
Pis'ma v ZhETF, vol. 94, iss. 10, pp. 800 { 805 c 2011 November 25Final state interaction e�ects in electrodisintegrationof the deuteron within the Bethe{Salpeter approachS.G.Bondarenko, V.V. Burov, E.P.Rogochaya1)Joint Institute for Nuclear Research, 141985 Dubna, RussiaSubmitted 18 October 2011Resubmitted 26 October 2011The electrodisintegration of the deuteron is considered within a relativistic model of nucleon-nucleon inter-action based on the Bethe{Salpeter approach with a separable interaction kernel. The exclusive cross sectionis calculated within the impulse approximation under various kinematic conditions. Final state interactionsbetween the outgoing nucleons are taken into account. The comparison of nonrelativistic and relativistic cal-culations is presented. Partial-wave states of the neutron-proton pair with total angular momentum J = 0; 1are considered.1. Introduction. The electrodisintegration of thedeuteron is a useful instrument which makes it possi-ble to investigate the electromagnetic structure of theneutron-proton (np) system. Many approaches havebeen elaborated to describe this reaction for last 40 years[1{5]. The simplest of them considered the electrodisin-tegration within a nonrelativistic model of the nucleon-nucleon (NN) interaction and outgoing nucleons weresupposed to be free [1] (the plane-wave approximation,PWA). Those approaches were in a good agreement withexperimental data at low energies. However, further in-vestigations have shown that the �nal state interaction(FSI) between outgoing nucleons, two-body currents andother e�ects should be taken into account to obtain areasonable agreement with existing experimental data athigher energies. Most of these e�ects have been consid-ered within nonrelativistic models [2, 3]. In relativisticmodels, FSI-e�ects could be calculated within quasipo-tential approaches including the on-mass-shell nucleon-nucleon T matrix [4, 5].One of fundamental approaches for a description ofthe np-system is based on using the Bethe-Salpeter (BS)equation [6]. To solve this equation we use a separableansatz [7] for the NN-interaction kernel. In this case,we have to deal with a system of algebraic equationsinstead of integral ones [8]. A separable kernel modelwithin the BS approach was not used to describe mostof high-energy NN-processes for a while since calculatedexpressions contained nonintegrable singularities. Theseparable kernels proposed in [9{11] make it possibleto avoid those di�culties. Using these kernels FSI canbe taken into account in the electrodisintegration in awide range of energy. The electrodisintegration crosssection is calculated in the present paper under di�erent1)e-mail: rogoch@theor.jinr.ru

kinematic conditions (see Table 2 below). The rank-sixNN-interaction potential MY6 [10] is used to describescattered and bound 3S1{3D1 partial-wave states. Theuncoupled partial-wave states with total angular mo-mentum J = 0; 1 (1S0, 1P1, 3P0, 3P1) are describedby multirank separable potentials [11]. The obtainedresults are compared with nonrelativistic model calcu-lations [3] where NN-interactions were described by therealistic Paris potential [12].The paper is organized as follows. In Sec. 2, thethree-di�erential cross section of the d(e; e0p)n reactionis considered in the relativistic impulse approximation.The used BS-formalism is presented in Sec. 3. The de-tails of calculations are considered in Sec. 4. Then theobtained relativistic results are compared with nonrela-tivistic ones [3] and experimental data of the Sacle ex-periment [13, 14] in Sec. 5.2. Cross section. When all particles are unpolar-ized the exclusive electrodisintegration of the deuterond(e; e0p)n can be described by the di�erential cross sec-tion in the deuteron rest frame { laboratory system(LS) { as:d3�dE0ed
