' is quite transparent one, it
is a ratio of the transition probability (from the excited
vibrational state of the impurity to a reservoir states in
the vicinity of the band center). It is worth to remind
that for 0 < C' < 1 the impurity level lies within the
band (2) of the reservoir states.

In the chain of 2N + 1 sites (n = —N, ....,0,....., N),
where the site n = 0 is an impurity, the finite difference
equations for the site amplitudes (do , {b,}) in the basis
of the site wave functions, reads as

Cb_1 + Cby = (€ — E)ao;
b_y + Cag = eby;
by + Cig = eby; (3)
bn 1 4 bpi1 = €by, for|n| > 2; Bi(N_H) =0.

From the Eq. (3) we find secular determinant to deter-
mine the eigen-values e. We utilize the dimensionless
units with A = 1, zero energy level chosen as Ey, and all
energies (i.e., the impurity state E, and its coupling C
to the neighboring sites £1) are measured in the units
of J. The secular equation derived from the Egs. (3)
is reduced to two equations for antisymmetric and sym-
metric combinations of the site states

DN =0; (e+ E)Dy —2C*Dn_; =0, (4)

where Dy is N x N three-diagonal determinant inde-
pendent of E and C, which is well-known in the Jacobi
matrix theory [12-14]
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The roots of the first equation in (4) determine N anti-
symmetric states

kr

0 ;
= 28in ——
€r sin 1

k=1,..,N. (6)
The second equation in (4) determines N + 1 coupled
reservoir-impurity symmetric states

F(k) = [E 4 2(1 — C?)cosk]sin[(N + 1)k] +
+2C? sin k cos[(N + 1)k] = 0. (7)

For C' = 0 the levels of the uncoupled impurity-reservoir
(half-chain) are doubly degenerated. For E = 0 and odd
N values, the impurity level coincides with the reser-
voir level E?N +1)/2° For the sake of simplicity and to
have more compact expressions only this case will be
consider below. The amplitudes entering Egs. (3)

bn(k) = A(k) cos(kn), (8)
= B e(k) — E
bar(W) = oot — B = 207
o(x) = 2C

e(r)[e(k) — E] — 2C?’
where the normalization coefficient A(k) is

A(k) =3 x

1
2
1/2
_E)? + 9202 2 2 2
~ N+u € _q1) _ & . (9)
[e(e — E) —2C?] \ 2 4
In our previous papers (see, e.g., [15-17]) we inves-
tigated quantum dynamics of the Zwanzig model [18]
which would correspond in terms of molecular chain vi-
brational hamiltonian parameters (1) to the case Ey, = k,

(2), and Cy = const = C. Then the secular equation has
a simple form

Fz(€) = e — 'z cot(me), ['z = wC>. (10)

The secular equation (7), we have to solve to describe
molecular chain dynamics, can be transformed to the
form similar to Fz (10). Let us consider only let us
consider only odd N and E = 0. Then the secular equa-
tion (7) can be written in the Zwanzig-like form

F\) = fa(aN)[\ = Tfi(ad) cot(rA)] =0,  (11)
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where we introduced new variable A to replace x by
k = (7/2) — aX, and “corrective” functions

fi(z) = zcot |z|; f2(z) =sinz/z. (12)
Two parameters entering (11) are defined as

T _C*N+1)
CN+1'7  w(1-C?)°

@ (13)
The roots A, of the Egs. (11) determine the eigenvalues
of our hamiltonian

€n = 2a), fa(ay). (14)

The transformation performed above map the non-
equidistant spectrum €, of the molecular chain into
equidistant in terms of A, spectrum. The corrective
functions f> and f; we introduced to describe the de-
viation of the single impurity molecular chain vibration
spectrum from the Zwanzig-like equidistant (the func-
tion fy), and to characterize deviations of the coupling
matrix elements C; from the Zwanzig constant values
C (the function f;). The transformed secular determi-
nant has (besides diagonal terms) one non-zero line and
one non-zero column. Applications and analysis of this
kind of determinants in multi-level systems have been
discussed long time ago by I.M. Lifshitz [19].

With the eigenvalues A,, in hands we can find now the
eigenfunctions. Indeed, for an arbitrary state its wave
function ®(t) can be represented in the unperturbed ba-
sis of the impurity state ¢p uncoupled from the molecu-
lar chain states {¢y,}

®(t) = ao(t)do + Y _ ax(t)dn, (15)
k

where the time dependent amplitudes satisfy the Heisen-
berg dynamic equations

k=+[N/2]
ido=Bag+ » crax; it = cyao + epak, (16)
k=—[N/2]

where [z] stands for an integer part of z, €2 = Ej is
unperturbed molecular vibration spectrum (2). Supple-
mented by the initial conditions

ao(0) =1, ax(0) =0 (17)

the Egs. (17) can be solved by some routine algebra and
Laplace transformation. For the impurity site amplitude

Qo (t)

