Pis’ma v ZhETF, vol. 101, iss. 6, pp. 410 – 413 © 2015 March 25

Origin of nonlinear contribution to the shift of the critical temperature in atomic Bose–Einstein condensates

S. Sergeenkov^{+1)}, F. Briscese^{+∗}, M. Grether^×, M. de Llano^∘

+Departamento de Física, CCEN, Universidade Federal da Paraíba, Cidade Universitária, 58051-970 Jo ao Pessoa, PB, Brazil

∗Istituto Nazionale di Alta Matematica Francesco Severi, Gruppo Nazionale di Fisica Matematica, 00185 Rome, EU

×Facultad de Ciencias, Universidad Nacional Autónoma de México, 04510 México, DF, México

∘Instituto de Investigaciones en Materiales, Universidad Nacional Autónoma de México, A. P. 70-360, 04510 México, DF, México

Submitted 21 October 2014 Resubmitted 23 December 2014

We discuss a possible origin of the experimentally observed nonlinear contribution to the shift ΔTc = = Tc − T^0_c of the critical temperature Tc in an atomic Bose–Einstein condensate (BEC) with respect to the critical temperature T^0_c of an ideal gas. We found that accounting for a nonlinear (quadratic) Zeeman effect (with applied magnetic field closely matching a Feshbach resonance field B0) in the mean-field approximation results in a rather significant renormalization of the field-free nonlinear contribution b2, namely ΔTc/T^0_c ≃ b^∗_2 (a/λT )^2 (where a is the s-wave scattering length, λT is the thermal wavelength at T^0_c ) with b^∗_2 = γ^2b2 and γ = γ(B0). In particular, we predict b^∗_2 ≃ 42.3 for the B0 ≃ 403 G resonance observed in the 39K BEC.

DOI: 10.7868/S0370274X1506003X

Studies of Bose–Einstein condensates (BECs) continue to be an important subject in modern physics (see, e.g., Refs. [1–4] and further references therein). Atomic BECs are produced in the laboratory in laser-cooled, magnetically-trapped ultra-cold bosonic clouds of different atomic species (including^{87}Rb [5, 6],^7Li [7],^{23}Na [8],^1H [9],^4He [10],^{41}K [11],^{133}Cs [12],^{174}Yb [13], and^{52}Cr [14], among others). Also, a discussion of a relativistic BEC has appeared in Ref. [15] and BECs of photons are most recently under investigation [16]. In addition, BECs are successfully utilized in cosmology and astrophysics [17] as they have been shown to constrain quantum gravity models [18].

In the context of atomic BECs interparticle interactions must play a fundamental role since they are necessary to drive the atomic cloud to thermal equilibrium. Thus, they must be carefully taken into account when studying the properties of the condensate. For instance, interatomic interactions change the condensation temperature T_c of a BEC, as was pointed out first by Lee and Yang [19, 20] (see also Refs. [21–30] for more recent works).

The first studies of interactions effects were focused on uniform BECs. Here, interactions are irrelevant in the mean field (MF) approximation (see Refs. [25, 28–30])

1)e-mail: sergei@fisica.ufpb.br

but they produce a shift in the condensation temperature of uniform BECs with respect to the ideal noninteracting case, which is due to quantum correlations between bosons near the critical point. This effect has been finally quantified in [25, 26] as ΔT_c/T^0_c ≃ 1.8(a/λ_T ), where ΔT_c ≡ T_c − T^0_c with T_c the critical temperature of the gas of interacting bosons, T^0_c is the BEC condensation temperature in the ideal noninteracting case, a is the s-wave scattering length used to represent interparticle interactions [1, 3, 4], and λ_T ≡ √ 2πℏ^2/m_ak_BT^0_c is the thermal wavelength for temperature T^0_c with m_a the atomic mass.

But laboratory condensates are not uniform BECs since they are produced in atomic clouds confined in magnetic traps. For trapped BECs, interactions affect the condensation temperature even in the MF approximation, and the shift in T_c in terms of the s-wave scattering length a is given by

ΔT_c/T^0_c ≃ b_1(a/λ_T ) + b_2(a/λ_T )^2 (1)

with b_1 ≃ −3.4 [1] and b_2 ≃ 18.8 [31].

