Pis’ma v ZhETF, vol. 94, iss. 11, pp. 872 { 876 cfl 2011 December 10

Geodesic deviation and particle creation in curved spacetimes

A. Mironov^{∗+1)}, A. Morozov^{+ 1)}, T. N. Tomaras^{×+ 1)}

∗Lebedev Physics Institute RAS, 119991 Moscow, Russia

+Institute for Theoretical and Experimental Physics RAS, 117218 Moscow, Russia

×Department of Physics, University of Crete, GP-71003 Heraklion, Greece

Submitted 3 November 2011

A quantum mechanical picture, relating accelerated geodesic deviation to creation of massive particles via quantum tunneling in curved background spacetimes, is presented. The e¸ect is analogous to pair production by an electric ˛eld and leads naturally to production of massive particles in de Sitter and superluminal FRW spacetimes. The probability of particle production in de Sitter space per unit volume and time is computed in a leading semiclassical approximation and shown to coincide with the previously obtained expression.

1. When embedded into an external background, the “vacuum” of quantum field theory can lose stability because of particle creation. The difference from classical or quantum radiation is that the particles are produced through quantum tunneling.

The standard paradigm is the “Klein paradox” [1], i.e. creation of electron-positron pairs by an electric field E. Let us for simplicity consider a constant electric field along the z-axis in a capacitor of width L. The probability to create a single particle-antiparticle pair (the Schwinger process [2]) in its center of mass frame is given by the tunneling exponential | |exp[i ∫ p(z) dz] | |^2, where the momentum p(z) is the imaginary solution of the dispersion relation^{2)} [ E_+ − eA_0(z)

]_2

= 4p^2 + 4m^2, (1)

with the total energy of the pair E_+ = −2m. In the above equation z ≡ z_1 − z_2 is the distance of two particles, p ≡ (p_1 − p_2)/2 is its conjugate momentum, while A_0(z) = ∫_z Edz. The characteristic parameter is the “creation length” l, defined by the condition that the energy offered by the electric field compensates for the rest energy on the particles produced, i.e. eA_0(l) = e ∫_l 0 Edz = 2m, which

1)e-mail: mironov@itep.ru; mironov@lpi.ru; morozov@itep.ru; tomaras@physics.uoc.gr

2)The energies E1, E2 and momenta p1, p2 along the z-axis of the particles in the pair are related by [ 1 2 (E+ − eEz_−) ± 1 2 (E_− − eEz+) ]2 = [ 1 2 (p+ ± p_−) ]2 + m2, with z_± = z1 ± z2, E_± = E1 ± E2, p_± = p1 ± p2. Adding these two equations one obtains

(E+ − eEz_−)2 + (E_− − eEz+)2 = p2+ + p2_− + 4m2,

which in the center of mass frame p+ = 0, z+ = 0, and E_− = 0, reduces to (1).

gives l = 2m/eE for a constant field E. The pair creation occurs only if L > l and the probability of creation per unit volume and unit time interval is the well known exponential [2]

θ(L − l) exp ( − ∫_l 0 √ 4m^2 − e^2E^2z^2 dz ) = = θ(L − l)e^{−πm2/eE} . (2) This integral runs over the distance z between the particles in the pair and describes the tunneling from the point z = 0 at the “moment” of creation to z = l. Note that the applicability of the quasiclassical approximation requires the exponent in (2) to be large and negative, so that the exponential is small.

2. The situation becomes considerably more interesting when the electric field is replaced by a gravitational one [3]. For instance, contrary to the case of a constant electric field, which can pull apart the two virtual particles of the pair, the equivalence principle forbids pair creation in a constant gravitational field.

However, it is natural to expect that an analogous “pulling-apart force” will occur also in gravity, in the presence of curvature, as long as the latter has the right properties, which make close geodesics diverge.

