Pis’ma v ZhETF, vol. 97, iss. 1, pp. 49 – 55 © 2013 January 10

Spectral duality in integrable systems from AGT conjecture

A. Mironov^{+∗1)}, A. Morozov^{∗ 1)}, Y. Zenkevich^{∗×∘ 1)}, A. Zotov^{∗ 1)}

+Theory Department, Lebedev Physics Institute 119991 Moscow, Russia

∗Alikhanov Institute for Theoretical and Experimental Physics, 117218 Moscow, Russia

×Physical Department, Lomonosov Moscow State University, 119234 Moscow, Russia

∘Institute for Nuclear Research of the RAS, 117312 Moscow, Russia

Submitted 3 December 2012

We describe relationships between integrable systems with N degrees of freedom arising from the AGT conjecture. Namely, we prove the equivalence (spectral duality) between the N-cite Heisenberg spin chain and a reduced glN Gaudin model both at classical and quantum level. The former one appears on the gauge theory side of the AGT relation in the Nekrasov–Shatashvili (and further the Seiberg–Witten) limit while the latter one is natural on the CFT side. At the classical level, the duality transformation relates the Seiberg– Witten differentials and spectral curves via a bispectral involution. The quantum duality extends this to the equivalence of the corresponding Baxter–Schrödinger equations (quantum spectral curves). This equivalence generalizes both the spectral self-duality between the 2 × 2 and N × N representations of the Toda chain and the famous AHH duality.

DOI: 10.7868/S0370274X13010104

In this paper we study the AGT (Alday–Gaiotto– Tachikawa) correspondence [1] at the level of integrable systems [2–4] (see also [5–15]). More exactly, we deal with the AGT inspired models which emerge in the limiting case. The full AGT correspondence associates the conformal block of the Virasoro or W - algebra in two-dimensional conformal field theory with the LMNS (Losev–Moore-Nekrasov–Shatashvili) integral [16] (Nekrasov functions [17]) describing the twoparametric deformation of Seiberg–Witten theory by Ω-background. The classical integrable systems emerge when both deformation parameters are brought to zero, while when only one of the parameters going to zero (the Nekrasov–Shatashvili limit [3]) the integrable system gets quantized. We shall study here only the correspondence between AGT inspired integrable systems in these two limiting cases.

It is important that the two sides of the AGT correspond to a priori different types of integrable models which should actually coincide due to AGT. This leads to non-trivial predictions of equivalence of different models and also illuminates what the equivalence exactly means. Here we consider the simplest example of this kind: the equivalence of the four-point conformal block and the prepotential in the SU(N) SUSY

1)e-mail: mironov@itep.ru; mironov@lpi.ru; morozov@itep.ru; yegor.zenkevich@gmail.com; zotov@itep.ru

theory with vanishing β-function. On the gauge theory side the (classical) integrable system is known [18] to be the Heisenberg chain [19] which is described by the spectral curve (hypersurface in C × C^∗) Γ^{Heisen}(w, x): det[w − T (x)] = 0 with GL_2-valued N-site transfermatrix T (x) and Seiberg–Witten [20] (SW) differential dS^{Heisen}(w, x) = x^{dw}_w . On the CFT side the corresponding integrable system was argued to be some special reduced Gaudin model [21] defined by its spectral curve Γ^{Gaudin}(y, z) : det[y − L(z)] = 0 with gl_N -valued Lax matrix L(z) and the SW differential dS^{Gaudin}(y, z) = ydz. The original argument [1] dealt with the SU(2) case and implied that on the conformal side of the AGT correspondence the counterpart of the SW differential is played by the average of the energy-momentum tensor, and this latter shows up a pole behaviour which is rather associated with the Gaudin model. This argument was refined later by associating the SW differential with an insertion of the surface operator [6, 9, 11] or with the matrix model resolvent [7].