High precision measurements [32] of the condensation temperature of^{39}K in the range of parameters N ≃ (2−8) · 10^5, 10^{−3} < a/λ_T < 6 · 10^{−2} and T_c ≃ (180−330) nK have detected second-order (nonlinear) effects in ΔT_c/T^0_c fitted by the expression ΔT_c/T^0_c = b^{exp}_2 (a/λ_T )^2 with b^{exp}_2 ≃ 46 ± 5. This re-

410 Письма в ЖЭТФ том 101 вып. 5 – 6 2015 sult has been achieved exploiting the high-field 403 G Feshbach resonance in the |F, m_F ⟩ = |1, 1⟩ hyperfine (HF) state of a^{39} K condensate where F ≡ S + I is the total spin of the atom with S and I being electron and nuclear spin, respectively, and m_F is the projection quantum number. Thus, the theoretically predicted [31] quadratic-amplitude coefficient b_2 turned out to be in a rather strong disagreement with the available experimental data. There have also been some efforts to theoretically estimate the correct value of b_2 in the MF approximation by considering anharmonic and even temperature-dependent traps [33], which however have not been too successful. Therefore one could expect that a more realistic prediction of the experimental value of b^{exp}_2 should take into account some other so far unaccounted effects.

The main goal of this paper is to show that, taking into account the nonlinear (quadratic) Zeeman effect and using the MF approximation, it is quite possible to explain the experimentally observed [32] value of b_2 for the 403 G resonance of the hyperfine |F, m_F ⟩ = |1, 1⟩ state of^{39} K with no need to go beyond-MF approximation.

Recall that experimentally the s-wave scattering length parameter a is tuned via the Feshbach-resonance technique based on Zeeman splitting of bosonic atom levels in an applied magnetic field. This means that the interaction constant g ≡ (4πℏ^2a/m_a) is actually always field-dependent. More explicitly, according to the interpretation of the Feshbach resonance [34, 35]

a(B) = a_{bg} ( 1 − Δ B − B_0 ) , (2)

where a_{bg} is a so-called background value of a, B_0 is the resonance peak field, and Δ, the width of the resonance.

Thus, in order to properly address the problem of condensation-temperature shifts (which are always observed under application of a nonzero magnetic field B), one must account for a Zeeman-like contribution. It should be emphasized, however, that a single (free) atom Zeeman effect (induced by either electronic or nuclear spin) μ_aB is not important for the problem at hand simply because it can be accounted for by an appropriate modification of the chemical potential.

Recall that in the presence of a linear Zeeman effect, the basic properties of an atomic BEC can be understood within the so-called "condensate wave function"approximation [2] H = ∫ d^3xH(x), (3)

where H(x) = gn^2 −E_Zn with n(x) = Ψ^+(x)Ψ(x) being the local density of the condensate (Ψ(x) is the properly defined wave function of macroscopic condensate), and E_Z = μ_BB the Zeeman energy (with μ_B being the Bohr magneton).

Following Bogoliubov’s recipe [36], let us consider small deviation of the condensate fraction from the ground state n_0 (the number) by assuming that n(x) ≃ ≃ n_0 + δn(x) with δn(x) ≪ n_0. Treating, as usually, n_0 and δn(x) independently, we obtain from Eq. (3) that in the presence of the linear Zeeman effect gn_0 = E_Z (meaning that E_Z is playing a role of the chemical potential [37]) and, as a result, the BEC favors the following energy minimum:

δH_0(x) = 2gn_0δn(x) − E_Zδn(x) = gn_0δn(x), (4)

Thus, we come to the conclusion that at low magnetic fields (where the linear Zeeman effect is valid), in accordance with the available experimental results [37], there is no any tangible change of the BEC properties (including g modification). On the other hand, there is a clear-cut experimental evidence [38, 39] in favor of the so-called Breit–Rabi nonlinear (quadratic) HF-mediated Zeeman effect [40] in BEC. We are going to demonstrate now how this nonlinear phenomenon (which is not a trivial generalization of the linear Zeeman effect) affects the BEC properties (including a feasible condensation temperature shift). Recall that in strong magnetic fields, the magnetic-field energy shift of the sublevel m_F of an alkali-metal-atom ground state can be approximated (with a rather good accuracy) by the following expression [38]

E_{NLZ} = A_{HF}

E^2_Z hδν_{hf}

, (5)

where A_{HF} = [ 1 −^{4m2F}_{(2I+1)2} ] and δν_{hf} is the so-called hyperfine splitting frequency between two ground states.