The equation of geodesic deviation in a given background specetime is [4]

D^2_τ η^μ = R^μ_{νρσ} u^ν u^ρη^σ , (3)

where R^μ_{νρσ} is the Riemann curvature tensor, u^μ = = ∂x^μ/∂τ is the four velocity along the “central geodesic” of the one-parameter congruence x^μ(τ, λ), parametrized by λ, and η^μ = ∂x^μ/∂λ, is essentially the coordinate distance between two close probe particles moving along the corresponding geodesics. D_τ denotes the

872 Ŕĺśĳňă ć ĘİŠŤ šőň 94 ćżŕ. 11 { 12 2011 covariant differentiation with respect to the affine parameter τ along the central trajectory.

Consider the case of a maximally symmetric background spacetime with constant curvature scalar R. De Sitter and AdS are two obvious examples of interest. The Riemann tensor of such a space is of the form R_{μνρσ} = − R 12 (g_{μσ} g_{νρ} − g_{μρ}g_{νσ}) . (4) Inserting (4) into (3), one obtains

D^2_τ η^μ = − R 12 [η^μ − (uη)u^μ] . (5)

In the study of the particle creation process, in particular, one can choose η^μ such that (uη) = 0. That is, in the rest frame of one of the particles with u = (1, 0, 0, 0), one observes the motion of the second one at a proper space-like distance from the first, i.e. with η^0 = 0. Then, equation (5) simplifies to

D^2_τ η^i = − R 12 η^i, (6)

where Latin indices denote the spatial coordinates.

In Eqs.(3)–(6) η^μ cannot be chosen arbitrarily: it is a tangent vector to a family of geodesics and is related by the zero-curvature condition to u^μ. Physically significant is, however, not η^μ, but its length z = ||η||, which measures the distance between the geodesics. In any spatially isotropic spacetime one may choose η^i to have only one non-zero component. In this case, using (6) one obtains for the equation of motion of z^{3)}:

∂^2z ∂τ^2 = − R 12 z. (7) 3)Indeed, D2_τ z2 = 2gμν η^μD2_τ η^ν + 2gμν Dτ η^μDτ η^ν = = − R 6 gμν η^μη^ν + 2gμν Dτ η^μDτ η^ν = − R 6 z2 + 2gμν Dτ η^μDτ η^ν . On the other hand,

D2_τ z2 = 2z ∂2z ∂τ 2 + 2 ( ∂z ∂τ )2 . Therefore, ∂2z ∂τ 2 = − R 12 z + X, where X = − 1 2z3 (ημDτ η^μην Dτ η^ν − z2gμν Dτ η^μDτ η^ν ). For any spacelike vector η^μ with only one non-zero component X = 0.

A simple example to illustrate these points is S2. For meridians ϕ = const on a two-dimensional sphere with the metric dθ2 + sin2 θdϕ2 the role of affine parameter τ is played by θ, and the two tangent vectors are u = (1, 0) and η = (0, 1), while z = ||η|| = sin θ and D2_θ η = −η while ∂2_θ z = −z.

This equation, in turn, can be converted into the dispersion relation E = p^2 2 + R 24 z^2, (8)

where p is the momentum conjugate to z. It is amusing to notice, that this equation describes a non-relativistic inverted harmonic oscillator and the tunneling probability is again given by the integral between the turning points and is proportional to (after putting E = −2m) exp ( −2 ∫_l 0 |p(z)|dz ) =

= θ(−R) exp ( −2 ∫_l 0 √ 4m + R 12 z^2 dz ) =

= θ(−R) exp ( − 2πm √ −R/12 ) . (9)

Again, the applicability of the quasiclassical approximation used here, requires that the exponent in this formula is large, i.e. m^2 ≫ −R/12 ≡ H^2.

This formula implies that particles are produced in de Sitter space when the Ricci scalar is negative, R = −12H^2 < 0 (H is the Hubble constant) with probability per unit volume and time interval given by exp (−2πm/H) [5], while they are not produced in AdS space, where the Ricci scalar has the opposite sign and the relevant geodesics decelerate rather than accelerate^{4)}. In the case of massless gravitons in de Sitter, the role of m^2 is played by k^2/a^2(t), for a given mode with comoving momentum k. The production of modes with k^2/a^2(t) . H^2 is expected not to be exponentially suppressed [6].

