Pis’ma v ZhETF, vol. 103, iss. 2, pp. 83 – 87 © 2016 January 25

Structure of three-loop contributions to the β-function of N = 1 SQED with N_f flavors, regularized by the dimensional reduction

S. S. Aleshin^+, A. L. Kataev^∗, K. V. Stepanyantz^{+1)}

+Physical Faculty Lomonosov MSU, Department of Theoretical Physics, 119991 Moscow, Russia

∗Institute for Nuclear Research of the RAS, 117312 Moscow, Russia

Submitted 25 November 2015

In the case of using the higher derivative regularization for N = 1 supersymmetric quantum electrodynamics (SQED) with N_f flavors the loop integrals giving the β-function are integrals of double total derivatives in the momentum space. This feature allows to reduce one of the loop integrals to an integral of the δ-function and to derive the NSVZ relation for the renormalization group functions defined in terms of the bare coupling constant. In this paper we consider N = 1 SQED with N_f flavors regularized by the dimensional reduction in the DR-scheme. Evaluating the scheme-dependent three-loop contribution to the β-function proportional to (N_f )^2 we find the structures analogous to integrals of the δ-singularities. After adding the scheme-independent terms proportional to (N_f )^1 we obtain the known result for the three-loop β-function.

DOI: 10.7868/S0370274X16020016

1. Introduction. The renormalization group (RG) functions of the N = 1 supersymmetric quantum electrodynamics (SQED) with N_f flavors are known to be related by the equation

β(α_0) = α^2_0N_f π � 1 − γ(α_0) � , (1)

which is called “the exact NSVZ β-function” [1–6]. It was originally obtained for the RG functions defined in terms of the bare coupling constant [1, 3, 4, 6]. A rigorous derivation of this relation by summing supergraphs was also given in [7, 8] for the RG functions defined in terms of the bare coupling constant using the higher derivative (HD) regularization [9, 10] generalized to the supersymmetric case [11, 12]. This derivation is based on the observation that all loop integrals giving the β-function are integrals of double total derivatives in the momentum space. The factorization into integrals of total derivatives was first noted in Ref. [13], and the factorization into integrals of double total derivatives was found in Ref. [14]. This feature was also verified by the calculations in the lowest orders of the perturbation theory in non-Abelian supersymmetric theories [15–17], and in theories with N = 2 supersymmetry [18, 19]. The factorization of loop integrals for the Adler D-function of N = 1 SQCD into integrals of double total derivatives was also proved in all orders of the perturbation theory [20, 21].

1)e-mail: stepan@m9com.ru

The factorization property valid for supersymmetric theories regularized by higher derivatives gives rise to the exact NSVZ β-function for the RG functions defined in terms of the bare coupling constant (at least for N = 1 SQED with N_f flavors). Due to this feature, one of the loop integrals is an integral of the δ-function and can be calculated analytically. If the RG functions are defined in terms of the renormalized coupling constant, the factorization into double total derivatives allows to construct a concrete prescription which in the Abelian case determines the NSVZ scheme in all orders in the case of using the HD regularization [22–24].

Nevertheless, supersymmetric theories are mostly regularized by the dimensional reduction (DRED) [25], which is however mathematically inconsistent [26] in higher orders [27, 28]. Therefore, it is interesting to investigate loop corrections to the β-function in supersymmetric theories regularized by DRED and to look for structures similar to the integrals of the δ-functions, which appear in the case of using the HD regularization. The minimal order in which the β-function is scheme dependent corresponds to the three-loop approximation. (For the considered theory at the three-loop level the inconsistency of DRED is not essential, see, e.g., [29].)

In this paper we explicitly demonstrate that structures similar to the integrals of the δ-functions appear in the three-loop contributions to the β-function proportional to (N_f )^2. These terms are especially interesting, because they are scheme-dependent, while the terms proportional to N_f do not depend on the subtrac-

Письма в ЖЭТФ том 103 вып. 1 – 2 2016 83 6^∗ tion scheme [23]. Explicitly calculating the (N_f )^2 terms and adding the known scheme-independent contributions proportional to (N_f )^1 we obtain the total threeloop β-function of N = 1 SQED with N_f flavors in the DR-scheme. The result agrees with Ref. [30], in which the structures similar to integrals of the δ-functions were not discovered.