0ed
p = �Mott8Md(2�)3 p2ppsp1 + �jppj �Epp� cos �p� �l000W00 + l0++(W++ +W��) + 2l0+� cos 2� ReW+��2l0+� sin 2� ImW+� � 2l00+ cos� Re(W0+ �W0�)�2l00+ sin� Im(W0+ +W0�)� ; (1)where �Mott = [� cos(�=2)=2Ee sin2(�=2)]2 is the Mottcross section, � = e2=(4�) is the �ne structure con-stant; Md is the mass of the deuteron; pe = (Ee; l) andp0e = (E0e; l0) are initial and �nal electron momenta, re-spectively; 
0e is the outgoing electron solid angle; � isthe electron scattering angle. The outgoing proton isdescribed by momentum pp (Ep =qp2p +m2, m is the800 �¨±¼¬  ¢ ���� ²®¬ 94 ¢»¯. 9 { 10 2011



Final state interaction e�ects : : : 801mass of the nucleon) and solid angle 
p = (�p; �), where�p is the zenithal angle between the pp and q momentaand � is the azimuthal angle between the (ee0)- and (qp)-planes; q = pe � p0e = (!;q) is the momentum transfer.Factor � = q2=s can be calculated through the np pairtotal momentum P squared:s = P 2 = (pp + pn)2 =M2d + 2Md! + q2; (2)de�ned by the sum of the proton pp and neutron pn mo-menta. The photon density matrix elements have thefollowing form:l000 = Q2q2 ; l00+ = Qjqjp2sQ2q2 + tan2 �2 ;l0++ = tan2 �2 + Q22q2 ; l0+� = � Q22q2 ; (3)where Q2 = �q2 is introduced for convenience. Thehadron density matrix elementsW��0 =W��"��"��0 ; (4)where �, �0 are photon helicity components [15], can becalculated using the photon polarization vectors " andCartesian components of hadron tensorW�� = 13 Xsdsnsp jhnp : SMSjj�jd : 1Mij2 ; (5)where S is the spin of the np pair and MS is its projec-tion; sd, sn and sp are deuteron, neutron and proton mo-mentum projections, respectively. The matrix elementhnp : SMSjj�jd : 1Mi can be constructed accordingto the Mandelstam technique [16] and has the followingform in LS:hnp : SMSjj�jd : 1Mi = i Xn=1;2Z d4pCM(2�)4 � (6)Spn�(L�1)� SMS (pCM; p�CM;PCM)�(L)�(n)� (q) �S(n) �K(0)2 � (�1)np� q2� �M hp+ (�1)n q2 ;K(0)iowithin the relativistic impulse approximation. The sumover n = 1; 2 corresponds to the interaction of the vir-tual photon with the proton and with the neutron inthe deuteron, respectively. The total PCM and relativep�CM momenta of the outgoing nucleons and the inte-gration momentum pCM are considered in the �nal nppair rest frame { center-of-mass system (CM), p denotesthe relative np pair momentum in LS. To perform theintegration, momenta p, q and the deuteron total mo-mentum K(0) = (Md;0) in LS are written in CM using

the Lorenz-boost transformation L along the q direc-tion. The np pair wave function  SMS is transformedfrom CM to LS by the corresponding boost operator �.A detailed description of  SMS , the nth nucleon interac-tion vertex �(n)� , the propagator of the nth nucleon S(n),and the deuteron vertex function �M can be found inour previous works [8, 17].3. Separable kernel of NN interaction. The out-going np pair is described by the T matrix which can befound as a solution of the inhomogeneous Bethe{Salpeterequation [6]: T (p0; p;P ) = V (p0; p;P ) + (7)+ i4�3 Z d4k V (p0; k;P )S2(k;P )T (k; p;P );where V is the NN-interaction kernel, S2 is the free two-particle Green function:S�12 (k;P ) = � 12 =P + =k �m�(1)� 12 =P � =k �m�(2); (8)and p (p0) is the relative momentum of initial (�nal) nu-cleons, P is the total np pair momentum.To solve the BS-equation (7) partial-wave decompo-sition [18] for the T -matrix:T��;�(p0; p;P(0)) = XJMab tab(p00; jp0j; p0; jpj; s)� (9)� [YaM (�p0)UC ]�� 
