Pis’ma v ZhETF, vol. 94, iss. 8, pp. 710 { 715 cfl 2011 October 25

Quantum magnets with large single-ion easy-plane anisotropy in magnetic field

A. V. Sizanov^{∗1)}, A. V. Syromyatnikov^{∗†1)}

�Petersburg Nuclear Physics Institute, Gatchina, 188300 St. Petersburg, Russia

yDepartment of Physics, St. Petersburg State University, 198504 St. Petersburg, Russia

Submitted 14 September 2011

We propose a theory describing low-temperature properties of magnets with integer spin and large singleion easy-plane anisotropy D in magnetic ˛eld H directed parallel to the hard axis. Considering the exchange interaction between spins as a perturbation and using the bosonic spin representation proposed in our recent paper [1] we ˛nd thermal corrections to the elementary excitation spectrum, magnetization and speci˛c heat in the vicinity of the quantum critical point (QCP) H = Hc1(0) ¸ D in the ˛rst nonvanishing orders of the perturbation theory. An expression is found for the boundary of the paramagnetic phase Hc1(T ) in the H{T - plane. The e¸ective interaction between bosons is derived near the QCP. The proposed theory describes well experimental data obtained in NiCl2{4SC(NH2)2 (DTN).

Introduction. The topic of quantum criticality has received much attention in recent two decades. Of particular interest are quantum critical points (QCPs) which can be reached in experiments by varying easily controllable parameters such as external magnetic field, pressure, level of doping, etc. The equivalence between a spin system and a diluted gas of bosonic particles proved to be very useful in describing field-induced QCPs in magnets [2]. This equivalence is revealed and exploited using appropriate representation of spin operators via bosonic ones.

We discuss in the present paper properties of a system on a 3D lattice with an integer spin and large singleion anisotropy which is described by the Hamiltonian H = D ∑ i (S^z_i )^2 + 1 2 ∑ i,j J_{i,j} S_iS_j + gμ_BH ∑ i S^z_i , (1)

where g is the Lande factor and D > 0 is assumed to be much larger than exchange constants (D ≫ J) so that the ground state at H = 0 is paramagnetic (all spins are mainly in the quantum state with S^z = 0). This system has at least two field-induced QCPs corresponding to transitions from the paramagnetic (at H = H_{c1}(T = 0)) and from the fully polarized (at H = H_{c2}(T = 0)) phases to other phases which nature depends on the details of the exchange coupling and the lattice geometry. We propose in our recent paper [1] a bosonic integer spin representation that is convenient for the paramagnetic phase discussion. Using this representation and considering the exchange interaction as a perturbation we find in Ref. [1] the spectrum of the Hamiltonian (1)

1)e-mail: alexey.sizanov@gmail.com, syromyat@thd.pnpi.spb.ru

in the paramagnetic phase at H = 0 in the third order in the perturbation theory (hereafter referred to as expansion in terms of J/D for shot).

We continue our study of the model (1) in the present paper and address its low-temperature properties in the vicinity of the QCP H = H_{c1}(T = 0) using the proposed bosonic spin representation. Expressions are derived below in the first nonvanishing orders in J/D for thermal corrections to the elementary excitation spectrum, magnetization and specific heat. An expression is found for H_{c1}(T ) that is the boundary of the paramagnetic phase in the H–T -plane. The effective interaction is derived between bosons near the QCP which can be extracted from experiment. We demonstrate that the proposed theory describes well the corresponding experimental data obtained in NiCl_2–4SC(NH_2)_2 (DTN) [3–18] which is the most extensively studied compound of the type under discussion.