2. N = 1 SQED with N_f flavors and its regularization by DRED. In this paper we consider massless N = 1 SQED with N_f flavors. In terms of the N = 1 superfields the action of this theory has the form S = 1 4e^2_0 Re � d^4x d^2θ W^aW_a +

+ N_f�

i=1 1 4 � d^4x d^4θ � ϕ^∗_i e^{2V} ϕ_i + ~ϕ^∗_i e^{−2V} ~ϕ_i � , (2)

where e_0 is the bare coupling constant.

Quantum corrections in this theory will be calculated using the regularization by means of DRED [25]. This implies that the algebra of supersymmetric covariant derivatives is the same as in four dimensions, while the integrals over loop momentums (which remain after calculating Grassmannian integrals over all θ-s except for the one) are calculated in the dimension d. Note that the coupling constant in d ≠ 4 dimensions is dimensionful, so that it is convenient to make the substitution

e^2_0 → e^2_0Λ^ε (3)

in the regularized theory, where Λ is a constant with the dimension of mass and ε ≡ 4 − d. In this case e_0 will be also dimensionless.

A part of the effective action corresponding to the two-point Green function can be written in the form

Γ^{(2)} − S_{gf} = − 1 16π × × � d^4p (2π)^4 d^4θ V (−p, θ)∂^2Π_{1/2}V (p, θ) d^{−1}(α, μ/p) +

+ 1 4 N_f�

i=1 � d^4p (2π)^4 d^4θ × × � ϕ^∗_i (−p, θ)ϕ_i(p, θ) + ~ϕ^∗_i (−p, θ)~ϕ_i(p, θ) � G(α, μ/p), (4)

where ∂^2Π_{1/2} = −D^aD̄^2D_a/8 denotes the supersymmetric transversal projection operator, α = α(μ) is the renormalized coupling constant, and μ is the renormalization scale^{2)}. The transversality of quantum correc-

2)Usually, within the dimensional technique one sets Λ = μ, but in this paper we do not impose this condition in order to show explicitly that all subsequent equations are similar to the ones obtained with the HD regularization.

tions to the two-point Green function of the gauge field follows from the Ward identity.

3. Structure of the (N_f )^2 three-loop contributions to the β-function. The three-loop expression for the function d^{−1}(α_0, Λ/p) of the considered theory can be constructed using the results of Ref. [13]^{3)}. Keeping in the three-loop approximation only scheme-dependent terms proportional to (N_f )^2, we can rewrite it in the form

d^{−1}(α_0, Λ/p) = = 1 α_0

+ I_1 + I_2 + I_3 + O(α^2_0N_f ) + O(α^3_0), (5)

where α_0 = e^2_0/4π, the integrals I_1 and I_2 are the oneand two-loop contributions to the function d^{−1}, and I_3 is a part of the three-loop contribution proportional to (N_f )^2. The part of the three-loop contribution proportional to N_f is not considered in this paper. In the explicit form the integrals I_i are written as

I_1 = 8πN_f Λ^ε � d^dk (2π)^d 1 k^2(k + p)^2

; (6)

I_2 = 16πe^2_0N_f Λ^{2ε} � d^dk (2π)^d d^dq (2π)^d × × � 2 k^2(k + q)^2q^2(q + p)^2 − − 1 (k + q)^2(k + q + p)^2q^2(q + p)^2 − − p^2 k^2(k + q)^2(k + p + q)^2q^2(q + p)^2 � ; (7)

I_3 = −32πe^4_0(N_f )^2Λ^{3ε} × × � d^dk (2π)^d d^dq (2π)^d d^dt (2π)^d 1 t^2(t + k)^2 × × � 2 k^2(k + q)^2q^2(q + p)^2 − − 1 (k + q)^2(k + q + p)^2q^2(q + p)^2 − − p^2 k^2(k + q)^2(k + p + q)^2q^2(q + p)^2 � . (8)

In the case of using the HD regularization the expressions similar to I_2 and I_3 are related to the one- and twoloop contributions to the function ln G, respectively, due to the factorization of the corresponding integrals into

3)In Ref. [13] the HD method was used for regularization. However, the DRED integrals can be easily derived from the ones obtained with the HD regularization.

