Pis’ma v ZhETF, vol. 101, iss. 1, pp. 14 – 18 © 2015 January 10

Confinement of inertial particles in viscous boundary layer of turbulent flow

S. Belan^{1)}, A. Chernykh^{+∗}, V. Lebedev, S. Vergeles

Landau Institute for Theoretical Physics of the RAS, 119334 Moscow, Russia

Moscow Institute of Physics and Technology, 141700 Dolgoprudny, Russia

+Institute of Automation and Electrometry SB of the RAS, 630090 Novosibirsk, Russia ∗Novosibirsk State University, 630073 Novosibirsk, Russia

Submitted 18 November 2014

We examine space and momentum probability distribution of inertial particles when they are placed in the viscous boundary sublayer of a turbulent flow. We demonstrate that at varying elasticity of the particle collisions with the wall the confinement-deconfinement transition occurs: at β < βc the particles are blocked near the wall whereas at β > βc they gradually pass into bulk. Here β is elasticity coefficient and βc = exp(−π/ √ 3). DOI: 10.7868/S0370274X15010038

Statistical properties of inertial particles in turbulent flows are subject of numerous investigations (see, e.g., Refs. [1–3]). The problem is of fundamental importance and concerns many practically essential phenomena like behavior of droplets in clouds, dust in atmosphere etc. If the turbulent flow is inhomogeneous then the so-called turbophoresis occurs: inertial particles migrate toward regions of relatively weak turbulence [4–9]. That leads to an inhomogeneous distribution of the particles in space. Particularly, they are accumulated near walls where turbulence is weakened in comparison with bulk.

One can consider another setup: inertial particles initially placed near an impenetrable wall are then washed out into bulk due to turbulent motion. The question is what are dynamical and statistical properties of this transport process. The phenomenon was examined in Refs. [10, 11] for non-inertial particles (passive scalar) in the viscous sublayer of a turbulent flow. Here, we investigate inertial particles placed in the viscous sublayer. Inertia changes drastically the process of particle migration since inertial particles lag the flow that diminishes efficiency of sweeping the particles into bulk.

We demonstrate that the sweeping efficiency depends dramatically on elasticity of the particle collisions with the wall: at small elasticity the particles are confined near the wall whereas at moderate elasticity they are swept gradually by the flow to bulk. There is a critical value of elasticity that is border of the two regimes. The phenomenon is similar to the localizationdelocalization transition that was established for iner-

1)e-mail: belan@itp.ac.ru

tial particles in an inhomogeneous turbulent flow in Ref. [12]. However, in our case the control parameter is elasticity rather than the inertia degree as in Ref. [12].

The dynamic equation describing an inertial particle motion in a fluid is written as (see, e.g., Ref. [13]) τ dv dt + v = u + ξ. (1)

Here, v is the particle velocity, u is the fluid velocity, ξ is Langevin force (responsible for the Brownian motion of the particle), and τ is the Stokes relaxation time of the particle associated with its inertial properties. One can say that the second term in the left-hand side of Eq. (1) represents “friction” between the particle and the (unmoving) fluid whereas the terms in the right-hand side of Eq. (1) are “forcing” terms. The terms describe the particle drag produced by turbulent and thermal flow fluctuations, respectively.

In the viscous sublayer of a turbulent flow the fluid velocity is smooth in space that is it can be expanded into the Taylor series. Assuming that the wall is flat we find u_x, u_y ∝ z, u_z ∝ z^2, where z is separation from the wall. The last relation is explained by the incompressibility condition ∂_xu_x + ∂_yu_y + ∂_z u_z = 0. The proportionality laws are valid at z ≪ L, where L is the thickness of the viscous boundary sublayer (Kolmogorov length). Being smooth in the viscous sublayer, the velocity u remains a random function of time with the correlation time that is determined by bulk velocity fluctuations of the scale L, we designate their typical value as u_L. The velocity correlation time τ_c in the viscous sublayer is estimated as τ_c ∼ L/u_L.