If considering the case of higher rank group SU(N), which on the gauge theory side is associated with the Heisenberg chain (on N sites), one has to take into account that on the conformal side the AGT conjecture in this case deal with a four-point conformal block of the W_N -algebra [5], however not an arbitrary one but that restricted with special conditions imposed onto two of the four external operators (states) of the block. This

4 Письма в ЖЭТФ том 97 вып. 1 – 2 2013 49 means that there are two arbitrary operators parameterized by N − 1 parameters each and two other operators parameterized by only one parameter each. In integrable terms this means that one should expect for the associated integrable system, the reduced Gaudin model that it is described by two coadjoint orbits of the maximal dimensions inserted in two points, and by two coadjoint orbits of the minimal dimensions inserted in two other points. As we shall see, this is, indeed, the case.

In this letter we show that the change of variables z = w, y = x/w relates the curves and SW differentials of the two integrable systems under discussion (the Heisenberg spin chain and the reduced Gaudin model). It means that with this change of variables the following relations hold true:

Γ^{Gaudin}(y, z) = Γ^{Heisen}(z, zy),

dS^{Gaudin}(y, z) = dS^{Heisen}(z, zy). (1)

This type of relations between spectral curves appeared in [22]^{2)}.

Let a pair of (algebraically) integrable models be described by the spectral curves Γ(λ, z) = 0, Γ^′(λ^′, z^′) = = 0 and the corresponding SW differentials dS(λ, z), dS^′(λ^′, z^′). Then the models are called spectrally dual (this term is borrowed from [23]) at the classical level if there exists a change of variables

λ^′ = λ^′(λ, z), z^′ = z^′(λ, z)

such that

Γ(λ, z) = Γ^′[z^′(λ, z), λ^′(λ, z)] and dS(λ, z) ∼= dS[λ^′(λ, z), z^′(λ, z)], (2)

where ∼= emphasizes that the SW differential for the integrable system is determined up to a full differential on the spectral curve.

The duality transformation acts by bispectral involution [24] which interchanges the roles of the eigenvaluevariable and spectral parameter.

A well-known simpler example (found by L. Faddeev and L. Takhtajan [25]) is the periodic Toda chain. It can be described by both the gl(N)-valued Lax matrix:

2)We call the duality between Gaudin models described in [22] as AHH (Adams–Harnad–Hurtubise) duality. See the comment in the end of the paper.

L^{Toda}_{N×N} (z) = (3)

p_1 e^{12 (q2−q1 )} 0 ze^{12 (q1 −qN )} e^{12 (q2 −q1 )} p_2 e^{12 (q3−q2 )} . . . 0 0 e^{12 (q3−q2 )} p_3 0 . . . 1 z e^{12 (q1−qN )} 0 0 p_N

and the GL(2)-valued transfer-matrix:

T^{Toda}_{2×2} (λ) = L_N (λ)...L_1(λ),

L_i(λ) = ( λ − p_i e^{qi} −e^{−qi} 0 ) , i = 1, . . . , N. (4)

The spectral curves defined by these representations are related by the bispectral involution, i.e.

det[λ−L^{Toda}_{N×N} (z)] = 0 and det[z−T^{Toda}_{2×2} (λ)] = 0 (5)

coincide. The SW differential is the same in both cases dS = λ^{dz}_z . Therefore, the periodic Toda chain is a selfdual model [26].

The quantum version of the duality appears from the exact quasi-classical quantization of the spectral curves. Considering the SW differential as a symplectic 1-form [27] on C×C^∗-plane (y, z) yields a pair of canonical variables (p(y, z), q(z)) which brings the SW differential to dS(y, z) = pdq. Then there is a natural quantization of the spectral curve defined by the rule (p, q) → (ℏ∂_q , q).

Let two integrable models be described by the Baxter equations

Γ̂Ψ = 0 and Γ̂^′Ψ^′ = 0. (6)

They are called spectrally dual at the quantum level if their Baxter equations coincide.