Письма в ЖЭТФ том 103 вып. 1 – 2 2016 integrals of double total derivatives in the limit p → 0. In the case of using the dimensional technique it is impossible to take the limit p → 0, because loop integrals are proportional to (Λ/p)^{nε}, where n is an integer. That is why with DRED such a factorization into integrals of double total derivatives evidently does not take place. Nevertheless, one can try to find its analog. For this purpose, we first consider the two-loop integral I_2 and add to it

0 = 16πe^2_0N_f Λ^{2ε} � d^dk (2π)^d d^dq (2π)^d ∂ ∂q^μ × × � q^μ q^2(q + p)^2k^2(q + k)^2 � 1 − p^2 2(q + k + p)^2 � . (9)

Then, after some transformations the result can be rewritten as

I_2 = 16πe^2_0N_f Λ^{2ε} � d^dk (2π)^d d^dq (2π)^d × × � − ε k^2(k + q)^2q^2(q + p)^2 − − 2p^μ ∂ ∂p^μ 1 k^2(k + q)^2q^2(q + p)^2 + + 1 2 p^μ ∂ ∂p^μ 1 (k + q)^2(k + q + p)^2q^2(q + p)^2 + + 1 2 p^2p^μ ∂ ∂p^μ 1 k^2q^2(q + p)^2(q + k)^2(q + k + p)^2 + + εp^2 2k^2q^2(q + p)^2(q + k)^2(q + k + p)^2 � . (10)

From dimensional considerations it is easy to see that all two-loop integrals in this equation are proportional to (Λ/p)^{2ε}. This allows to make easily the differentiation with respect to the momentum p^μ, after which we obtain

I_2 = εI_2 + 16πe^2_0N_f Λ^{2ε} × × � d^dk (2π)^d d^dq (2π)^d � ε k^2(k + q)^2q^2(q + p)^2 + + p^2(−2 + ε) 2k^2q^2(q + p)^2(q + k)^2(q + k + p)^2 � . (11)

As a consequence, the considered two-loop contribution can be presented in the form

I_2 = 16πe^2_0N_f Λ^{2ε} × × � ε 1 − ε � d^dk (2π)^d d^dq (2π)^d 1 k^2(k + q)^2q^2(q + p)^2 + + ε − 2 2(1 − ε) � d^dk (2π)^d d^dq (2π)^d × × p^2 k^2q^2(q + p)^2(q + k)^2(q + k + p)^2 � . (12)

The second term in this expression is finite and proportional to ζ(3) in the limit ε → 0 [31]. Therefore, it does not contribute to the β-function in the DR-scheme. The first term is divergent. Below we will demonstrate that it is related to the one-loop contribution to ln G. However, before doing this, we first write the three-loop contribution I_3 proportional to (N_f )^2 in a similar way. Adding to it

0 = −32πe^4_0(N_f )^2Λ^{3ε} × × � d^dk (2π)^d d^dq (2π)^d d^dt (2π)^d 1 t^2(t + k)^2 ∂ ∂q^μ × × � q^μ q^2(q + p)^2k^2(q + k)^2 − − p^2q^μ 2k^2q^2(q + p)^2(q + k)^2(q + k + p)^2 � (13)

and making the transformations similar to the ones described above we obtain

I_3 = −32πe^4_0(N_f )^2Λ^{3ε} � 2ε 1 − 3ε/2 × × � d^dk (2π)^d d^dq (2π)^d d^dt (2π)^d × × 1 t^2(t + k)^2k^2(k + q)^2q^2(q + p)^2 + + ε − 2 2(1 − 3ε/2) � d^dk (2π)^d d^dq (2π)^d d^dt (2π)^d × × p^2 t^2(t + k)^2k^2q^2(q + p)^2(q + k)^2(q + k + p)^2 � . (14)

Note that deriving this expression we took into account that the three-loop integrals in the considered expression are proportional to (Λ/p)^{3ε}. Also we note that, unlike the I_2 case, the last term is divergent. However, it is easy to see that this divergence vanishes when one expresses the bare coupling constant in terms of the renormalized one in the expression d^{−1} − α^{−1}_0 .