14 Письма в ЖЭТФ том 101 вып. 1 – 2 2015

We examine the case where the velocity correlation time τ_c in the viscous sublayer is much less than the Stokes time τ. By other words, the Stokes number St, defined as St = τ/τ_c, is large. Therefore both, the random velocity u and the Langevin force ξ, can be treated as short correlated in time (as white noises). Then statistical properties of the “forcing” in Eq. (1) are characterized by the following correlation functions

⟨u_z(t_1, x, y, z)u_z(t_2, x, y, z)⟩ = 2μz^4δ(t_1 − t_2), (2) ⟨ξ_i(t_1)ξ_j (t_2)⟩ = 2κδ_{ij} δ(t_1 − t_2), (3)

where angular brackets mean averaging over time and κ is the particle diffusion coefficient. One can say that the expression (2) determines the turbulent diffusion, the factor μ can be estimated as μ ∼ u_L/L^3. Analogous expressions can be written for the velocity components u_x, u_y.

Comparing the expressions (2) and (3), one finds the scale r_d = (κ/μ)^{1/4} = L/Pe^{1/4}. Here Pe is Péclet number defined as Pe = τ_κ/τ_c, where τ_κ = L^2/κ is the characteristic diffusion time in the viscous layer. The scale r_d determines the thickness of the diffusion boundary sublayer formed near the wall: at z < r_d the particle diffusion dominates whereas at z > r_d the turbulent diffusion does. There is another scale in the problem, z^∗ = 1/ √ μτ = L/ √ St. At z < z^∗ the “friction” term v in Eq. (1) dominates over the ballistic term τdv/dt whereas at z > z^∗ the last one dominates. Particles delay essentially from the fluid motion here. We assume the following set of inequalities: r_d ≪ z^∗ ≪ L.

There is a closed description of the particle motion along Z-direction in terms of its coordinate z and v ≡ ≡ v_z = dz/dt. Since both the flow velocity and the Langevin force are short correlated in time, it is possible to derive from Eq. (1) the Fokker–Planck equation for the probability density of a particle distribution in the z, v-space, ρ(z, v). Then ∫ dz dv ρ = 1. Alternatively, ρ can be treated as the particle density in the z, v-space, if one considers an ensemble of large number of particles. Then the integral ∫ dz dv ρ is equal to the total number N of the particles.

Following the standard procedure (see, e.g., Ref. [14]) one obtains the following Fokker–Planck equation

∂_tρ = −v∂_zρ + 1 τ ∂_v(vρ) + μ τ^2

(z^4 + r^4_d)∂^2_v ρ, (4)

that follows from the equation (1) and the relations (2), (3). The first term in the right-hand side of Eq. (4) can be called the “advection” one, whereas the second term in the right-hand side of Eq. (4) is produced by the “friction” term in (1).

The Fokker–Planck equation (4) has to be supplemented by boundary conditions. We assume that ρ(z, v) tends to zero fast enough as v → ±∞ and z → ∞. Next, a boundary condition at the wall (at z = 0) should be posed. We consider the case of partly inelastic scattering, assuming that the particle loses a definite part 1−β of its velocity along the Z-axis after each collision with the wall, where β is some factor, β ≤ 1. Then

ρ(z = 0, v) = β^{−2}ρ(z = 0, −v/β) for v > 0. (5)

The factor β^{−2} in Eq. (5) is related to the particle number (or probability) conservation: the outcoming flux ρ v dv for positive v should coincide with the incoming flux for −v/β.

Integrating over v the Fokker–Planck equation (4), one obtains the local conservation law ∂_tn = −∂_zj. Here, the particle density n(z) and the particle flux j(z) in Z-direction are defined as the integrals

n(z) =

∫_{+∞} −∞ dv ρ(z, v), (6)

j(z) =

∫_{+∞} −∞ dv vρ(z, v). (7)

Below we demonstrate that regimes with zero and nonzero flux j can be realized. However, even the non-zero flux is relatively small. That means validity of a quasistationary approach since then all parameters of the system vary slowly in time and the distribution ρ(z, v) adjusts adiabatically to the parameters.