 [UCYybM (p)]�is used. Here, P(0) = (ps;0) is the np pair total mo-mentum in CM, UC = i20 is the charge conjugationmatrix. Indices a; b correspond to the set 2S+1L�J of spinS, orbital L and total J angular momenta, � = + de�nesa positive-energy partial-wave state, � = � correspondsto a negative-energy one. Greek letters f�; �; ; �g in (9)are used to denote Dirac matrix indices. The spin-anglefunctions: YJM :LS�(p)UC = (10)= iL XmLmSm1m2�1�2 CS��12�1 12�2CJMLmLSmSCSmS12m1 12m2 �� YLmL(p̂)U�1m1 (1)(p)U�2m2 (2)T (�p)are constructed from the free nucleon Dirac spinors u; v.It should be mentioned that only positive-energy stateswith � = + are considered in this paper. Using a similardecomposition for V , the BS-equation for radial parts ofthe T -matrix and kernel V is obtained:tab(p00; jp0j; p0; jpj; s) = vab(p00; jp0j; p0; jpj; s) + (11)+ i4�3 Xcd +1Z�1 dk0 1Z0 k2djkj vac(p00; jp0j; k0; jkj; s)�� Scd(k0; jkj; s) tdb(k0; jkj; p0; jpj; s):�¨±¼¬  ¢ ���� ²®¬ 94 ¢»¯. 9 { 10 2011



802 S.G.Bondarenko, V.V.Burov, E.P.RogochayaTo solve the resulting equation (11) a separable ansatz[7] for the interaction kernel V is used:vab(p00; jp0j; p0; jpj; s) = (12)= NXi;j=1�ij(s)g[a]i (p00; jp0j)g[b]j (p0; jpj);where N is a rank of a separable kernel, gi are modelfunctions, �ij is a parameter matrix. Substituting V(12) in BS-equation (7), we obtain the T -matrix in asimilar separable form:tab(p00; jp0j; p0; jpj; s) = (13)= NXi;j=1 �ij(s)g[a]i (p00; jp0j)g[b]j (p0; jpj);where: �ij(s) = 1=[��1ij (s) + hij(s)]; (14)and hij(s) = (15)� i4�3 Xa Z dk0 Z k2djkj g[a]i (k0; jkj)g[a]j (k0; jkj)(ps=2�Ek + i�)2 � k20are auxiliary functions, Ek = pk2 +m2. Thus, theproblem of solving the initial integral BS-equation (7)turns out to �nding the gi functions and parameters �ijof separable representation (12). They can be obtainedfrom a description of observables in np elastic scattering[10, 11, 19{21].4. Final state interaction. In our previous works[10, 17] the electrodisintegration of the deuteron wasconsidered within the plane wave approximation (PWA)when the �nal nucleons were supposed to escape withoutinteraction. Even though PWA is enough to describe theelectrodisintegration at low energies, it is important totake into account the �nal state interaction (FSI) be-tween the outgoing nucleons. As it was shown in otherworks [3], the contribution of FSI-e�ects increases withincreasing nucleon energies or/and momentum transfer.Therefore, the relativistic models of the NN-interactionmust be elaborated and FSI should be included into cal-culations to get an adequate description of the electro-disintegration. The �rst relativistic model based on aseparable kernel approach was Graz II [19]. However, itwas impossible in principle to calculate FSI using it [11].To solve this problem new relativistic separable kernels[10, 11] were elaborated. We apply them to the deuteronelectrodisintegration including FSI in this paper.The outgoing nucleons are described by the BS am-plitude which can be written as a sum of two terms:

 SMS (p; p�;P ) =  (0)SMS (p; p�;P ) + (16)+ i4�3S2(p;P ) Z d4k V (p; k;P ) SMS (k; p�;P ):The �rst term (0)SMS (p; p�;P ) = (2�)4�SMS (p;P )�(p� p�) (17)is related to the outgoing pair of free nucleons (PWA),�SMS is a spinor function for two fermions. The secondterm in (16) corresponds to the �nal state interaction ofthe outgoing nucleons. It can be expressed through theT matrix if we use the following relation:Z d4k V (p; k;P ) SMS (k; p�;P ) = (18)= Z d4k T (p; k;P ) (0)SMS (k; p�;P )and can be rewritten as (t)SMS (p; p�;P ) = (19)= 4�iS2(p;P )T (p; p�;P )�SMS (p�;P );here, (t) means that this part of the np pair wave func-tion is related to the T -matrix. Applying the partial-wave decomposition of the T -matrix (9) the expression(19) can be written as follows: (t)SMS (p; p�;P ) = 4�i� (20)�XLmJMaCJMLmSMSY �Lm(p̂�)YaM (p)�a;J:LS+(p0; jpj; s);where p� = (0;p�) with jp�j = ps=4�m2 is the rel-ative momentum of on-mass-shell nucleons in CM, p̂�denotes the azimuthal angle �p� between the p� and qvectors and zenithal angle �. Since only positive-energypartial-wave states are considered here the radial partis:�a;J:LS+(p0; jpj; s) = ta;J:LS+(p0; jpj; 0; jp�j; s)(ps=2�Ep + i�)2 � p20 : (21)According to de�nition (10) spin-angle functions Y canbe written as a product of Dirac  matrices in the matrixrepresentation [8] as:YaM (p) = (22)1p8� 14Ep(Ep +m) (m+ =p1)(1 + 0)GaM (m� =p2);matrices GaM are given in Table 1. Decomposition (20)is considered in detail in [22]. Using de�nition (16) andsubstituting (17), (20) into (6), the �nal expression forhadron current hnp : SMSjj�jd : 1Mi can be obtained.It consists of two parts. One of them:�¨±¼¬  ¢ ���� ²®¬ 94 ¢»¯. 9 { 10 2011



Final state interaction e�ects : : : 803Table 1Spin-angular parts GaM (22) for the np paira = �2S+1L�J	 GaM1S+0 �53S+1 =�M1P+1 p3jpj (p1 � �M )53P+0 � 12jpj (=p1 � =p2)3P+1 �q 32 1jpj �(p1 � �M )� 12=�M (=p1 � =p2)� 53D+1 1p2 h=�M + 32 1p2 (p1 � �M )(=p1 � =p2)ip1 = (Ep;p), p2 = (Ep;�p) are on-mass-shell momenta, Ep =pp2 +m2; -matrices are de�ned as in [23]hnp : SMSjj�jd : 1Mi(0) = (23)=i Xn=1;2n�(L�1)��SMS (p�CM;PCM)�(L)�(n)� (q) ��S(n)�K(0)2 �(�1)np��q2��Mhp� + (�1)n q2 ;K(0)iocorresponds to the electrodisintegration in PWA. An-other one: hnp : SMS jj�jd : 1Mi(t) = (24)= i4�3 Xn=1;2 XLmJMJL0lm0 CJMJLmSMSYLm(p̂�)�� 1Z�1 dpCM0 1Z0 (pCM)2djpCMj 1Z�1 d cos �CMp 2�Z0 d� �� Spn�(L�1) �YJL0SMJ (pCM)�(L)�(n)� (q)�� S(n)�K(0)2 �(�1)np�q2�Y1lSm0hp+(�1)nq2i��� t�L0L(pCM0 ; jpCMj; 0; jp�j; s)(ps=2�Ep + i�)2 � p20 �� gl hp0 + (�1)n!2 ;p+ (�1)nq2 ;K(0)icorresponds to the process when FSI is taken into ac-count. Here gl is a radial part of the deuteron ver-tex function �M . The part Sp f: : : g has been calcu-lated using the algebra manipulation package MAPLE.The three-dimensional integration over pCM0 , jpCMj andcos �CMp has been performed numerically using the pro-gramming language FORTRAN.5. Results and discussion. The di�erential crosssection (1) is calculated under three kinematic conditionsof the Sacle experiment [13, 14] (described in Table 2)and is present in Figs. 1{3. The calculations have beenperformed within the relativistic impulse approximationfor two di�erent cases: when the outgoing nucleons aresupposed to be free (PWA) and when the �nal state

Table 2Kinematic conditions considered in the paper. Here allquantities are in LSset I [13] set II [13] [14]Ee, GeV 0.500 0.500 0.560E0e, GeV 0.395 0.352 0.360�, deg 59 44.4 25pn, GeV/c min 0.005 0.165 0.294max 0.350 0.350 0.550�n, deg min 101.81 172.07 153.01max 37.78 70.23 20.81�qe, deg min 48.79 44.74 33.06pp, GeV/c min 0.451 0.514 0.557max 0.276 0.403 0.306�p, deg min 0.622 2.54 13.86max 51.03 54.90 140.28�pe, deg min 49.41 47.28 46.92max 99.81 99.64 173.35ps, GeV 1.929 1.993 2.057ps� 2m, GeV 0.051 0.115 0.176Q2, (GeV/c)2 0.192 0.101 0.038!, GeV 0.105 0.148 0.200jqj, GeV/c 0.450 0.350 0.279In addition to those which are de�ned in the text, they are: angle�qe between the beam and the virtual photon; neutron momen-tum pn and angle �n between the neutron and the virtual photon(pp; �p { the same for the proton); �pe (�qe) { the angle betweenthe beam and the proton (virtual photon).
