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Low-temperature spin Coulomb drag in a two-dimensional electron gas
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The phenomenon of low-temperature spin Coulomb drag in a two-dimensional electron gas is investigated.

The spin transresistivity coefficient is essentially enhanced in the diffusive regime, as compared to conventional

predictions. The origin of this enhancement is the quantum coherence of spin-up and spin-down electrons prop-

agating in the same random impurity potential and coupled via the Coulomb interaction. A comprehensive

analysis of spin and interlayer Coulomb drag effects is presented.
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Introduction. The primary goal of practical spin-

tronics is to manufacture devices capable to manipulate,

storage and transfer the portions of spin polarized quasi-

particles in a controlled manner. This goal can hardly be

achieved without detailed understanding of mechanisms

of spin decoherence.

The phenomenon of spin Coulomb drag (SCD) [1–6]

in interacting electron systems is one of these mecha-

nisms. The Coulomb interaction transfers the momen-

tum between spin-up and spin-down electron subsys-

tems. This generates the frictional force between these

subsystems and the damping of their relative motion.

Due to SCD, the spin packet injected and propagating

across a sample in the external field does not preserve

its shape and polarization in time, even in the absence

of spin-flip scattering.

The strength of the SCD effect is characterized by

the spin transresistivity ρ↑↓ = E↑/J↓, where E↑ is the

gradient of the electro-chemical potential for spin-up

electrons and J↓ is the current of spin-down electrons,

given the current of spin-up electrons is kept zero. The

quantity E↑ plays the role of the effective voltage biased

exclusively to spin-up electrons.

So far, the most confident experimental evidence

of the SCD effect has been reported by Weber and

co-workers [6]. They observed that the suppression of

the spin diffusion coefficient Ds relative to the charge
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one Dc could not be interpreted as stemming exclu-

sively from different Fermi-liquid renormalization of

these quantities but requires also to take into account

the SCD,

Ds

Dc

∝
1

1− ρ↑↓ σ0
, (1)

where σ0 is the total Drude conductivity.

Spin Coulomb drag vs. interlayer Coulomb

drag. Physically, the phenomenon of SCD is very sim-

ilar to the one of interlayer Coulomb drag (ICD) in

double layers (see Refs. [7–12]; for recent developments,

see Ref. [13] and references therein). In the conventional

ICD setting, the two subsystems participating in the

Coulomb-mediated momentum transfer are quasiparti-

cles located in different layers. Furthermore, the inter-

layer transresistivity ρ21 is defined as the ratio of the

voltage drop in the second (passive) layer to the current

passing through the first (active) layer due to the bias

applied in this layer, the current in passive layer held

zero.

Due to this evident similarity, theoretical investiga-

tions of ICD and SCD phenomena utilize common ideas

and approaches (cf. Refs. [1–5] and Refs. [8–11]). Both

interlayer (ITR) and spin (STR) transresistivity were

found to vanish quadratically with lowering tempera-

ture, ρµν ∝ T 2; in certain regimes, the extra factor

lnT appears. The theory developed implies that elec-

trons belonging to two subsystems propagate in different

random impurity potentials. As a result, the quadratic
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temperature dependence of ITR and STR could be in-

terpreted as originating from coupling of independent

thermal fluctuations of electron density in different sub-

systems.

Technically, the principal contribution to ρµν in both

cases arises from diagrams known in the condensed mat-

ter theory as Aslamazov–Larkin (AL) diagrams (see,

e.g., Refs. [14, 15]) that, in particular, describe the fluc-

tuation correction to the conductivity in superconduct-

ing systems above the critical temperature. The main

difference between the results for ρ↑↓ and ρ21 is due to

different couplings between the subsystems which are

the intralayer Coulomb interaction between spin-up and

spin-down electrons in the former case and the interlayer

one in the latter making ρ21 strongly dependent on the

interlayer distance.