Now, by repeating the above-mentioned Bogoliubov’s procedure, we obtain a rather nontrivial result for BEC modification. Namely, it can be easily verified that HF-mediated nonlinear Zeeman effect gives rise to the following two equivalent options for the energy minimization (based on the previously defined ground state with E_Z = gn_0): (a) E_{NLZ} ∝ g^2n^2_0 or (b) E_{NLZ} ∝ E_Zgn_0 = (μ_BB)gn_0. As a matter of fact, the choice between these two options is quite simple. We have to choose (b) simply because (a) introduces the second order interaction effects (∝ g^2) which are neglected in the initial Hamiltonian (3). As a result, the high-field nonlinear Zeeman effect produces the following modification of the local BEC energy:

δH_{NLZ}(x) ≃ 2gn_0δn(x)+A_{HF}gn_0 ( μ_BB hδν_{hf} ) δn(x), (6)

Письма в ЖЭТФ том 101 вып. 5 – 6 2015 7^∗

412 S. Sergeenkov, F. Briscese, M. Grether, M. de Llano

Therefore, accounting for nonlinear Zeeman contribution will directly result in a renormalization of the high-field scattering length

a^∗ = a ( 1 + 1 2 A_{HF} μ_BB hδν_{hf} ) . (7)

Now, by inverting (2) and expanding the resulting B(a) dependence into the Taylor series (under the experimentally satisfied conditions a_{bg} ≪ a and Δ ≪ B_0)

B(a) ≃ B_0 { 1 − Δ B_0 [( a_{bg} a ) + ( a_{bg} a )_2 + ... ]} (8) one obtains

a^∗ ≃ γa + O(a_{bg} /a, Δ/B_0) (9)

for an explicit form of the renormalized scattering length due to Breit–Rabi–Zeeman splitting with

γ ≡ 1 + 1 2 A_{HF} ( μ_BB_0 hδν_{hf} ) . (10)

To find the change in b_2 in the presence of the quadratic Zeeman effect one simply replaces the original (Zeeman-free) scattering length a in (1) with its renormalized form a^∗ given by (9), which results in a nonlinear contribution to the shift of the critical temperature, specifically

ΔT_c T^0_c

≃ b_2 ( a^∗ λ_T

)_2

. (11)

Furthermore, by using (9), one can rewrite (11) in terms of the original scattering length a and renormalized amplitude b^∗_2 as follows

ΔT_c T^0_c

≃ b^∗_2 ( a λ_T

)_2

, (12)

where the coefficient due to the Breit–Rabi–Zeeman contribution is b^∗_2 ≃ γ^2b_2 (13)

with γ defined earlier.

Let us consider the particular case of the B_0 ≃ 403 G resonance of the hyperfine |F, m_F ⟩ = |1, 1⟩ state of^{39}K. For this case [41], S = 1/2, m_F = 1, I = 3/2, and δν_{hf} ≃ 468 MHz. These parameters produce A_{HF} = 3/4 and γ ≃ 1.5 which readily leads to the following estimate of the quadratic amplitude contribution due to the HF mediated Breit–Rabi–Zeeman effect, b^∗_2 ≃ 2.25b_2 ≃ 42.3 (using the mean-field value b_2 ≃ 18.8 [31]), in a good agreement with the observations [32]. It is interesting to point out that the obtained value of γ for^{39} K BEC is a result of a practically perfect match between the two participating energies: Zeeman contribution at the Feshbach resonance field, μ_BB_0 ≃ 4 · 10^{−25} J, and the contribution due to Breit–Rabi hyperfine splitting between two ground states, hδν_{hf} ≃ 3 · 10^{−25} J.