3. Similarly, one can deal with more complicated non-maximally symmetric spacetimes. In order to determine if particles are produced in these cases, it is not sufficient to look at the sign of the curvature scalar; instead, one has to proceed with a more refined analysis of the geodesic deviation equation. For instance, consider the Friedmann–Robertson–Walker (FRW) metric

ds^2 = Ω^2(x^0) [ (dx^0)^2 − (dx)^2 ] = dt^2 − a^2(t)(dx)^2 (10)

4)The emergence of the oscillator potential (8) in the problem related to de Sitter space should not come as a surprise: in the static coordinate system the de Sitter metric has the form ds2 = (1 − H2r2)dt2 − 1 1 − H2r2 dr2 − r2dΩ2, which in the Newtonian approximation corresponds to the inverted oscillator potential V = −H2r2/2.

Ŕĺśĳňă ć ĘİŠŤ šőň 94 ćżŕ. 11 { 12 2011 and assume for simplicity that the 3-dimensional space is flat. Then, the curvature scalar is equal to R = −6 Ω^{′′} Ω^3

, (11)

where the prime denotes differentiation with respect to x^0, and the geodesic deviation equation reads

D^2_τ η^i = ( Ω^{′′} Ω − 2 Ω^{′2} Ω^2 ) [ (u^0)^2η^i − (u^0η^0)u^i ] +

+ Ω^{′2} Ω^4 [ η^i − (ηu)u^i ] . (12)

In the case of de Sitter, Ω(x^0) = 1/(Hx^0) = exp(Ht). Thus, the first term in this equation vanishes and one returns to formula (5). In the generic FRW-case, on the other hand, in the comoving coordinates of the central geodesic, i.e. for u^μ = (1, 0, 0, 0), equation (12) takes the form

D^2η^i = ( Ω^{′′} Ω^3 − Ω^{′2} Ω^4 ) η^i = ä a η^i, (13)

where the dots denote differentiation with respect to t. Again, this equation can be rewritten as an equation for the distance z between two neighboring geodesics, with the covariant derivatives replaced by the ordinary ones with respect to t, namely

∂^2z ∂t^2 = ä a z. (14)

This equation also describes an oscillator but with timedependent frequency, and, depending on the explicit form of a(t), there can be relatively accelerating geodesics, in which case particle creation will take place.

The lesson is that the particle production is determined in general not simply by the sign of the curvature scalar, but by the sign of ä (given that a > 0). Pairs are produced only if ä > 0. Note that a solution of (14) is just z(t) = a(t). For a power-law behavior of the scaling factor a(t) ∼ t^s, the condition ä > 0 becomes s(s − 1) > 0. This inequality is satisfied for s > 1 or s < 0. The latter behaviour, however, describes a contracting universe in which, of course, there is no chance of particle creation. On the contrary, in the case of s > 1 describing a superluminal accelerated expansion, pair production takes place. In order to calculate the production rate in these FRW-metrics, one has to deal with an oscillator with varying frequency and, correspondingly, a time dependent barrier. This requires detailed analysis and the answer will depend on the explicit form of a(t) [7].

4. A few simple thoughts related to the fate of de Sitter evolution as a result of particle production are in order. Since emerging particles gravitate, they act against the “anti-gravity” of de Sitter space, which “repels” particles. It is an old hypothesis [8], that maybe the back reaction of created particles could drastically affect the fate of the de Sitter evolution, perhaps even stopping its accelerated expansion. For this to happen, however, the density of created particles should be big enough and maybe “explosive”. This is not easy to achieve due to the dilution of the produced particles by the space expansion.

The particle density n = N/V in the absence of selfinteractions is governed by the well-known equation ṅ = α − n V̇ V , (15)

where the first term on the r.h.s. describes the creation of particles, α ∼ exp (−2πm/H), while the second term describes their dilution. In the exponentially expanding flat de Sitter one obtains V ∼ exp(3Ht), so that V̇ /V = 3H = const and (15) implies that n = α 3H + βe^{−3Ht}, (16) which does not grow with time and the first term is exponentially small so that the creation of particles cannot stop the accelerated expansion.