For the above mentioned models one has:

Γ̂Heisen(z, ℏz∂_z)ΨHeisen(z) = 0, (7)

Γ̂^{Gaudin}(ℏ∂_z, z)Ψ^{Gaudin}(z) = 0 (8)

with some choice of ordering. The wave functions can be written in terms of the quantum deformation of the SW differential on the spectral curve, i.e. Ψ(z) = exp [ −^1_ℏ

∫_q

dS(ℏ) ] , where dS(ℏ) = p(q, ℏ)dq and p(q, 0) = p(q)|_Γ. The monodromies of the wave function

Письма в ЖЭТФ том 97 вып. 1 – 2 2013 around A- and B-cycles of Γ are given by the quantum deformed action type variables [4]:

Ψ(z + A_i) = exp ( − 1 ℏ a^ℏ_i ) Ψ(z), a^ℏ_i = ∮ A_i

dS(ℏ),

Ψ(z + B_i)= exp ( − 1 ℏ ∂F_{NS} ∂a^ℏ_i ) Ψ(z),

∂F_{NS} ∂a^ℏ_i = ∮ B_i

dS(ℏ), (9) where F_{NS} is the Nekrasov–Shatashvili limit [3] of the LMNS integral [16].

The AGT conjecture predicts the following relations:

a^ℏ_i (Ψ^{Heisen}) = a^ℏ_i (Ψ^{Gaudin}),

∂F_{NS} ∂a^ℏ_i

(Ψ^{Heisen}) =

∂F_{NS} ∂a^ℏ_i

(Ψ^{Gaudin}),

(10)

which imply the quantum spectral duality.

In this paper we deal with the known quantum equation (7) for the XXX chain – the Baxter equation^{3)} [29]: [ trT (ℏz∂_z)− z 1 + q

K_+(ℏz∂_z) − q (1 + q)z

K_−(ℏz∂_z) ] × × Ψ^{Heisen}(z) = 0. (11)

We verify that (11) can be re-written as the quantum spectral curve of the Gaudin model (8). In this way we arrive to the quantum version of duality:

Ψ^{Heisen}(z) = Ψ^{Gaudin}(z). (12)

Below we briefly describe the models and formulate the spectral duality. Some comments are given at the end. Most of details can be found in [30]. In that extended version we also describe the Poisson map between models.

1. N-site GL_2 Heisenberg (XXX) chain. It is classically defined by its spectral curve

Γ^{Heisen}(w, x) : trT (x) − 1 1 + q wK^+(x) − − q 1+q w^{−1}K^−(x) = 0, K^±(x) = N∏ i=1 (x − m^±_i ) (13)

and SW differential

dS^{Heisen}(w, x) = x dw w . (14)

3)It arises as an equation for the Baxter Q-operator eigenvalues in the Quantum Inverse Scattering Method [28]. Originally, it was written in difference (Fourier-dual) form.

T (x) in (13) is GL_2-valued transfer-matrix:

T (x) = V L_N (x) . . . L_1(x), L_i(x)=x−x_i +S^i,

i = 1 . . . N, V = 1 − q (1 + q)^2 1 0 , S^i ∈ sl_2 : Spec(S^i) = (K_i, −K_i), m^±_i = x_i ± K_i. (15) Function

trT (x) = x^N + N∑ i=1 x^{i−1}H^{Heisen} i (16)

provides commuting integrals of motion. The spectral curve (13) follows directly from its definition det[w − − T (x)] = 0 with the change w → w^1_{1+q} K^+(x).

2. Special (reduced) gl_N Gaudin model on CP^1\{0, 1, q, ∞}. It is described by the spectral curve

Γ^{Gaudin}(y, z) : det[y − L(z)] = 0,

L(z) =

A^0 z + A^1 z − 1 + A^q z − q

∈ gl_N

(17)

with additional conditions including the reduction constraints^{4)}

A^0 + A^1 + A^q + A^∞ = 0, A^∞ ≡ Υ = diag(υ_1, ..., υ_N ), Spec(A^0) = (μ_1, ..., μ_N ), A^1 = ξ^1 × η^1, A^q = ξ^q × η^q , (18) i.e. A^1 and A^q are gl_N matrices of rank 1 (this type of configuration was already discussed [31, 10]). Using specification (18) the spectral curve can be find explicitly using the following simple fact: For any given invertible matrix G ∈ Mat(N) and a pair of N-dimensional vectors ξ and η

det(G + ξη^T) = (1 + η^TG^{−1}ξ) det G and (G + ξη^T)^{−1} = G^{−1} − 1 1 + η^TG^{−1}ξ

G^{−1}ξη^TG^{−1}.