And finally, an important comment is in order regarding the applicability of the present approach (based on the Taylor expansion of (2)) to the field-induced modification of the linear contribution (defined via the amplitude b_1 in (1)) to the shift in T_c. According to the experimental curve depicting ΔT_c vs a/λ_T behavior, the linear contribution is limited by 10^{−3} ≤ a/λ_T ≤ 5·10^{−3}. Within the Feshbach-resonance interpretation, this corresponds to a low-field ratio a/a_{bg} ≃ 1 which invalidates the Taylor expansion scenario based on using a small parameter a_{bg} /a ≪ 1 applicable in high fields only. Besides, as we have demonstrated earlier, the linear Zeeman effect (valid at low fields only) is not responsible for any tangible changes of BEC properties. Therefore, another approach is needed to properly address the fieldinduced variation (if any) of the linear contribution b_1.

To conclude, it was shown that accounting for a hyperfine-interaction induced Breit–Rabi nonlinear (quadratic) Zeeman term in the mean-field approximation can explain the experimentally observed shift in the critical temperature T_c for the^{39}K condensate. It would be interesting to subject the predicted universal relation (13) to a further experimental test to verify whether or not it can also explain the shift in other bosonic-atom condensates.

This work was financially supported by the Brazilian agencies CNPq and CAPES. M.deL. thanks PAPIIT-UNAM for grant IN-100314 and MG for grant IN-116914, both Mexico. F.B. thanks CNPq for grant# 304494/2014-3.

1. F. Dalfovo, S. Giorgini, L. P. Pitaevskii, and S. Stringari, Rev. Mod. Phys. 71, 463 (1999).

2. L. Pitaevskii and S. Stringari, Bose-Einstein Condensation, Clarendon Press, Oxford (2003).

3. A. S. Parkins and D. F. Walls, Phys. Rep. 303, 1 (1998). 4. K. Burnett, Contemp. Phys. 37, 1 (1996). 5. M. H. Anderson, J. R. Ensher, M. R. Wieman, and E. A. Cornell, Science 269, 198 (1995).

6. S. L. Cornish, N. R. Claussen, J. L. Roberts, E. A. Cornell, and C. E. Wieman, Phys. Rev. Lett. 85, 1795 (2000).

7. C. C. Bradley, C. A. Sackett, J. J. Tollett, and R. G. Hulet, Phys. Rev. Lett. 75, 1687 (1995).

8. K. B. Davis, M. O. Mewes, M. R. Andrews, N. J. van Drutten, D. S. Durfee, D. M. Kurn, and W. Ketterle, Phys. Rev. Lett. 75, 3969 (1995).

Письма в ЖЭТФ том 101 вып. 5 – 6 2015

Origin of nonlinear contribution to the shift of the critical. . . 413

9. D. G. Fried, T. C. Killian, L. Willmann, D. Landhuis, S. C. Moss, D. Kleppner, and T. J. Greytak, Phys. Rev. Lett. 81, 3811 (1998).

10. F. P. Dos Santos, J. Léonard, J. Wang, C. J. Barrelet, F. Perales, E. Rasel, C. S. Unnikrishnan, M. Leduc, and C. Cohen-Tannoudji, Phys. Rev. Lett. 86, 3459 (2001).

11. G. Modugno, G. Ferrari, G. Roati, R. J. Brecha, A. Simoni, and M. Inguscio, Science 294, 1320 (2001).

12. T. Weber, J. Herbig, M. Mark, H. C. Nägerl, and R. Grimm, Science 299, 232 (2003).

13. Y. Takasu, K. Maki, K. Komori, T. Takano, K. Honda, M. Kumakura, T. Yabuzaki, and Y. Takahashi, Phys. Rev. Lett. 91, 040404 (2003).

14. A. Griesmaier, J. Werner, S. Hensler, J. Stuhler, and T. Pfau, Phys. Rev. Lett. 94, 160401 (2005).

15. M. Grether, M. de Llano, and G. A. Baker, Jr., Phys.

Rev. Lett. 99, 200406 (2007).

16. J. Klaers, J. Schmitt, F. Vewinger, and M. Weitz, Nature 468, 545 (2010); A. Kruchkov, Phys. Rev. A 89, 033862 (2014); P. Kirton and J. Keeling, Phys. Rev. Lett. 111, 100404 (2013); D. N. Sob’yanin, Phys. Rev. E 88, 022132 (2013).