The magnetic subsystem of DTN consists of Ni ions with S = 1 and g = 2.26. Magnetic ions form a bodycentered tetragonal lattice which can be viewed as two interpenetrating tetragonal sublattices. The exchange interaction between spins inside one sublattice is antiferromagnetic and strongly anisotropic: the exchange constant along the tetragonal hard axis (z-axis) is much larger than those along x- and y-axes. Then, DTN is a quasi-1D material having two QCPs at H equal to^{2)}

2)It should be noted that there is a certain discrepancy in values of H_c2(0) in the experimental literature on DTN. Specific heat and magnetocaloric effect measurements give H_c2(0) ß 12.6 T [9, 5]. On the other hand magnetization measurements [11] give the value of H_c2(0) very close to Eq. (3) which was obtained in ac susceptibility measurements [7]. Besides, anomalies in the sound velocity

710 Ŕĺśĳňă ć ĘİŠŤ šőň 94 ćżŕ. 7 { 8 2011

H^{DTN}_{c1} (T = 0) = 2.05 T, (2) H^{DTN}_{c2} (T = 0) = 12.175 T (3)

with a canted antiferromagnetic phase between them. It was found [5, 7] that the QCP H = H_{c1}(0) belongs to the 3D BEC universality class: H_{c1}(T ) − H_{c1}(0) ∝ T^α with α ≈ 1.5. The strength of the effective interaction between long-wavelength bosons was extracted in Ref. [8] from measurements of magnetization and H_{c1}(T ) (see below). The specific heat at small T was measured in Refs. [9] at H ∼ H_{c1}(0) and H ∼ H_{c2}(0).

Theoretical description of these experimental data was given using a number of self-consistent calculations (valid for S = 1 only) with the following parameters of the Hamiltonian (1): D = 8.9 K, J_z = 2.2 K and J_{xy} = 0.18 K, where J_z is the exchange coupling constant along the chains, J_{xy} is that between chains inside one tetragonal sublattice and the interaction between the tetragonal sublattices is neglected. However results of ESR [18] and inelastic neutron scattering experiments [5] cannot be described by the Hamiltonian (1) with the conventional parameters (see discussions in Refs. [18, 19, 1]). Then, we propose in Ref. [1] the following set of parameters that differs from the conventional one using which we fit experimentally obtained spectrum and explain qualitatively the ESR results:

D = 7.72 K, J_z = 1.86 K, (4) J_{xy} = 0.2 K, V = 0.1 K,

where V is the exchange coupling constant between neighboring spins from different tetragonal sublattices which is introduced first in Ref. [19]. Then, it is tempting to reexamine the above mentioned experimental results for DTN at T ≠ 0 using parameters (4) that is one of the aims of the present paper.

Method and technique. It is convenient to use the following spin representation of integer S which is proposed in our previous study [1]:

[16], the sound attenuation [16] and the thermal conductivity [9, 17] at a given T < 0.5 K were observed at fields smaller than those in the specific heat [9]. The origin of this discrepancy is not discussed in the literature and we have no explanation for this situation either. We choose in our recent [1] and the present consideration of DTN the value (3) because it provides better agreement between our expressions for the spectrum found in the third order in J/D and the experimentally observed spectrum at H = 0 [5] (see Ref. [1] for detail).

S^z_i = b^†_i b_i − a^†_i a_i, (5)

S^+_i = S^x_i + iS^y_i = b^†_i √ (S − b^†_i b_i)(S + 1 + b^†_i b_i)

1 + b^†_i b_i +

+ √ (S − a^†_i a_i)(S + 1 + a^†_i a_i) 1 + a^†_i a_i a_i ≈ ≈ b^†_i ( c_1 − c_2 b^†_i b_i ) + ( c_1 − c_2 a^†_i a_i ) a_i, (6)

where a_i and b_i are bosonic operators, c_1 = √ S(S + 1) and c_2 = √ S(S + 1) − √ (S − 1)(S + 2)/2 > 0. Representation (5), (6) reproduces the spin commutation relations on the physical subspace which is constrained by the following additional term in the Hamiltonian (see discussion in Ref. [1]):

H_U = U N ∑ i a^†_i b^†_i a_ib_i, U → +∞, (7) where N is the number of unit cells. Substituting Eqs. (5), (6) into Eq. (1) and taking into account Eq. (7) one obtains for the Hamiltonian H = ∑ p [ ϵ_{1a,h}(p)a^†pap + ϵ_{1b,h}(p)b^†pbp ] +

+ ∑ p c^2_1 2 Jp ( a^†pb^†_−p + apb_−p ) + (8a)