Then for Γ^{Gaudin}(y, z) we have

[η^1(zy+Υ)^{−1}ξ^1 +qη^q(zy+Υ)^{−1}ξ^q +q+1] N∏ i=1 (zy+υ_i)

= z N∏ i=1 (zy+υ_i)+ z^{−1}q N∏ i=1 (zy−μ_i) (19)

4)One should also fix the action of the Cartan subgroup. We do not discuss it here since it does not effect the curve.

Письма в ЖЭТФ том 97 вып. 1 – 2 2013 4^∗ or N∏ i=1 (zy + υ_i) + N∑ k=1 η^1_kξ^1_k + qη^q_kξ^q_k

q + 1 N∏ i≠k

(zy + υ_i) =

= z q + 1 N∏ i=1 (zy + υ_i)+z^{−1} q q + 1 N∏ i=1 (zy − μ_i). (20)

The SW differential is

dS^{Gaudin}(y, z) = ydz. (21)

The classical spectral duality. First, notice that the both models (as classical mechanical systems) describe dynamics of N −1 degrees of freedom and depend on 2N + 1 parameters.

Indeed, the dynamical variables of the off-shell Gaudin model (18) are A^{0,1,q,∞}. Fixing the Casimir functions restricts A^{0,1,q,∞} to the coadjoint orbits of maximum dimensions (N^2 − N) at z = 0, ∞ and of minimal dimensions (2N − 2) at z = 1, q. Then the reduction by the coadjoint action of GL_N gives the following dimension of the phase space:

2(N^2 − N) + 2(2N − 2) − 2(N^2 − 1) = 2(N − 1). (22)

The number of parameters is 2N + 3: {υ_1, ..., υ_N , μ_1, ..., μ_N , trA^1, trA^q , q}. Two of them, (trA^0, trA^∞) can be eliminated from the spectral curve by the shift of y. Therefore, the number of independent parameters is 2N + 1.

For the Heisenberg chain, one initially has N sl_2- valued variables S^i with the Casimir functions fixed at each site:^1_2 tr ( S^i

)_2 = K^2_i . The reduction by Stab[V (q)] ∼= Cartan(GL_2) fixes two independent variables. Therefore, for the dimension of the phase space one has 3N − N − 2 = 2(N − 1) (23)

and there are 2N + 1 parameters {x_1, ..., x_N , K_1, ..., K_N , q}.

The duality between models is described in the following way.

The N-site GL_2 Heisenberg XXX chain defined by (13)–(16) and the gl_N Gaudin model (17)–(21) are spectrally dual at the classical level

Γ^{Gaudin}(y, z) = Γ^{Heisen}(w, x),

dS^{Gaudin}(y, z) = dS^{Heisen}(w, x)

(24)

with the following change of variables

z = w, y = x/w, (25) identification of parameters

m^+_i = −υ_i, m^−_i = μ_i, 1 ≤ i ≤ N, (26)

and relation between generating functions of the Hamiltonians:

trT^{Heisen}(y) = det(y+Υ) × × [ 1+ 1 1 + q η^1(y+Υ)^{−1}ξ^1 + q 1 + q η^q(y+Υ)^{−1}ξ^q ] . (27)

The proof of the statements follows from the comparison between (13), (14), and (19)–(21). In particular,

H^{Heisen} N = 1 1 + q trA^1 + q 1 + q trA^q + N∑ k=1 υ_k. (28)

In the abstract the equivalence between the models was announced. The equivalence should be understood as (24). Indeed, the spectral curves describe the models in terms of the separated variables while the SW differentials encode the symplectic structures in terms of these variables.