17. L. A. Ure na-López, JCAP 0901, 014 (2009); Phys.

Rev. D 90, 027306 (2014); B. Li, T. Rindler-Daller, and P. R. Shapiro, Phys. Rev. D 89, 083536 (2014); T. Harko and G. Mocanu, Phys. Rev. D 85, 084012 (2012); A. Suárez, V. H. Robles, and T. Matos, Astrophys. and Space Science Proc. 38(9), (2013); F. Briscese, Phys. Lett. B 696, 315 (2011).

18. F. Briscese, Phys. Lett. B 718, 214 (2012); F. Briscese, M. Grether, and M. de Llano, Europhys. Lett. 98, 60001 (2012); E. Castellanos and C. Lämmerzahl, Mod. Phys. Lett. A 27, 1250181 (2012); E. Castellanos and C. Lämmerzahl, Phys. Lett. B 731, 1 (2014); E. Castellanos, Europhys. Lett. 103, 40004 (2013); E. Castellanos and G. Chacón-Acosta, arXiv:1301.5362[gr-qc] (2013); C. Conti, Phys. Rev. A 89, 061801 (2014).

19. T. D. Lee and C. N. Yang, Phys. Rev. 105, 1119 (1957). 20. T. D. Lee and C. N. Yang, Phys. Rev. 112, 1419 (1958). 21. M. Bijlsma and H. T. C. Stoof, Phys. Rev. A 54, 5085 (1996).

22. G. Baym, J.-P. Blaizot, M. Holzmann, F. Laloë, and D. Vautherin, Phys. Rev. Lett. 83, 1703 (1999).

23. M. Holzmann and W. Krauth, Phys. Rev. Lett. 83, 2687 (1999).

24. J. D. Reppy, B. C. Crooker, B. Hebral, A. D. Corwin, J. He, and G. M. Zassenhaus, Phys. Rev. Lett. 84, 2060 (2000).

25. P. Arnold and G. Moore, Phys. Rev. Lett. 87, 120401 (2001).

26. V. A. Kashurnikov, N. V. Prokof’ev, and B. V. Svistunov, Phys. Rev. Lett. 87, 120402 (2001).

27. M. Holzmann, G. Baym, J.-P. Blaizot, and F. Laloë, Phys. Rev. Lett. 87, 120403 (2001).

28. G. Baym, J.-P. Blaizot2, M. Holzmann, F. Lalo, and D. Vautherin, Eur. Phys. J. B 24, 107 (2001).

29. J. O. Andersen, Rev. Mod. Phys. 76, 599 (2004). 30. M. Holzmann, J. N. Fuchs, G. Baym, J. P. Blaizot, and F. Lalo, C.R. Physique 5, 21 (2004).

31. F. Briscese, Eur. Phys. J. B 86, 343 (2013). 32. R. P. Smith, R. L. D. Campbell, N. Tammuz, and Z. Hadzibabic, Phys. Rev. Lett. 106, 250403 (2011).

33. E. Castellanos, F. Briscese, M. Grether, and M. de Llano, arXiv:1404.3255.

34. C. D’Erricco, M. Zaccanti, M. Fattori, G. Roati, M. Inguscio, G. Modugno, and A. Simoni, New J. Phys. 9, 223 (2007).

35. C. J. Williams, E. Tiesinga, P. S. Julienne, H. Wang, W. C. Stwalley, and P. L. Gould, Phys. Rev. A 60, 64427 (1999).

36. N. N. Bogoliubov, J. Phys. (USSR) 11, 23 (1947). 37. T. Ohmi and K. Machida, J. Phys. Soc. J. 67, 1822 (1998).

38. W. Chalupczak, A. Wojciechowski, S. Pustelny, and W. Gawlik, Phys. Rev. A 82, 023417 (2010).

39. W. Zhang, S. Yi, and L. You, New J. Phys. 5, 77 (2003). 40. G. Breit and I. I. Rabi, Phys. Rev. 38, 2082 (1931). 41. C. J. Pethick and H. Smith, Bose-Einstein Condensation in Dilute Gases, Cambridge University Press, Cambridge (2002), ch. 3.

Письма в ЖЭТФ том 101 вып. 5 – 6 2015