+ 1 N ∑ p1+p2+p3+p4 {[ D+ 1 2 J_{3−1}− c_1c_2 2 (J_1+J_3) ] ×

× (a^†_1a^†_2a_3a_4 + b^†_1b^†_2b_3b_4)+(U − J_{3−1})a^†_1b^†_2a_3b_4 } − (8b) − 1 N ∑ p1+p2+p3=p4 c_1c_2 2 J_1 × × ( b^†_1a^†_2a^†_3a_4 + a^†_1b^†_2b^†_3b_4 + a^†_4a_3a_2b_1 + b^†_4b_3b_2a_1 ) , (8c)

where Jp = ∑ j J_{ij} e^ipR^{ij} ,

ϵ_{1a,h}(p) = D + c^2_1 2 Jp − h, (9) ϵ_{1b,h}(p) = D + c^2_1 2 Jp + h, (10) h = gμ_BH are spectra of a and b particles in the first order in J/D (here and below the number in the lower index of the spectrum indicates its order in J/D). It is convenient for the following to introduce three Green’s functions G_{a,h}(p) = −i⟨a_pa^†_p⟩, (11a) G_{b,h}(p) = −i⟨b_pb^†_p⟩, (11b) F_h(p) = −i⟨b^†_{−p}a^†_p⟩, (11c) Ŕĺśĳňă ć ĘİŠŤ šőň 94 ćżŕ. 7 { 8 2011 where p = (ω, p) and a_p is the Fourier transform of ap(τ). Dyson equations for one couple of these Green’s functions have the form

G_{a,h}(p) = G_{0a,h}(p) [1 + Σ_{a,h}(p)G_{a,h}(p) + Π_h(p)F_h(p)] , F_h(p) = G_{0b,h}(−p) [ Π_h(p)G_{a,h}(p) + Σ_{b,h}(−p)F_h(p) ] , (12)

where G_{0a,h}(p) = [ω − ϵ_{1a,h}(p] + iδ)^{−1}, G_{0b,h}(p) = = [ω − ϵ_{1b,h}(p) + iδ]^{−1}, Σ and Π are normal and anomalous self-energy parts, respectively. Solving Eqs. (12) and the couple of equations for G_{b,h}(p) and F_h(p) one obtains G_{a,h}(p) = ω + Σ_{b,h}(−p) D_h(p) , (13) G_{b,h}(p) = ω + Σ_{a,h}(−p) D_h(−p) , (14)

F_h(p) = −

Π_h(p) D_h(p) , (15)

D_h(p) = [ ω − ϵ_{1a,h}(p) − Σ_{a,h}(p) ] × (16) × [ ω + ϵ_{1b,h}(p + Σ_{b,h}(−p) ] + |Π_h(p)|^2. (17)

Spectra of a and b particles should be found from equations

D_h[ϵ_{a,h}(p), p] = 0, D_h(−ϵ_{b,h}(p), p) = 0. (18)

T = 0 and H = 0. Because a and b particles are

equivalent at H = 0 one has

G_{a,h=0}(p) = G_{b,h=0}(p) = G(p), (19a) Σ_{a,h=0}(p) = Σ_{b,h=0}(p) = Σ(p), (19b) Π_{h=0}(p) = Π(p), (19c) ϵ_{a,h=0}(p) = ϵ_{b,h=0}(p) = ϵ(p). (19d)

We calculate in our previous paper [1] Σ(p), Π(p) and the spectrum ϵ(p) up to the third order in J/D.

T = 0 and H 6= 0. Taking into account that [H, ∑ i S^z_i ] = 0 and using Eq. (5) one concludes that h

and −h play the role of chemical potentials for a and b particles, respectively, so that

G_{a,h}(ω, p) = G(ω + h, p), (20a) G_{b,h}(ω, p) = G(ω − h, p), (20b) F_h(ω, p) = F (ω + h, p), (20c)

and, correspondingly, Σ_{a,h}(ω, p) = Σ(ω + h, p), Σ_{b,h}(ω, p) = Σ(ω − h, p), Π_h(ω, p) = Π(ω + h, p),

ϵ_{a,h}(p) = ϵ(p) − h, (21a) ϵ_{b,h}(p) = ϵ(p) + h, (21b) where ϵ(p), Σ(p), Π(p), G(p) and F (p) are defined in Eqs. (19).