The quantum spectral duality. The quantization of the XXX chain spectral curve (19) with the SW differential (14) means that x should be simply replaced by ℏw∂_w . Then one gets the Baxter equation: [ tr T (ℏw∂_w) − w 1 + q

K_+(ℏw∂_w )− − q (1 + q)w

K_−(ℏw∂_w ) ] Ψ^{Heisen}(w) = 0. (29)

Equivalently, for the Gaudin spectral curve (20) the quantization is given by the replacement y → ℏ∂_z: N∏ i=1 (zℏ∂_z+υ_i)+ N∑ k=1 η^1_k ξ^1_k+qη^q_k ξ^q_k q + 1 N∏ i≠k

(zℏ∂_z + υ_i)−

− z q + 1 N∏ i=1 (zℏ∂_z+υ_i) − z^{−1} q q + 1 N∏ i=1 (zℏ∂_z−μ_i) ] × × Ψ^{Gaudin}(z) = 0. (30)

Let us summarize the quantum version of the spectral duality. The N-site GL_2 Heisenberg XXX chain defined by (13)–(15), (29) and the gl_N Gaudin model (17)–(18), (30) are spectrally dual at the quantum level with the following relation between the wave functions:

ψ_{XXX}(z) = ψ_{Gaudin}(z)e^{1N ℏ ∫ z bℏ dz}, (31)

where b_ℏ is given below (37), i.e. the Baxter equation of the Heisenberg chain can be rewritten as the quantization of the Gaudin model spectral curve.

Письма в ЖЭТФ том 97 вып. 1 – 2 2013

Obviously, the differential operators in the brackets of (29) and (30) can be identified in the same way as the classical spectral curves did.

Let us comment the obtained results and their relations to known constructions.

• AHH duality. In [22] (see also [32]) the authors considered the Gaudin model with M marked points and the Lax matrix defined as follows:

L^G_{AHH} (z) = Y + M∑ c=1 A^c z − z_c , Y = diag (y_1, ..., y_N ), A^c ∈ gl_N .

(32)

The later differs from ours. The difference is significant since Y ≠ 0 leads to the second order pole at ∞ for L^G_{AHH} (z)dz. The phase space is also different. It is a direct product of the coadjoint orbits (equipped with a natural Poisson– Lie structure) factorized by the stabilizer of Y : O^1 × · · · × O^M //Stab(Y ).

In the case when all A^c are of rank 1 the dual Lax matrix is the gl_M -valued function with Ỹ = diag(z_1, ..., z_M ) and N marked points at y_1, ..., y_N :

L̃^G_{AHH} (z) = Ỹ +^N ∑ c=1 Ãc z − y_c , Ỹ = diag(z_1, ..., z_M ), Ã^c ∈ gl_M .

(33)

The duality implies the following relation between the spectral curves:

det(Ỹ − z) det[L^G_{AHH} (z) − λ] = = det(Y − λ) det[L̃^G_{AHH} (λ) − z]. (34)

The dimensions of the phase spaces of both models equal 2(N − 1)(M − 1) and the number of parameters is 2(N + M) − 3.

• Sometimes sl_N description of the Gaudin model is more convenient than the gl_N one. The transformation of the spectral curve from gl_N to sl_N is given by the simple shift:

y → y^′ = y − 1 N trL(z) =

= y − 1 zN ( −trΥ + trA^1 z − 1 + q trA^q z − q ) . (35)

In this case the change of variables (25) is modified^{5)}:

z = w, y^′ = x − R(z) w , R(z) = 1 N ( −trΥ + trA^1 z − 1 + q trA^q z − q ) . (36)

The equality of the wave functions (12) acquires the predictable multiple:

Ψ^{Heisen}(z) = Ψ^{Gaudin}(z)e^{1N ℏ ∫ z bh(z)dz},

b_ℏ(z) =

1 + q (z − 1)(z − q) ×

× ( H^{Heisen} N + z ∑_N k=1 m^+_k 1 + q + q ∑_N

k=1 m^−_k (1 + q)z ) −

−ℏ N(N − 1) 2z . (37)

• It should be mentioned that we do not impose any boundary conditions which provide a valuable quantum problem, i.e. we do not specify wave functions explicitly. To compare the quantum problems one needs a construction of the Poisson (and then quantum) map between the phase spaces (Hilbert spaces) of the two models. At classical level this map is given in [30].