This well-known result is due to the exponential expansion of de Sitter space. One way one might expect to change the situation is by introducing self-interaction among the produced particles (see [9, 10] for further discussion). The self-interaction can stimulate production of particles with a chain reaction, represented in (15) by an extra term of the form γn with γ > 0 on the right hand side. Hence, if γ > 3H, this term dominates over dilution and particle production can eventually cancel the de Sitter exponential expansion, as a result of the exponential increase of the matter density^{5)}: n = α 3H − γ + βe^{(γ−3H)t}. (18) No quantum correlations, fusion of created particles, or the effect of Bose statistics was taken into account above.

5)If the spatial section of the space-time is closed, i.e. V ∼ cosh3(Ht), one obtains instead n = α 8 cosh3(Ht) [ e3^{Ht} 3H − γ − e^−3^{Ht} 3H + γ + e^{Ht} H − γ − e^{−Ht} H + γ ] + + β e^{γt} cosh3(Ht)

, (17)

which does not change the conclusion.

Ŕĺśĳňă ć ĘİŠŤ šőň 94 ćżŕ. 11 { 12 2011

The latter, in particular may lead to higher powers of n on the r.h.s. of the density evolution equation and has been discussed in [9].

5. Any account of self-interaction which leads to fast increase of particle density implies that the Einstein equations should be modified. In particular, this means that the acceleration of the Universe expansion can change to deceleration. Indeed, ä a ∼ −(3p + ϵ), (19)

where ϵ is the energy density and p is the pressure. Since in the de Sitter space ϵ = H^2 = −p, the acceleration is positive. However, if enough particles are produced with positive both ϵ and p (the relation between ϵ and p depends on the model), one can change the sign of the r.h.s. of (19).

However, the curvature

R ∼ −(ϵ − 3p) = −T^μ_μ (20)

only increases^{6)} in its absolute value when any real particles are created, with ϵ − 3p ≥ 0. Thus, while creation of particles can indeed act against and, perhaps, even stop the accelerated expansion, looking at the curvature and assuming that it is the negative curvature which controls particle production one could, at first sight, think that there is violation of the Le Chatelier principle, namely, that negative curvature creates particles, and at the same time it becomes more negative as a result of this. However, as we saw in Section 3, it is the acceleration ä and not the curvature that controls the particle production. Since, according to (19) the acceleration decreases as a result of particle creation, there is no contradiction with the Le Chatelier principle.

6. An elementary quantum mechanical (as opposed to quantum field theoretic) discussion of particle production in gravitational backgrounds was presented, appealing as much as possible to physical intuition and carefully avoiding the formal and usually technically very involved argumentation. It relates the phenomenon of pair production to the accelerated deviation of nearby geodesics in the given spacetime background. In simple cases of maximally symmetric backgrounds, it leads to the known exponential barrier penetration formula for the probability of such particle production. The approach is general, valid in locally curved spacetimes of any dimensionality. Our arguments are not expected to be new to the experts, but surprisingly, they seem not

6)In [11], the authors obtained a decrease of the cosmological constant as a result of negative corrections to ϵ due to the interaction between gravitons.

to be explicitly presented in the existing literature. Sophisticated previous work in the context of the WKBapproximation for quantum fields can be found, for instance, in [12], but the description in terms of particles, quantum mechanical barrier penetration and the relation to the geodesic deviation equation presented here, is to the best of our knowledge new.

Work supported in part by the EU grant # FP7- REGPOT-2008-1-CreteHEPCosmo-228644, as well as by the grants of the Russian Federal Nuclear Energy Agency under contract # H.4e.45.90.11.1059, by the Ministry of Education and Science of the Russian Federation under contract # 02.740.11.0081, by RFBR grants # 10-02-00509 (A. Mir.), 10-02-00499 (A. Mor.), by joint grants # 11-02-90453-Ukr, 09-02-93105-CNRSL, 09-02- 91005-ANF, 10-02-92109-Yaf-a, 11-01-92612-Royal Society. A.M. and A.M. would like to thank the Department of Physics and the ITCP of the University of Crete for their hospitality and support during their visits.