It is seen from Eq. (21a) that the spectrum of a particles has a gap which vanishes at H = H_{c1}(0) and the spectrum becomes unstable at larger fields, where

gμ_BH_{c1}(T = 0) = ϵ(p_0) (22)

and p_0 is the momentum at which ϵ(p) has a minimum. This instability signifies a transition to another phase. One has p_0 = (π, π, π) in DTN because exchange couplings are antiferromagnetic.

One concludes from Eqs. (20), (21) that magnetic field lifts the equivalence between a and b particles. However magnetization M(H, T = 0) = gμ_B⟨S^z_i ⟩ remains zero in the paramagnetic phase as it can be readily seen from Eqs. (5), (20a) and (20b). Thermal fluctuations make finite the magnetization.

T 6= 0 and H ¸ Hc1(0). Let us consider the dis-

persion equation (18) for a particles. We have found its solution in our previous paper [1] at T = 0 up to the third order in J/D. The aim of the present discussion is to find temperature corrections to the spectrum δ_T ϵ_{a,h}(p) in the first nonvanishing orders in J/D and T considering the temperature to be small enough T ≪ J. Then, it is convenient to represent the spectrum and self-energy parts using Eqs. (20) in the following form:

ϵ_{a,h}(p) = ϵ(p) − h + δ_T ϵ_{a,h}(p), (23)

Σ_{a,h}[ϵ_{a,H} (p), p] = Σ[ϵ(p), p] +

+ δ_T ϵ_{a,h}(p) ∂Σ(ω, p) ∂ω | | | |_{ω=ϵ(} p) +δ_T Σ_{a,h}[ϵ(p) − h, p], (24)

where δ_T Σ_{a,h}(ω, p) is the temperature correction to Σ_{a,h}(ω, p). Expressions similar to Eq. (24) can be written for Σ_{b,h}[−ϵ_a(p), p] and Π_h[ϵ_a(p), p]. Substituting these equations into Eq. (18) and using results of our previous calculation [1] of self-energy parts we have in the first order in J/D δ_T ϵ_{a,}p_{,h} = δ_T Σ_{a,h}[ϵ(p)−h, p] and H_{c1}(T ) = ϵ(p_0)+δ_T Σ_a(0, k_0). The first order correction in J/D to δ_T Σ_a [ ϵ(p)−h, p ] is given by the Hartree–Fock diagram shown in Fig. 1a. As a result one obtains

δ_T ϵ_{a,h}(p) = 4Γ_a [ ϵ(p) − h, 0, p ]M(H, T ) gμ_B , (25)

gμ_BH_{c1}(T ) = ϵ(p_0) + 4Γ_a(0, 0, k_0) M(H, T ) gμ_B , (26)

where Γ_a(Ω, p, q) is the vertex and M(H, T ) gμ_B = 1 N ∑ k N[ϵ(k) − h] (27)

Ŕĺśĳňă ć ĘİŠŤ šőň 94 ćżŕ. 7 { 8 2011

Fig. 1. (a) { The Hartree{Fock diagram giving the ˛rst order correction in J/D to the self-energy part. (b) { Diagram equation for the vertex `a(ω, p, q) which is involved in the Hartree{Fock diagram. Lines are Green’s function (11a) of a particles. Black dots are bare vertexes given by term (8b) in the Hamiltonian

is equal to the magnetization in the second order in J/D at T ≪ ϵ(0) + h. It is explained in our previous paper [1] that ladder diagrams give the main contribution to the vertex leading to the Bethe–Salpeter equation for Γ_a(Ω, p, q) that is shown in Fig. 1b. To calculate the vertex in the leading order in J/D one can use Green’s function in the form G_a(ω, p) = 1/[ω − ϵ_1(p) + h + iδ]. When Ω ∼ J, the solution can be tried in the form Γ_a(Ω, p, q) = A(Ω) + (Jp − Jp_+q)/4 + B^z(Ω)J^zp_{+(}q_−k_{0)/2} +B^{xy}(Ω)J^{xy}p_{+(}q_−k_{0)/2}. The solution is quite cumbersome and we do not present it here. We point out only that Γ_a ∼ J when Ω ∼ J. The value

v_0 = 2Γ_a(0, 0, k_0) (28)

is an effective two-particle interaction which can be found experimentally at small T as a slope of the plot of H_{c1}(T ) vs M_c(T ) = M[H = H_{c1}(T ), T ] (see Eqs. (26) and (27)).