Despite of evident similarity of ICD and SCD phe-

nomena, there are essential differences, as well. The goal

of the present paper is to emphasize that they result in

a crucially distinct low-temperature (diffusive) behavior

of the spin transresistivity, the effect previously over-

looked in literature. More specifically, previous consid-

erations ignored the fact that the spin-up and spin down

electrons within the single layer propagate through the

same random impurity potential whereas the impurity

potentials in different layers of a double-layer system are

almost uncorrelated in typical experimental setups.

Meanwhile, in Refs. [16, 17] a modified experimen-

tal setup for the measurement of ρ21 was theoretically

proposed, with the impurity potentials for electrons in

two layers strongly correlated. The calculated interlayer

transresistivity was found to be strongly enhanced in

the diffusive regime Tτ < 1 (here τ is the electron elas-

tic scattering time; ~ = kB = 1), revealing only a weak

temperature dependence. On a technical level, the ef-

fect of impurity-potential correlations is described by

the class of diagrams associated with the anomalous

Maki–Thompson (MT) correction to the conductivity

[15].

In the present paper we exploit the ideas of Refs. [16,

17] investigating the spin transconductivity of a two-

dimensional electron gas. We find that in the diffusive

regime Tτ < 1 the spin transresistivity ρ↑↓ is domi-

nated by MT contribution due to the increase (as com-

pared to uncorrelated impurities) of the interaction time

for spin-up and spin-down electrons propagating across

the same potential landscape. We also argue that the

MT contribution to STR could be suppressed by apply-

ing the external magnetic field. For clarity, we restrict

ourselves to considering the unpolarized (paramagnetic)

case; however, generalization onto polarized electrons is

straightforward.

Constituents of the theory. We now proceed with

details of microscopic calculations. Let us start from

Kubo formula for the DC spin transconductivity

σ↑↓ = −
1

iω
〈〈J↑ ; J↓ 〉〉

∣

∣

∣

∣

ω→0

. (2)

Here the current-current correlation function of the cur-

rents of spin-up and spin-down electrons taken in the

limit of vanishing external frequency ω is averaged over

realizations of random potential. The spin transresistiv-

ity is expressed via the spin conductivity tensor σ̂ as

follows:

ρ↑↓ = −
σ↑↓

σ↑↑σ↓↓ − σ↑↓σ↓↑
. (3)

As the diagonal components of the matrix σ̂ contain

large and temperature independent Drude contributions

σ
(0)
µµ = e2nµτ/m, one can approximately set ρ↑↓ ≈

≈ −σ↑↓[σ
(0)
↑↑ σ

(0)
↓↓ ]

−1. Here µ =↑, ↓, nµ is the density

of spin-up (spin-down) electrons, and m is the elec-

tron mass. We shall consider the paramagnetic case

of equal electron densities n↑ = n↓ = n/2. It yields

ρ↑↓ ≈ −4 σ↑↓ σ
−2
0 .

It is worth commenting on the interaction which

couples spin-up and spin-down electron subsystems.

In sharp contrast with the interlayer drag case, the

off-diagonal terms of the Coulomb interaction matrix

Û dressed within the Random Phase Approximation

(RPA) coincide with the diagonal ones

U↑↓(q, ω) = U↑↑(q, ω) =
uq

1− uq [ Π↑(q, ω) + Π↓(q, ω) ]
.

(4)

Here uq = 2πe2/q is the bare Coulomb interaction in

two dimension, and Π↑(↓)(q, ω) is the polarization oper-

ator for spin-up (spin-down) electrons.

Aslamasov–Larkin contribution to spin tran-

sresistivity. Now we sketch the results for spin transre-

sistivity obtained by neglecting correlations between im-

purity potentials acting on spin-up and spin-down elec-

trons. It follows from Eq. (2) that the diagrams for σ↑↓
consist of two fermionic loops (one current vertex per

each) of electrons with opposite spins. These loops are

connected by off-diagonal elements of the Coulomb in-

teraction matrix Û(q, ω). To the leading order in the

interaction U↑↓(q, ω), there are two ballistic diagrams

contributing to the spin transconductivity, see Fig. 1a.