+[NV/2]

ag(t) =2 Y Ugcos[2tsin(al)], (18)
k=0

where

£ (M)

Uk = 0D 2 00) + 0@ + (a/DE

(19)

One comment to avoid confusion is in order here. We
are using two representations for stationary ¥ and time
dependent & wave functions. Site representation is de-
fined by the amplitudes @ b, for ¥ and ag(t) and b, (t)
for ®(¢t). In the site representation (needed to visual-
ize excitation dynamics), to find eigenstates and eigen-
functions we have to diagonalize Jacobi three-diagonal
hamiltonian matrix. We need Wannier like representa-
tion (impurity n = 0 site coupled to standing waves of
two uniform half-chains) to reduce the Jacobi problem
to the Hamiltonian matrix in Zwanzig form (non-zero
diagonal and one line and one column). Amplitudes in
Wannier representation are defined similarly to the site
representation by do; ar for ¥ and by ag(t) and ag(t)
for ®(t).

Eq. (18) (with (19)) is formally the exact solution
of the Heisenberg equations (16) for £ = 0. In the
limit o?T" < 1 the correcting functions f; ~ fo ~ 1
and Eq. (18) is reduced to the Zwanzig model solution
[15, 17]. The trigonometric series (18) is very poorly
converging one, however, the convergence can be con-
siderably improved by noting (see e.g., [20]) that

+oo
cos(2tsin k) = Jo(2t) +2 > Jom(2t) cos(2mk), (20)

m=1

where Ja,, is the corresponding even integer index Bessel
functions. From known [21] asymptotic (for large argu-
ments and indexes) of these Bessel functions entering
(20) we conclude that the main contribution into ag(t)
comes from the relatively narrow and periodically re-
peated intervals with characteristic widths w on the or-
der of w oc m(1 — C?)/C? (for 0 < C? <1/2). Then we
can rewrite the series (18) as a sum over recurrence cy-
cles in terms of much faster converging expansion over
the Bessel functions

ao(t) = Y ay” (t — Ts), (21)

(s)

where a ’ is the impurity state wave function amplitude

for the cycle s. The explicit form of a((,s) depends on C.
For 0 < C? < 1/2 the summation can be performed by

Poisson formulas
8 1
a’g))(U)—i(l 02) X

too exp(idts) [A+ilCfi(N)]°
<[ ow T [ Cene ) A0 @
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where we introduce the local time 7, of the cycle s
Ts = tfa(A) — 2sm. (23)

In the weak coupling regime 0 < C? < 1/2 the number
of the Bessel functions contributing into the partial cycle
amplitudes is sufficiently large, the oscillations are effec-
tively suppressed. However upon increasing C' (decreas-
ing w) these oscillations increase. For 1/2 < C? < 1 it
is sufficient to keep only three Bessel functions in the
Egs. (18), (20) and we end up with

al®) (t) = (—1)°2{(1 — C*)[Tas(n+1) 2(2t) +
+ Jog(Nt1)+2(2t) + Jog(ny1)(2t) ) (24)

We show in the Fig.1 how dynamic regimes of the im-
purity site vibrational excitation depend on the coupling
strength C. For C% < 1/4 similar to the Zwanzig model
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Fig. 1. Impurity site excitation dynamics ao(t); N = 49
and C? = 0.1, C? = 0.25, C* = 0.5, C? = 0.95 (from the
top to the bottom). The critical cycle number s. is indi-
cated by a star (for C? =0.25, s. = 23). The s. values
are found by calculating the maxima of averaged over cycle
even 2m moments (|a(s)( sT)|*™) and cross-correlation
functions ([a{" (t — T's)]>{a$[t — (s — 1)T]}?)

dynamics [15, 17], the number of the components of the
Loschmidt echo and the width of the echo signal increase
proportional to the cycle number. The main (most in-
tensive) echo component displaces with the cycle number
s towards to the larger time, and for the critical cycle
number s. it achieves the cycle end point. By a sim-
ple inspection of the Eq. (22) for the recurrence cycle
amplitude, one can estimate the critical cycle number s,

2
1-c?’
For s > s, the main echo component of the cycle s enters
into the next recurrence cycle s+ 1, and for larger cycles