1. O. Klein, Z. Phys. 53, 157 (1929); F. Sauter, Z. Phys.

69, 742 (1931); 73, 547 (1931); A. Sommerfeld, Atombau und Spektrallinien, II Band, Braunschweig, 1951; F. Hund, Z. Phys. 117, 1 (1941); Materie als Feld, Springer, 1954; R. P. Feynman, Quantum electrodynamics, A lecture note, N.Y., 1961; A. I. Nikishov, JETP 57, 1210 (1969); N. B. Narozhny and A. I. Nikishov, Yad. Fiz. 11, 1072 (1970).

2. J. Schwinger, Phys. Rev. 82, 664 (1951); V. I. Ritus, Nucl. Phys. B 44, 236 (1972); T. N. Tomaras, N. C. Tsamis, and R. P. Woodard, Phys. Rev. D 62, 125005 (2000); hep-ph/0007166; [see also a recent review and more references in: G. V. Dunne, hep-th/0406216].

3. E. Schr-odinger, Physica 6, 899 (1939); L. Parker, Phys.

Rev. Lett. 21, 562 (1968).

4. L. Landau and E. Lifshitz, The Classical Theory of Fields, Course of Theoretical Physics, V. 2.

5. E. Mottola, Phys. Rev. D 31, 754 (1985); G. E. Volovik, Int. J. Mod. Phys. D 18, 1227 (2009); arXiv:0803.3367; JETP Lett. 90, 1 (2009), arXiv:0905.4639; E. T. Akhmedov, Mod. Phys. Lett. A 25, 2815 (2010); arXiv:0909.3722.

6. N. C. Tsamis and R. P. Woodard, Nucl. Phys. B 724, 295 (2005); gr-qc/0505115; Phys. Rev. D 78, 028501 (2008); arXiv:0708.2004; J. Garriga and T. Tanaka, Phys. Rev. D 77, 024021 (2008); hep-th/0706.0295.

7. A. M. Perelomov and Ya. B. Zeldovich, Quantum Mechanics: Selected Topics, World Scienti˛c; N. Fr-oman and P. O. Fr-oman, Phase-Integral Method, Springer- Verlag, N.Y., 1996.

8. A. M. Polyakov, Sov. Phys. Usp. 25, 187 (1982) [Usp.

Fiz. Nauk 136, 538 (1982)].

Ŕĺśĳňă ć ĘİŠŤ šőň 94 ćżŕ. 11 { 12 2011

9. A. M. Polyakov, Nucl. Phys. B 797, 199 (2008);

arXiv:0709.2899; Nucl. Phys. B 834, 316 (2010); arXiv:0912.5503.

10. N. Myhrvold, Phys. Rev. D 28, 2439 (1983); I. Antoniadis, J. Iliopoulos, and T. N. Tomaras, Phys. Rev. Lett. 56, 1319 (1986); E. Alvarez and R. Vidal, JCAP 1011, 043 (2010); arXiv:1004.4867; arXiv:1107.3134; A. Higuchi, Class. Quant. Grav. 26, 072001 (2009);

arXiv:0809.1255; J. Bros, H. Epstein, and U. Moschella, arXiv:0812.3513.

11. N. C. Tsamis and R. P. Woodard, Annals Phys. 253, 1 (1997); hep-ph/9602316.

12. T. Damour and R. Ru‹ni, Phys. Rev. D 14, 332 (1976);

M. Nagasawa and J. Yokoyama, Nucl. Phys. B 370, 472 (1992); J. Martin and D. J. Schwarz, Phys. Rev. D 67, 083512 (2003), astro-ph/0210090; J. Grain and A. Barrau, Nucl. Phys. B 742, 253 (2006); hep-th/0603042.

Ŕĺśĳňă ć ĘİŠŤ šőň 94 ćżŕ. 11 { 12 2011