The low-temperatute renormalization of these diagrams

could be achieved by diffusive decoration of the ver-

tices as it is shown in Fig. 1b. Notice that no inter-loop

impurity lines are drawn as long as the impurity po-

tentials for electrons belonging to different subsystems

are considered to be uncorrelated. The resulting (AL)

contribution to the transconductivity is given by
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Fig. 1. (a) – Skeleton diagrams for the Aslamazov–Larkin

contribution to the spin transconductivity σAL
↑↓ . Solid lines

with arrows depict electron Green’s functions and wavy

ones stand for the screened interaction U↑↓, bold points

denote the current (vector) vertices. (b) – Diffusive dress-

ing of the AL diagrams, with double-dashed lines depict-

ing the diffuson ladders. Symbols R(A) stand for retarded

(advanced) Green’s functions. Notice that the dressing of

the current vertices is needed only in the case of smooth

random impurity potentials

σAL
↑↓ =

2πe2τ2

T m2

∫

(dq)

∫

(dω)
q2|U↑↓(q, ω)|

2

sinh2 ω
2T

×

× ImΠ↑(q, ω) ImΠ↓(q, ω). (5)

Evaluation of integrals over intermediate frequencies

and momenta in Eq. (5) yields [4]

ρAL
↑↓ ≈ −

2π2

3e2

(

T

εF

)2 (

κ2

2kF

)2

FAL
↑↓

(

εF
T
,
κ2

2kF

)

, (6)

where εF is the Fermi energy, kF is the Fermi momen-

tum, and κ2 = 4πe2νF is the Thomas–Fermi momentum

in two dimensions, with νF = m/2π being the density

of states per spin. The function FAL
↑↓ (x, y) defined as

FAL
↑↓ (x, y) =

lnx+ C

2(1 + y)2
−

1

(1− y2)(1 + y)
+

+
1 + y2

(1− y2)2
ln

1 + y

2y
(7)

is a slowly varying function of both its arguments in

the entire range of applicability of the theory, x > 1

and y . 1; in particular, it is regular at y = 1.

The numerical constant in Eq. (7) is given by [4]: C =

= 2 + 2 ln 2 − (6/π2)
∫∞

0 dzz2 ln z sinh−2 z ≈ 3.72662.

For y ≫ 1 the function (7) is expressed in terms of the

phenomenological Landau Fermi-liquid interaction pa-

rameters.

Eqs. (6) and (7) constitute the main result of the

conventional theory [1–5]. Notice the quadratic temper-

ature dependence of ρAL
↑↓ (with an extra logarithmic en-

hancement in certain regimes) as well as the additional

smallness of this quantity appearing in the limit of large

electron densities κ2 < kF.

Maki–Thompson contribution to spin tran-

sresistivity. Now let us discuss the influence of corre-

lations between the impurity potentials on the motion

of interacting quantum particles. Consider two particles

that propagate across the random potential landscape,

starting from the same initial conditions. It is clear that

they will keep the relative phase coherence until one of

them experiences the inelastic collision by external scat-

terer. This is clearly valid also for particles with opposite

spin projection in the absence of spin-orbit scattering.

Therefore, one can expect the quantum interference to

maintain in the channel of (spin) transconductivity, sim-

ilarly to diagonal components of the conductivity ten-

sor in a two-component system. The difference is that

for the finite transconductivity to exist the mechanism

of momentum transfer between the two subsystems is

needed. This is the inelastic particle–particle interac-

tion. Technically, one should inspect the diagrams with

two fermionic loops interconnected not only by the in-

teraction lines but also by the inter-subsystem impurity

ladders constituting singular diffusons and Cooperons.