se~ (N +1) C? < 1/4. (25)
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§ > s., the echo signal includes many components with
quasi-irregular extrema and zeros. The main (global)
extremum is washed out. This indicates the crossover
from the regular to stochastic-like dynamics [15, 16]. For
C? > 1/4 (but as we mentioned already to have an impu-
rity state within molecular chain vibration band (2), C?
has to be < 1) dynamics is qualitatively different from
that predicted by the Zwanzig model [15, 17]. Already
for the small cycle numbers s > 1 impurity state pop-
ulation oscillates (instead of exponential decay within
the Zwanzig model). Furthermore, the oscillation am-
plitudes increase upon s increases, whereas the intensity
of the main echo component slightly decreases. It sig-
nals that dynamics remains regular one up to the limit
when the oscillation amplitudes become comparable to
the main echo component. Formally, because zeros of
the Bessel functions of different indexes are rationally
independent, mixing of partial recurrence cycle ampli-
tudes yields to irregular damped oscillations in ag(t).
For the case 1/4 > C? < 1/2 above defined critical cy-
cle number s, achieves its maximum for C? ~ 1/2 and
for larger values of the coupling C, s. decreases with
C. Therefore we see that the thresholds for stochastic
like behaviors decreases upon decreasing of the coupling
strength in the window 0 < C? < 1/4 and upon increas-
ing C in the interval 1/2 < C? < 1. These two dynamic
regimes correspond to two distinct mechanisms of ran-
domization induced by the mixing of echo components.
Namely, cycle overlapping and mixing for 0 < C? < 1/4,
and enhancement of quasi-regular oscillation amplitudes
for1/2<C? < 1.

On the same footing of the same Heisenberg equa-
tions of motion (16) we can investigate the time evolu-
tion for the regular n # 0 chain sites

1 X
bn(t) = 1_—02 E J2m(2t)5nm; (26)
m=0

+[N/2]
1N
Snm = ZC— Z Uy, cos(2malg) x

sm[(N +1—n)ai]
sin[(NV + 1)ag]

(27)

Note that as one can check by direct calculation the func-
tions Spm o< (1 — C?) and, therefore, (26) does not di-
verge at C?> — 1. Moreover, the functions Sy, are not
zero only in a relatively narrow and periodically repeat-
ing time intervals. Therefore b, (t) similar to ao(t) can
be expanded over recurrence cycles

Zb

(t —sT). (28)
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Where partial cycle amplitudes are expressed in terms
of the Bessel functions with the indexes within the in-
terval s(N +1) +n (s+1)(N + 1) — n. Since the partial
amplitudes depend on the combination ¢t —n this interval
determines the arrival t%ls) and departure tslzs) times for
the n-th site excitation in the cycle s

sT+n=tl) <t<t?) =(s+1)T +n,

t%) — t%? is the site n excitation duration time, and it

decreases with the site number n. Thus we arrived at
the conclusion that impurity excitation propagates along
the chain with almost constant speed. We present in the

(29)

Fig. 2 the results of numerical calculation of |ao(¢)|? and
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Fig.2. Impurity site excitation propagation along the
chain; C? = 0.5 and site numbers are indicated in the
figures

|b,(t)|? time evolution. For small coupling constant in
the zero cycle s = 0 there are two separate echo signals
at the times tgs) and tsfs) when the impurity site excita-
tion passes through the site n. The width of the signal
spreads over several sites, and almost independent of
the site number n. For larger C' values the excitation
propagates with the same (as for small C values) speed
but the intensity of the signal is reduced considerably.
Ultimately at even larger coupling strengths C? > 1/2
the width of the wave packet becomes on the order of
the entire cycle duration. We show in the Fig.3 that
for C? > 1/2 excitation signal (wave packet) acquires
considerable width, and therefore the wave propagation
is not ballistic anymore. It is worth to noting that in
this case C? > 1/2 even for s < s. the chain sites dis-
tant from the impurity site, namely, for |n| > N/2, are
excited irregularly, whereas the impurity site n = 0 ex-
citation dynamics remains regular. This means a sort of
self-synchronization of forward and backward propagat-
ing after reflection from the chain ends waves when they
are crossing the impurity site.
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Fig. 3. The same as in the Fig.2 for C? = 0.75

To summarize, in this work we found that in the
uniform molecular chain coupled to a single impurity
site, the impurity vibrational excitation can propagate
almost ballistic for relatively long (on molecular scales)
times and distances. The number of recurrence cycles
with almost regular behavior achieves its maximal value
at the intermediate coupling strength C?> ~ 1/2. For
larger couplings excitation dynamics turns into irregu-
lar (chaotic-like) oscillations. We identified two mecha-
nisms for this dynamic crossover: cycle overlapping and
mixing for small couplings, and enhancement of irregu-
lar damped oscillations in the strong coupling limit. Of
course the simplified theory presented in our paper is
not able to describe all special aspects of ultra fast vi-
bration excitation propagation in molecular chains. For
example there are multiple site vibrational excitations
(not only single mode). We did not consider conven-
tional phonons. These effects can be included into our
model (will be published elsewhere) and do not change
qualitatively our main results. Understanding all its
limitations, we nevertheless hope that our crude theory
captures the essential elements of vibrational excitation
propagation in molecular chains. Our approach can be
applied to rationalize qualitative features of the exper-
iments, and we anticipate that the effects described in
our work are relevant for ultra-fast photo-chemical re-
actions. One more general message comes out of our
work is that an experimental measurement reflects not
only the dynamics of a physical system but also how
excitations are made and how signals are received.

One of us (E.K.) acknowledges support from Russian
Federal program “FTP-Kadry”.
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