The specific heat can be obtained using Eq. (1) and the formula C(H, T ) = d⟨H⟩/dT with the following result in the first order in J/D: C(H, T )= d dT { 1 N ∑ k [ ϵ_1(k) − h ] N [ ϵ_3(k) − h ] } , (29)

where ϵ_1(k) and ϵ_3(k) are spectra at T = 0 in the first and in the third orders in J/D, respectively.

Application to DTN. Equations for M(H, T ), H_{c1}(T ) and C(H, T ) obtained above are applicable at H ≈ H_{c1}(0) only at small enough T . In the case of a quasi-1D system it usually means that the temperature cannot exceed the value of the exchange constant between spin chains (∼ 0.2 K in DTN). At such T the quasi-1D system behaves like a 3D one and we obtain the proportionality to T^{3/2} of H_{c1}(T ) − H_{c1}(0), M_c(T ) = M[H = H_{c1}(T ), T ] and C[H = H_{c1}(T ), T ] expected for QCP of 3D BEC universality class.

This proportionality was really observed experimentally in DTN. Fig. 2 shows the experimental data for

Fig. 2. Plots of (a) Hc1 and (b) Mc (magnetization at H = Hc1(T )) vs T^{3/2} in DTN. Circles and diamonds are experimental data from Ref. [8] and Ref. [7], respectively. Lines are drawn using Eqs. (26), (27) and parameters (4)

M_c(T ) and H_{c1}(T ) obtained in Ref. [8] and Ref. [7] for 0.5 K < T < 1 K and 1 mK < T < 300 mK, respectively, together with results of our calculations with Eqs. (26), (27) and parameters (4). The agreement between the theory and experiment is very good at T < 0.3 K. Large temperature fluctuations come into play at greater T which are not taken into account in Eqs. (26) and (27). As a result the deviation from experimental data is noticeable at T > 0.5 K for h_{c1}(T ) and at T > 0.7 K for M_c(T ).

Although (and quite expectedly) neither H_{c1}(T ) nor M_c(T ) do not depend linearly on T^{3/2} at T > 0.7 K in DTN (see Fig. 2), it is observed experimentally [8] that H_{c1}(T ) is a linear function of M_c(T ) at 0.5 K < T < 1 K as is demonstrated in Fig. 3. The effective two-particle interaction is extracted from this plot in Ref. [8] as it is explained above with the result v_0 ≈ 0.61 meV. However, most likely that v_0 is renormalized by thermal fluctuations in DTN at such large T . We plot in Fig. 3 also H_{c1}(T ) vs M_c(T ) using the low-temperature experimental data of Ref. [7] for H_{c1}(T ) and results of our compu-

12 Ŕĺśĳňă ć ĘİŠŤ šőň 94 ćżŕ. 7 { 8 2011

Fig. 3. Hc1(T ) versus Mc(T ) in DTN. Circles are experimental data from Ref. [8]. Diamonds correspond to experimental data of Ref. [7] for Hc1(T ) and results of our computation of Mc(T ) by Eq. (27) with parameters (4). Lines are drawn using Eqs. (26), (27) and parameters (4)

tation of M_c(T ) by Eq. (27) with parameters (4). The effective interaction obtained in this way is equal approximately to 0.44 meV that is 28% smaller than the value experimentally found in Ref. [8] and that is in excellent agreement with the result of our calculation of v_0 by Eq. (28) and parameters (4).