For such a Cooperon we get

C↑↓(q, ω) =
1

2πνFτ2
1

Dq2 − iω + τ−1
ϕ

, (8)

with τϕ being the phase breaking time, D = 1
2v2

Fτ being

the diffusion coefficient, and vF standing for the Fermi

velocity. There is no difference between the ordinary

(intra-subsystem) Cooperons and the inter-subsystem

ones in the case of the spin Coulomb drag because the

impurity potential for spin-up and spin-down electrons

is exactly the same. This is in sharp contrast with the

case of interlayer transport coefficients describing the

transport in spatially separated subsystems. As a result,

the interlayer coherence could be achieved only in pe-

culiar experimental geometries, the measure of the im-

purity potential correlations being the value of the gap

entering interlayer diffusons and Cooperons [16, 17].

A closer inspection of additional diagrams reveals

strong similarity with the problem of the impurity-

correlated interlayer Coulomb drag. In particular, we

observe that the diffuson Hartree diagrams do not con-

tribute to the spin transconductivity. Furthermore, the

series of proper Cooperon diagrams2) could be summed

up as it is shown in Fig. 2; the result is known as the

2)We note that the diagrams describing the density-of-states
correction in the Cooper channel [15] do not contribute to the
transresistivity because the current vertices in these diagrams are
inserted into the same fermionic loop, thus giving rise to correc-
tions to σµµ only. Furthermore, all diagrams with current vertices
inserted into two distinct fermionic loops without changing re-
tarded Green’s functions to advanced at current vertices vanish
due to gauge invariance [18, 16].
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Fig. 2. (a) – Diagrammatic (Bethe–Salpeter) equation for

the Cooperon-interaction ladder (shaded box) entering the

Maki–Thompson contribution to the spin transconductiv-

ity σMT
↑↓ . All other notations are the same as in Fig. 1. (b) –

Maki–Thompson diagrams for spin transconductivity σ↑↓

at low temperatures

anomalous Maki–Thompson contribution [14, 15]. For

the problem considered this contribution to the spin-

drag transconductivity has the form

σMT
↑↓ =

8 e2

T

∫

D (dq)

Dq2 + τ−1
ϕ

∫

(dω)

sinh2 ω
2T

×

× ImΛ↑↓(q, ω) ImΨ↑↓(q, ω). (9)

The functions Ψ↑↓ and Λ↑↓ in Eq. (9) are given by

Ψ↑↓(q, ω) = ψ
[

(Dq2 − iω + τ−1
ϕ + 2πT )/4πT

]

,

Λ−1
↑↓ (q, ω) = ln

εF
T

+
[

FMT
↑↓ (κ2/2kF)

]−1
− (10)

−Ψ(q, ω) + ψ(1/2),

where ψ(z) is the digamma function, FMT
↑↓ (κ2/2kF) =

= (4π2νF)
−1〈U↑↓(p− p′)〉p,p′ , and the angular average

over the Fermi surface is given by 〈...〉p = νF
∫ 2π

0
... dϕp.

It is worth noting that due to the large momentum

transfer in Eq. (9) the interaction U↑↓(q, ω) could be

taken in the static limit,

U↑↓(q) =
1

2νF

κ2

κ2 + q
. (11)

The quantity FMT
↑↓ (y) is then calculated as follows

FMT
↑↓ (y) =

y

π
√

1− y2
ln

1 +
√

1− y2

1−
√

1− y2
. (12)

This RPA expression for FMT
↑↓ (y) turns out to coincide

with the Fermi-liquid interaction amplitude F σ
0 (see,

e.g., Ref. [19]). Notice that FMT
↑↓ (y → 0) ∝ y ln y. In

the case of strong interaction κ2/kF ≫ 1, the function

FMT
↑↓ is given by the Landau Fermi-liquid parameter for

the Cooper channel.