Let us explain qualitatively the distribution of the inertial particles in the viscous sublayer. Majority of particles are accumulated in the diffusion sublayer, at z ≲ r_d, where they undergo the Brownian motion. Some particles are distributed in the layer r_d ≲ z ≲ z^∗ where a z-dependent Maxwellian distribution is formed. The most fast particles move at larger z, where the particles form strongly non-equilibrium distribution. The fast particles undergo random acceleration due to the fluid velocity fluctuations. However, the fluctuations force the particles to move toward the wall from time to time. Collisions with the wall lead to losing particles’ energy. The balance between the acceleration and the losses determines the result. If β is small then the losses dominate and the particle velocity diminishes in average. Then the flux is zero. If β is moderate then the random acceleration dominates and the particle velocity increases in average. Then fast particles can reach z larger than L escaping to bulk. In this case the particle flux to large z is non-zero. Below we show, that the two regimes are separated by the critical value of β, β_c = exp(−π/ √ 3). Further we pass to units of measurements where μ = τ = 1. Then z^∗ = 1, L ∼ √ St ≫ 1, r_d ∼

Письма в ЖЭТФ том 101 вып. 1 – 2 2015

∼ √ St/Pe^{1/4} ≪ 1. The last inequality enables us to neglect the term with r_d in Eq. (4) for z ≫ r_d. Due to the adiabaticity we neglect also the term with the time derivative in Eq. (4). Then we turn to the following stationary equation

v∂_zρ = ∂_v(vρ) + z^4∂^2_v ρ, (8)

that determines the particle distribution in our setup.

Let us analyze the case z ≪ 1. For v ≪ z it is possible to neglect “advection” term in Eq. (8). Then it is reduced to ∂_v (vρ) + z^4∂^2_v ρ = 0. (9)

We see that the typical v is of order z^2 that justifies our attention to the limit v ≪ z. The Eq. (9) has an “local equilibrium” (quasi-Maxwellian) solution ρ ∝ 1 z^6 exp ( − v^2 2z^4 ) , (10)

where the factor at the exponent can be established if to return to Eq. (8) and to use the perturbation theory [15, 16].

The solution (10) is even in v and, consequently, does carry no flux. Note that the particle distribution in the region z ≪ 1 depends weakly on the boundary conditions since their velocities relax effectively due to the leading role of “friction” in the region. Integrating the expression (10) over v, one finds n ∝ z^{−4}. The zdependence of the particle density n shows that the integral N = ∫ dz n, giving the total number of particles, diverges at small z. Thus, majority of particles are localized in the diffusive sublayer of the thickness r_d. Cutting the integral ∫ dz n at z ∼ r_d, we obtain N ∼ r^{−3}_d n(z = 1). The concentration n(1) is an upper estimation for the particle flux j from the wall. Therefore N ≫ j (due to r ≪ 1) that justifies our adiabatic approach.

The particles in the region 1 ≪ z ≪ √ St are far from the “local equilibrium”. For the case v ≫ z the equation is reduced to

v∂_zρ = z^4∂^2_v ρ, (11)

where we neglected the “friction” term in comparison with the “advection” one. Eq. (11) admits a self-similar substitution

ρ = z^{−5a}h(ζ), ζ = 5 9 v^3 z^5

, (12)

where a is some scaling index. Then Eq. (11) gives

ζ∂^2_ζ h + (2/3 + ζ) ∂_ζ h + ah = 0. (13)

Multiplying the equation by ζ^{−1/3}, integrating over ζ and assuming that h tends to zero fast enough at ζ → ±∞, we obtain

(a − 2/3) ∫ dv vρ = 0.

The condition means zero flux, j = 0, if a ≠ 2/3.

The expression (12) for the self-similar variable ζ shows that the typical v at a given z can be estimated as v ∼ z^{5/3}. Thus, the region v ≲ z where Eq. (11) is inapplicable is relatively narrow at z ≫ 1. Therefore one can consider a solution of Eq. (11) at all ζ (all v) regarding that the solution and its derivative at ζ = 0 are continuous.