Experimental data of Ref. [9] for C(H, T ) at H ≈ H_{c1}(0) are shown in Fig. 4 together with results of our

Fig. 4. Speci˛c heat in DTN. Experimental data are taken from Ref. [9]. Lines are drawn using Eq. (29) and parameters (4)

calculations with Eq. (29), parameters (4) and expression for ϵ_3(p) found in Ref. [1]. A reasonable agreement between the theory and experiment is seen at T < 0.3 K. The specific heat of the model (1) with parameters (4) is proportional to T^{3/2} at H = H_{c2}(T ) as well because the spectrum in the fully polarized phase given exactly (at T = 0) by ε(p) = h − (2S − 1)D − SJ0 + SJp is also quadratic near its minimum. It is demonstrated in Ref. [9] that due to the strong renormalization of the spectrum in the paramagnetic phase C[H = H_{c2}(T ), T ] is about 6 times larger than C[H = H_{c1}(T ), T ]. Simple calculation of the specific heat with the spectrum ε(p) and parameters (4) shows that in agreement with the experiment C[H = H_{c2}(T ), T ] is approximately 5.7 times larger than C(H = H_{c1}(T ), T ) given by Eq. (29).

To conclude, we develop a theory describing lowtemperature properties of the model (1) with integer spin and large D in magnetic field. We find thermal corrections to the elementary excitation spectrum, magnetization and specific heat in the vicinity of the QCP H = H_{c1}(0) ∼ D/(gμ_B) in the first nonvanishing orders in J/D. The proposed theory with parameters (4) suggested in Ref. [1] describes well low-temperature experimental data obtained in NiCl_2–4SC(NH_2)_2.

This work was supported by RF President (grant # MK-329.2010.2) and RFBR grant # 09-02-00229.

1. A. V. Sizanov and A. V. Syromyatnikov, Phys. Rev. B 84, 054445 (2011).

2. T. Giamarchi, Ch. R}uegg, and O. Tcherniyshyov, Nat.

Phys. 4, 198 (2008).

3. M. Orend«a»c, S. Zvyagin, A. Orend«a»cov«a et al., Phys.

Rev. B 60, 4170 (1999).

4. M. Sieling, T. Rietha, S. Schmidta et al., J. Magn. Magn.

Mater. 177–181, 695 (1998).

5. V. S. Zapf, D. Zocco, B. R. Hansen et al., Phys. Rev.

Lett. 96, 077204 (2006).

6. S. A. Zvyagin, J. Wosnitza, C. D. Batista et al., Phys.

Rev. Lett. 98, 047205 (2007).

7. L. Yin, J. S. Xia, V. S. Zapf et al., Phys. Rev. Lett. 101, 187205 (2008).

8. A. Paduan-Filho, K. A. Al-Hassanieh, P. Sengupta el al., Phys. Rev. Lett. 102, 077204 (2009).

9. Y. Kohama, A. V. Sologubenko, N. R. Dilley et al., Phys.

Rev. Lett. 106, 037203 (2011).

10. M. Orend«a»c, A. Orend«a»cov«a, J. »Cern«ak et al., Phys.

Rev. B 52, 3435 (1995).

11. A. Paduan-Filho, X. Gratens, and N. F. Oliveira, Phys.

Rev. B 69, 020405 (2004).

12. M. Orend«a»c, E. »Ci»zm«ar, A. Orend«a»cov«a et al., Phys.

Rev. B 61, 3223 (2000).

13. R. L. Carlin, K. O. Joung, A. P. Filho et al., J. Phys. C:

Solid State Phys. 12, 293 (1979).

14. J. P. Renard, M. Verdaguer, L. P. Regnault et al., Europhys. Lett. 3, 945 (1987).

Ŕĺśĳňă ć ĘİŠŤ šőň 94 ćżŕ. 7 { 8 2011

15. S. Cox, R. D. McDonald, M. Armanious et al., Phys.

Rev. Lett. 101, 087602 (2008).

16. O. Chiatti, A. Sytcheva, J. Wosnitza et al., Phys. Rev.

B 78, 094406 (2008).

17. X. F. Sun, W. Tao, X. M. Wang et al., Phys. Rev. Lett.

102, 167202 (2009).

18. S. A. Zvyagin, J. Wosnitza, A. K. Kolezhuk et al., Phys.

Rev. B 77, 092413 (2008).

19. A. V. Sizanov and A. V. Syromyatnikov, J. Phys.: Condens. Matter 23, 146002 (2011).

Ŕĺśĳňă ć ĘİŠŤ šőň 94 ćżŕ. 7 { 8 2011 12^