Evaluating Eq. (9) with the use of Eqs. (10), (11),

and (12), we obtain

ρMT
↑↓ = −

2π2

3e2
lnTτϕ
(εFτ)2

[

FMT
↑↓ ( κ2

2kF

)

1 + ln εF
T
FMT
↑↓ ( κ2

2kF

)

]2

. (13)

In the diffusive limit, the phase-breaking time is dom-

inated by the Coulomb interaction and is given in two

dimensions by τϕ ∼ g (T ln g)−1, where g = 2εFτ is the

dimensionless conductance [14]. The anomalous Maki–

Thompson contribution to the transresistivity, Eq. (13),

constitutes our main result. We note that this correction

is proportional to the squared effective Cooper-channel

interaction amplitude [20, 21] at scale T . This can be

traced back to the fact that the contribution of diagrams

with a single interaction line connecting two fermionic

loops vanishes identically for an arbitrary interaction

already before disorder averaging [19].

Discussion and conclusions. Remarkably, since

the factor ln (Tτϕ) ∼ ln g is independent of T , the tem-

perature dependence of ρMT
↑↓ is only due to ln (εF/T )

in the denominator of Eq. (13), where it is multiplied

by the interaction constant. Thus the STR reveals the

phenomenon of (quasi)saturation: for not too strong

interactions it stays almost constant down to T ∼

εF exp (−1/FMT
↑↓ ); still in the limit T → 0 the SCD van-

ishes as ln−2 T . The anomalous Maki–Thompson con-

tribution to ρ↑↓ for Tτ < 1 is presented in Fig. 3.

Fig. 3. (Color online) The absolute value of the Maki–

Thompson contribution to the spin-drag transresistivity,

Eq. (13), shown as a function of T up to T = 1/τ = 5K

for εF = 50K, g = 20, and κ2/kF = 0.02, 0.1, 0.2, 0.4, 0.6,

1, 1.8 (from bottom to top)

Let us compare our result given by Eq. (13) with the

result of conventional theory. For simplicity, we omit all

weak logarithmic dependencies. Comparing then the AL

and MT contributions, we observe the qualitative sim-

ilarity in their dependencies on parameter κ2/kF. The

rest of the formulas provides us with the estimate

T < τ−1 (14)
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for temperature interval wherein the anomalous Maki–

Thompson contribution to the STR dominates over

the Aslamazov–Larkin one,
∣

∣

∣
ρMT
↑↓

∣

∣

∣
>

∣

∣

∣
ρAl
↑↓

∣

∣

∣
, see Fig. 4.

This region coincides with the range of applicability of

Fig. 4. (Color online) The comparison of the Maki–

Thompson (red solid curve) and Aslamazov–Larkin (blue

dashed curve) contributions to the spin-drag transresis-

tivity at low temperatures T < 1/τ = 5K for εF = 50K,

g = 20, and κ2/kF = 0.4

Eq. (13) evaluated within the diffusion approximation.

Specifically, while the conventional AL-type contribu-

tion vanishes quadratically with decreasing tempera-

ture, the MT contribution stays almost constant down

to exponentially low temperatures.

In this paper, we have restricted our analysis with

the paramagnetic situation. The generalization onto po-

larized electrons in straightforward. In particular, the

quantity FMT
↑↓ acquires dependence on electron magne-

tization and the Cooperon, Eq. (8), acquires a frequency

shift ωM = (n↑ − n↓) ν
−1
F . This leads to a suppression

of the Maki–Thompson contribution; however, it still

dominates the spin drag, provided ωMτ < 1. Further-

more, it is straightforward to extend our consideration

onto other dimensions, as well as to the case of finite

magnetic field. In the latter case, we announce the sup-

pression of the MT contribution to STR due to sup-

pression of Cooperons. These results will be published

elsewhere [22].

In conclusion, we have investigated the spin

Coulomb drag effect at low temperatures. We observed

the novel contribution to the spin transresistivity

coefficient which is due to maintaining of quantum

coherence between the electrons with spin-up and

spin-down propagating in the same random impurity

potential and interacting with each others via the

Coulomb interaction. The diagrams responsible for this

process are similar to those describing the anomalous

Maki–Thompson corrections to the conductivity. We

argue that this mechanism dominates in the entire

diffusive temperature interval leading to a dramatic

enhancement of the spin Coulomb drag as compared to

previous studies.
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