Alternatively, one can specify the spaces of solutions initially and then verify their identification through the duality transformation. This is the recipe of [33] where the authors considered duality between the XXX chain and trigonometric Gaudin model at the quantum level in terms of the corresponding Bethe vectors. Their description is based on the linear (Lie algebra) commutation relations, while the Gaudin model under consideration here is the rational (although reduced) one. The Poisson structure (which is discussed at the classical level) is quadratic. The precise connection between theses two cases deserves further elucidation.

• Besides the approach proposed here, a quantization of the Gaudin model is known from [34] and [35]. We hope to shed light on relations between the quantizations in further publications.

5)In this form the change of variables was found in [12] for sl_2 case.

Письма в ЖЭТФ том 97 вып. 1 – 2 2013

54 A. Mironov, A. Morozov, Y. Zenkevich, A. Zotov

• As is well known, the sl_2 reduced Gaudin model with the configuration discussed above can be written in different elliptic forms [36–39] with q be a function of the modular parameter. Therefore, one can expect some elliptic parametrization for the sl_N case as well. Another remark is that the Gaudin-type models are related to many-body systems via modification procedure [40]. We plan to return to these issues in further publications.

• At last, let us mention possible generalizations of the correspondence proposed in this letter. First of all, one can naturally consider multi-point conformal blocks. This provides one with the multipoint Gaudin model. At the same time, the AGT predicts in this case on the other side of the correspondence the theory with gauge group being a product of a few gauge factors. This latter is naturally embedded into the spin magnets with higher rank group [26]. Thus correspondence between GL(p)-magnets and multi-point Gaudin models discussed in [30].

Another interesting generalization is induced by the five-dimensional AGT [41] which implies a correspondence between the XXZ magnets (see [42]) and a Gaudin-like model with relativistic (difference) dynamics. This latter would emerge, since on the conformal side one deal in this case with the q-Virasoro conformal block which implies a difference Schrödinger equation for the block with insertion of the degenerate field. An extension to six dimensions (elliptic extension of the differential operator in the Schrödinger equation versus XY Z magnet) is also extremely interesting to construct.

The authors are grateful to A. Gorsky, A. Zabrodin, and A. Zhedanov for useful comments and remarks. The work was partially supported by the Federal Agency for Science and Innovations of Russian Federation under contracts 14.740.11.0347 (A.Z., Y.Z.) and 14.740.11.0081 (A. Mor, A. Mir), by NSh-3349.2012.2, by RFBR grants 10-02-00509 (A. Mir.), 10-02-00499 (A. Mor., Y.Z.), 12-01-00482 (A.Z.), 12-01-33071 mol_a_ved (A.Z., Y.Z.), and by joint grants 11- 02-90453-Ukr, 13-02-91002-ANF, 12-02-92108-Yaf-a, 11-01-92612-Royal Society. The work of A. Zotov was also supported in part by the Russian President fund MK-1646.2011.1.

1. D. Gaiotto, arXiv:0904.2715; L. F. Alday, D. Gaiotto, and Y.Tachikawa, Lett. Math. Phys. 91, 167 (2010); arXiv:0906.3219.

2. A. Gorsky, I. Krichever, A. Marshakov et al., Phys. Lett.

B 355, 466 (1995); hep-th/9505035; R. Donagi and E. Witten, Nucl. Phys. B 460, 299 (1996); hep-th/9510101.

3. N. Nekrasov and S. Shatashvili, arXiv:0908.4052; N.

Nekrasov, A. Rosly, and S. Shatashvili, Nucl.Phys. (Suppl.) B 216, 69 (2011); arXiv:1103.3919.

4. A. Mironov and A. Morozov, JHEP 04, 040 (2010);

arXiv:0910.5670; J. Phys. A 43, 195401 (2010); arXiv:0911.2396.

5. N. Wyllard, JHEP 11, 002 (2009); arXiv:0907.2189;

A. Mironov and A. Morozov, Phys. Lett. B 680, 188 (2009); arXiv:0908.2190; Nucl. Phys. B 825, 1 (2009); arXiv:0908.2569.

6. L. Alday, D. Gaiotto, S. Gukov et al., JHEP 1001, 113 (2010); arXiv:0909.0945; A. Braverman, arXiv:math/0401409; A. Braverman and P. Etingof; arXiv:math/0409441; V. Fateev and I. Litvinov, JHEP 1002, 014 (2010); arXiv:0912.0504; C. Kozcaz, S. Pasquetti, and N. Wyllard, arXiv:1004.2025.