Eq. (13) is the confluent hypergeometric equation, its solutions are the Kummer function M(a, 2/3, −ζ) and the Tricomi function U(a, 2/3, −ζ). Since the function M(a, 2/3, −ζ) diverges exponentially at large negative ζ, one should choose h = U(a, 2/3, −ζ) at negative ζ. At positive ζ the function h is a linear combination of M(a, 2/3, −ζ) and U(a, 2/3, −ζ). Equating the values of the function h and of its derivative over v at ζ = +0 and ζ = −0, one finds h = 2 √ 3 Im U(a, 2/3, −ζ) +

Γ(1/3) Γ(a + 1/3)

M(a, 2/3, −ζ),

if ζ > 0. Exploiting the asymptotic behavior of M and U at large values of their argument, one finds

h ≈ |ζ|^{−a} if ζ < 0, h ≈ 2 √ 3 { sin(πa) + sin [( 2 3 − a ) π ]} ζ^{−a}, ζ > 0. (14)

If we consider the region v ≫ 1, z ≲ 1 then the main term in Eq. (8) is the “advection” term v∂_z ρ. Therefore ρ is z-independent in this region, that corresponds to ballistic motion of fast particles. Hence, the laws (14) can be drawn to z → 0 to obtain

ρ(v) = 2 √ 3 { sin(πa) + sin [( 2 3 − a ) π ]} ρ(−v) (15)

at z = 0 for v ≫ 1. Comparing Eq. (15) with the boundary condition (5) one obtains the relation

sin(πa) − sin[π(a − 2/3)] sin(2π/3)

= β^{3(a−2/3)}. (16)

The Eq. (16) has a solution a = 2/3 at any β, that corresponds to non-zero flux from of the wall to bulk. Another solution starts from a = 5/6 at β = 0, then a decreases as β grows and corresponds to zero flux. At β → β_c, where

β_c = exp ( − π √ 3 ) ≈ 0.163, (17)

Письма в ЖЭТФ том 101 вып. 1 – 2 2015 the solution of Eq. (16) gives a = 2/3. When β grows further, exceeding β_c, the considered branch gives a < < 2/3. In this case the flux ∫ dv vρ becomes infinite, that is the solution is unphysical. We conclude that at β = β_c a transition occurs corresponding to switching from zero-flux solution to non-zero flux solution. In terms of observable quantities, the transition is the confinementdeconfinement transition for the inertial particles near a wall.

To check our predictions we performed numerical simulations of the particle dynamics determined by the equation (1) and the relations (2), (3). We take a large number of particles (of the order of 10^3) initially located at z ∼ r_d with zero velocity and examine their trajectories. In our simulations, τ = 10, μ = 0.1, and κ = 10^{−5}. For a typical realization of the random processes, the particles for a long time remain near the wall, at z ≲ r_d, and then at some moment they go coherently away from the wall. The particles crossing z = z_{max} where treated as escaping to bulk. The quantity z_{max} can be treated is the width of the viscous layer. The mean rate of the particle escape from the region z < z_{max} at z_{max} = 100, 200 are plotted in Figure for different β. The rate is

Mean rate of particle escape from region z < L at L = 100 (pluses) and L = 200 (circles) at different β practically independent of z_{max} at β ≳ 0.2 and is less for L = 200 than for L = 100 at β ≲ 0.2. That is in agreement with our analytic predictions.

It is also of interest to consider the case Pe^{1/4} ≲ √ St, that corresponds to r_d ≳ z^∗ (where we assume r_d ≪ L, as before). In the limit, the Maxwellian distribution (10) is valid nowhere and the scale z^∗ has no physical sense. Nevertheless, the self-similar form of the solution (12) remains valid after redefinition z^5 → z^5 + 5zr^4_d. Moreover, our scheme can easily be generalized for the Fokker–Planck equation (4) where the factor z^4 + r^4_d is substituted by an arbitrary function χ(z) growing faster than z^2 as z increases. In this case the particle confinement has to be observed at β < β_c with the same critical value (17). The case χ(z) ∝ z^2 is marginal, then the transition is driven by the elasticity and/or inertia degree. The case χ ∝ z^2 and β = 1 was investigated in Ref. [12]. In the limit of strong inertia the particle’s Lyapunov exponent changes its sign at the critical value (17), see Ref. [17]. The case where χ(z) is growing slower than z^2 as z increases (the case corresponds, say, to the turbulent boundary layer) needs a special analysis.