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Fig. 1. (Color on-line). Cross section (1) depending on re-coil neutron momentum jpnj calculated under kinematicconditions set I of the Sacle experiment [13]. The nota-tions are following: MY6 (PWA) (red solid line) { rela-tivistic calculation in the plane-wave approximation withthe MY6 potential [10]; MY6 (FSI) (blue dashed line) {relativistic calculation including FSI-e�ects; NR (PWAc)(violet dotted line) { nonrelativistic calculation [3]interaction between the nucleons is taken into account(FSI). The partial-wave states of the np pair with to-�¨±¼¬  ¢ ���� ²®¬ 94 ¢»¯. 9 { 10 2011



804 S.G.Bondarenko, V.V.Burov, E.P.Rogochayatal angular momentum J = 0; 1 have been considered.The used relativistic model consists of two parts: theseparable potential MY6 [10] for the bound (deuteron)and scattered 3S1{3D1 states and separable potentials ofvarious ranks [11] { for all the other partial-wave states(1S0, 1P1, 3P0, 3P1). The obtained results have beencompared with the nonrelativistic model [3].In Fig. 1, relativistic MY6 (PWA), MY6 (FSI) andnonrelativistic NR (PWAc) calculations under kinematicconditions [13] (set I) are practically coincide with eachother and go close to the experimental data. The nota-tion "c" in NR (PWAc) means that the correspondinghadron current satis�es the current conservation condi-tion [1]: q�J� = 0: (25)So, it can be concluded that relativistic and FSI-e�ectsdo not play an important role in description of thedeuteron electrodisintegration at low energies.Fig. 2 considers the cross section (1) calculated un-
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Fig. 2. (Color on-line). The same as in Fig. 1 but underkinematic conditions set II of the Sacle experiment [13].The nonrelativistic calculation NR (FSIc) (brown dashed-dotted line) includes FSI-e�ectsder kinematic conditions [13] (set II). Here FSI-e�ectsdecrease the resulting cross section noticeably. A slightdi�erence is seen between nonrelativistic and relativisticresults.The cross section under kinematic conditions [14] ispresented in Fig. 3. In this case PWA and FSI calcula-tions di�er signi�cantly. It means that the inuence ofFSI on observables increases with increasing jpnj. To in-vestigate relativistic e�ects, two additional calculationsMY6 (PWAc), MY6 (FSIc) have been performed whenthe condition (25) has been taken into account. The rel-ativistic one-particle current within the impulse approx-imation (6) does not satisfy (25). We impose this con-
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450Fig. 3. (Color on-line). The same as in Figs. 1, 2 butunder kinematic conditions of the Sacle experiment [14].Two additional results are presented for comparison:MY6 (PWAc) (pink dashed-dotted-dotted line) { relativis-tic PWA calculation; MY6 (FSIc) (orange dashed-dottedline) { relativistic calculation with FSI-e�ects; both ob-tained under current conservation condition (25)dition on the hadron current (23), (24) as it was done in[3] for a nonrelativistic model to compare our relativisticresult with it and investigate relativistic e�ects. It hasbeen done only under kinematic conditions [14] since aninuence of the current conservation condition becomessigni�cant at high outgoing neutron momenta jpnj. Thecomparison of MY6 (PWAc) and NR (PWAc), MY6(FSIc) and NR (FSIc) demonstrates that relativistic ef-fects become signi�cant with increasing jpnj. FSI-e�ectsdecrease the obtained cross section.As it is seen from the �gures, an inuence of FSIincreases with increasing outgoing neutron momentumjpnj. FSI-e�ects are signi�cant at outgoing neutron mo-menta jpnj > 150MeV/c even at low momentum trans-fer. It has been demonstrated that the FSI contribu-tion always decreases the value of the cross section (1).From present results it can also be seen that the FSIcontribution relatively to the PWA one is approximatelythe same both for nonrelativistic and relativistic mod-els. However, other e�ects, like negative-energy partial-wave states and two-body currents, should be taken intoaccount for further conclusions. It should be also em-phasized that the relativistic calculation of FSI has beenperformed within the BS approach using a relativisticseparable potential for the �rst time. Recently the con-sidered separable potentials [10, 11] have been modi-�ed to take into account inelastic processes (productionof various mesons) occurring in the NN-interaction athigh energies [21]. However, energies of nucleons donot reach the inelasticity threshold under kinematic con-ditions [13]. The inelasticity e�ects are nonzero under�¨±¼¬  ¢ ���� ²®¬ 94 ¢»¯. 9 { 10 2011
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