7. R. Dijkgraaf and C. Vafa, arXiv:0909.2453; H. Itoyama, K. Maruyoshi, and T. Oota, Prog. Theor. Phys. 123, 957(2010); arXiv:0911.4244; T. Eguchi and K. Maruyoshi, arXiv:0911.4797; arXiv:1006.0828; R. Schiappa and N. Wyllard, arXiv:0911.5337; A. Mironov, A. Morozov, and Sh. Shakirov, JHEP 02, 030 (2010); arXiv:0911.5721; Int. J. Mod. Phys. A 25, 3173 (2010); arXiv:1001.0563.

8. A. Popolitov, arXiv:1001.1407; W. He and Y.-G. Miao, Phys. Rev. D 82, 025020 (2010); arXiv:1006.1214; F. Fucito, J. F. Morales, R. Poghossian, and D. R. Pacifici, arXiv:1103.4495; Y. Zenkevich, Phys. Lett. B 701, 630 (2011); arXiv:1103.4843; N. Dorey, T. J. Hollowood, and S. Lee, arXiv:1103.5726; M. Aganagic, M. Cheng, R. Dijkgraaf et al., arXiv:1105.0630.

9. K. Maruyoshi and M. Taki, Nucl. Phys. B841, 388 (2010); arXiv:1006.4505.

10. Y. Yamada, J. Phys. A 44, 055403 (2011);

arXiv:1011.0292.

11. A. Marshakov, A. Mironov, and A. Morozov, J. Geom.

Phys. 61, 1203 (2011); arXiv:1011.4491.

12. A. Mironov, A. Morozov, and S. Shakirov, Int. J. Mod.

Phys. A 27, 1230001 (2012); arXiv:1011.5629. 13. A. Belavin, M. Bershtein, B. Feigin et al., arXiv:1111.2803 14. K. Muneyuki, T.-Sh. Tai, N. Yonezawa, and R. Yoshioka, JHEP 2011, 125 (2011); arXiv:1107.3756.

15. T.-Sh. Tai, JHEP 10, 107 (2010); arXiv:1008.4332. 16. G. Moore, N. Nekrasov, and S. Shatashvili, Nucl. Phys.

B 534, 549 (1998); hep-th/9711108; hep-th/9801061; A. Losev, N. Nekrasov, and S. Shatashvili, Commun. Math. Phys. 209, 97 (2000); hep-th/9712241; ibid. 77, hepth/9803265.

17. N. Nekrasov, Adv. Theor. Math. Phys. 7, 831 (2004);

hep-th/0206161; N. Nekrasov and A. Okounkov, hepth/0306238.

Письма в ЖЭТФ том 97 вып. 1 – 2 2013

Spectral duality in integrable systems from AGT conjecture 55

18. A. Gorsky, A. Marshakov, A. Mironov, and A. Morozov, Phys. Lett. B 380, 75 (1996); arXiv:hep-th/9603140; arXiv:hep-th/9604078.

19. W. Heisenberg, Zeitschrift für Physik 49(9, 10), 619 (1928).

20. N. Seiberg and E. Witten, Nucl. Phys. B 426, 19 (1994);

hep-th/9407087; N. Seiberg and E. Witten, Nucl. Phys. B 431, 484 (1994); hep-th/9408099.

21. R. Garnier, Rend. del Circ. Matematice Di Palermo 4, 43 (1919); M. Gaudin, Jour. Physique 37, 1087 (1976).

22. M. R. Adams, J. Harnad, and J. Hurtubise, Lett. Math.

Phys. 20, 299 (1990); J. Harnad, Comm. Math. Phys. 166, 337 (1994); hep-th/9301076.

23. M. Bertola, B. Eynard, and J. Harnad, Comm. Math.

Phys. 229, 73 (2002); nlin/0108049.

24. G. Wilson, J. Reine Angew. Math. 442, 177 (1993). 25. L. Faddeev and L. Takhtajan, Hamiltonian approach to solitons theory, Nauka, Moscow, 1986 (in Russian) [Berlin: Springer-Verlag, 1987].