The crucial feature of the inertial particles dynamics that is revealed by numerics is that escapes of the particles from the viscous boundary layer of a turbulent flow to bulk are related to rare events. That implies a strong intermittency characteristic of turbulence in general. From the other hand, that leads to the hope that the events and their probability can be examined in the framework of the instantonic technique (saddlepoint approximation) [18]. That implies a possibility to determine analytically probability of such events and also their statistics, leading to predictions, say, for highorder correlation functions of the particle flux to infinity. That is a subject of future investigations.

To conclude, we examined the inertial particle statistics in the viscous layer of a turbulent flow. The system is relaxed to the quasi-stationary regime where majority of particles are concentrated inside the diffusion boundary sublayer. The particles outside the layer can be divided into relatively slow ones that have the “local equilibrium” distribution (10) and relatively fast that are characterized by the self-similar distribution (12). Just the fast particles are responsible for a particle flux to bulk. This flux is zero if the elasticity coefficient β of particle collisions with the wall is smaller than the critical value (17). That is the confinement regime. At larger β the flux becomes non-zero that leads to graduate escaping the particles to bulk. Our scheme admits a wide generalization for other types of flows, the critical value (17) remaining the same.

S.B., V.L. and S.V. thank support of RScF grant # 14-22-00259. A.Ch. thanks support of RFBR grant 12-02-01141-a. We acknowledge useful discussions with G. Falkovich.

1. J. Bec, L. Biferale, M. Cencini, A. Lanotte, and F. Toschi, J. Fluid Mech. 646, 527 (2010).

2. J. Bec, L. Biferale, M. Cencini, A. S. Lanotte, and F. Toschi, J. Phys.: Conf. Ser. 333, 012003 (2011).

3. M. W. Reeks, Flow, Turbul. Combust. 92, 3 (2014). 4. M. Caporaloni, F. Tampieri, F. Trombetti, and O. Vittori, J. Atmos. Sc. 32, 565 (1975).

5. M. W. Reeks, J. Aeros. Sc. 14, 729 (1983).

2 Письма в ЖЭТФ том 101 вып. 1 – 2 2015

18 S. Belan, A. Chernykh, V. Lebedev, S. Vergeles

6. J. W. Brooke, K. Kontomaris, T. J. Hanratty, and J. B. McLaughlin, Phys. Fluids A 4, 825 (1992).

7. M. Sofiev, V. Sofieva, T. Elperin, N. Kleeorin, I. Rogachevskii, and S. S. Zilitinkevich, J. Geophys. Res. 114, 1 (2009).

8. G. Sardina, P. Schlatter, L. Brandt, F. Picano, and C. M. Casciola, J. Fluid Mech. 699, 50 (2012).

9. J. B. McLaughlin, Phys. Fluids 1, 1211 (1989). 10. A. Chernykh and V. Lebedev, Pis’ma v ZhETF 87, 782 (2008) [JETP Lett. 87, 682 (2008)].

11. A. Chernykh, V. Lebedev, ZhETF 140, 401 (2011) [JETP 113, 352 (2011)].

12. S. Belan, I. Fouxon, and G. Falkovich, PRL 112, 234502 (2014).

13. A. S. Monin and A. M. Yaglom, Statistical Fluid Mechanics: Mechanics of Turbulence, Dover, N.Y. (2007).

14. H. Risken, Fokker-Planck Equation, Springer, Berlin (1984).

15. D. P. Sikovsky, Flow, Turbul. and Combust. 92, 41 (2014).

16. S. Belan, Concentration of Diffusional Particles in viscous Boundary Sublayer of Turbulent flow, submitted (2014).

17. S. Belan, A. Chernykh, and G. Falkovich, in preparation.

18. G. Falkovich, I. Kolokolov, V. Lebedev, and A. Migdal, Phys. Rev. E 54, 4896 (1996).

Письма в ЖЭТФ том 101 вып. 1 – 2 2015