26. A. Gorsky, S. Gukov, and A. Mironov, Nucl. Phys. B 517, 409 (1998); arXiv:hep-th/9707120; A. Gorsky and A. Mironov, hep-th/0011197.

27. I. M. Krichever and D. H. Phong, hep-th/9708170. 28. E. Sklyanin, L. Takhtajan, and L. Faddeev, Theor.

Math. Phys. 40, 194 (1979); P. P. Kulish, N. Yu. Reshetikhin, and E. K. Sklyanin, Lett. Math. Phys. 5(5), 393 (1981); P. Kulish AND E. Sklyanin, Phys. Lett. A 70(5, 6), 461 (1979); A. Izergin фтв V. Korepin, Comm. Math. Phys. 79(3), 303 (1981); L. D. Faddeev, Lectures on quantum inverse scattering method, World Scientific, Singapore, 1990.

29. R. J. Baxter, Exactly Solved Models in Statistical Mechanics, Academic Press, London, 1982.

30. A. Mironov, A. Morozov, B. Runov et al., arXiv:1206.6349.

31. T. Tsuda, Comm. Math. Phys. 248, 501 (2004);

arXiv:1007.3450.

32. L. Bao, E. Pomoni, M. Taki, and F. Yagi, arXiv:1112.5228.

33. E. Mukhin, V. Tarasov, and A. Varchenko, math/0510364; Advances in Mathematics 218, 216 (2008); arXiv: math/0605172.

34. B. Feigin, E. Frenkel, and N. Reshetikhin, Comm. Math.

Phys. 166, 27 (1994).

35. D. Talalaev, Func. Anal. Appl. 40, 73 (2006); A. Chervov and D. Talalaev, hep-th/0604128.

36. P. Painlevé, C.R. Acad. Sci. (Paris) 143, 1111 (1906);

Yu. Manin, AMS Transl. 186(2), 131 (1998); V. Inozemtsev, Lett. Math. Phys. 17, 11 (1989); A. Zotov, Lett. Math. Phys. 67, 153 (2004); hep-th/0310260.

37. A. Levin, M. Olshanetsky, and A. Zotov, Commun.

Math. Phys. 268, 67 (2006); math.QA/0508058; A. Levin and A. Zotov, AMS Transl. 221(2), 173 (2007);

38. A. Zabrodin and A. Zotov, J. Math. Phys. 53, 073507 (2012); arXiv:1107.5672 [math-ph]; A. Zabrodin and A. Zotov, J. Math. Phys. 53, 073508 (2012).

39. M. A. Olshanetsky and A. V. Zotov, Rokko Lectures in Mathematics 18, 149 (2005); Yu. Chernyakov, A. Levin, M. Olshanetsky, and A.Zotov, J. Phys. A: Math. Gen. 39, 12083 (2006); arXiv:nlin/0602043 [nlin.SI].

40. A. Levin and A. Zotov, Theor. Math. Phys. 146(1), 45 (2006); A. Levin, M. Olshanetsky, and A. Zotov, Commun. Math. Phys. 236(1), 93 (2003); A. Levin, M. Olshanetsky, A. Smirnov, and A. Zotov, Commun. Math. Phys. 316(1), 1 (2012); Journal of Geometry and Physics 62, 1810 (2012); A. Levin, M. Olshanetsky, A. Smirnov, and A. Zotov, arXiv:1207.4386; arXiv:1208.5750.

41. H. Awata and Y. Yamada, JHEP 1001, 125 (2010); arXiv:0910.4431; arXiv:1004.5122; S. Yanagida, arXiv:1005.0216; A. Mironov, A. Morozov, Sh. Shakirov, and A. Smirnov, Nucl. Phys. 855, 128 (2012).

42. A. Gorsky, S. Gukov, A. Mironov, Nucl. Phys. B 518, 689 (1998); arXiv:hep-th/9710239; A. Marshakov and A. Mironov, Nucl. Phys. B 518, 59 (1998); hep-th/9711156.

Письма в ЖЭТФ том 97 вып. 1 – 2 2013