Using Eqs. (12) and (14) the function d^{−1} can be presented as

d^{−1}(α_0, Λ/p) = α^{−1}_0 + 8πN_f Λ^ε � d^dk (2π)^d 1 k^2(k + p)^2 + + 64π^2α_0N_f Λ^{2ε} ε 1 − ε × × � d^dq (2π)^d 1 q^2(q + p)^2 � d^dk (2π)^d 1 k^2(k + q)^2 − − 512π^3α^2_0(N_f )^2Λ^{3ε} 2ε 1 − 3ε/2 � d^dq (2π)^d 1 q^2(q + p)^2 × × � d^dk (2π)^d 1 k^2(q + k)^2 d^dt (2π)^d 1 t^2(t + k)^2 + + finite terms + O(α^2_0N_f ) + O(α^3_0). (15)

Письма в ЖЭТФ том 103 вып. 1 – 2 2016

In this expression we do not write explicitly terms which are finite functions of the renormalized coupling constant α = α(μ), related to the bare coupling constant by the equality 1 α_0 = 1 α − N_f π � 1 ε + ln Λ μ + b_1 � + O(α), (16)

where b_1 is a finite constant depending on the renormalization scheme.

Comparing the expression (15) with similar terms in the logarithm of the two-point Green function of the matter superfields

ln G = −8πα_0Λ^ε � d^dk (2π)^d 1 k^2(q + k)^2 + +64π^2α^2_0N_f Λ^{2ε} � d^dk (2π)^d d^dt (2π)^d 1 k^2(q + k)^2t^2(t + k)^2 + + O � (N_f )^0α^2_0 � + O(α^3_0), (17)

we obtain

d^{−1} − α^{−1}_0 = 8πN_f Λ^ε � d^dq (2π)^d 1 q^2(q + p)^2 − − 8πN_f Λ^ε ε 1 − ε � d^dq (2π)^d 1 q^2(q + p)^2

(ln G)_{1−loop} −

− 8πN_f Λ^ε 2ε 1 − 3ε/2 × × � d^dq (2π)^d 1 q^2(q + p)^2

(ln G)_{2−loops,Nf} +

+ finite terms + O(N_f α^2_0) + O(α^3_0). (18)

The relation between the functions d^{−1} − α^{−1}_0 and ln G was earlier found in all orders in the case of using the HD regularization [7, 8]. It is given by the equality d d ln Λ � d^{−1} − α^{−1}_0 � �_{p=0} = = d d ln Λ � One-loop − 16π^3N_f � d^4q (2π)^4 δ^4(q) ln G � , (19)

where Λ is now the dimensionful parameter in the HD term, One-loop denotes the one-loop contribution, and the differentiation is made at a fixed value of the renormalized coupling constant. δ^4(q) appears from the integrals of double total derivatives due to the identity ∂ ∂q^μ ∂ ∂q^μ 1 q^2

= −4π^2δ^4(q). (20)

Due to the presence of ln G, Eq. (18) is an analog of Eq. (19) if the theory is regularized by DRED. Comparing these equations we conclude that in the considered integrals the expression 1 2π^2

Λ^ε

(L − 1)ε 1 − Lε/2 � d^dq (2π)^d 1 q^2(q + p)^2

, (21) where L is a number of loops, is an analog of the structure � d^4q (2π)^4 δ^4(q), (22)

which appears after calculating integrals of double total derivatives with the HD regularization in the limit of the vanishing external momentum.

Starting from Eq. (18) it is possible to find the expression for the β-function in the considered approximation in the DR-scheme. The finite terms are not essential in this scheme. In our conventions, the DR-scheme is obtained by subtracting ε-poles and powers of ln Λ̄/μ, where Λ̄ ≡ Λ exp(−γ/2) √ 4π. Calculating integrals in Eq. (18) using the standard dimensional technique and making the renormalization we obtain that the corresponding contribution to the β-function of N = 1 SQED with N_f flavors is

β_{DR}(α) = dα_{DR} d ln μ � � � �_{α0 =const} = = α^2N_f π � 1 + α π − 3N_f α^2 4π^2 � + O(N_f α^4) + O(α^5). (23)

Adding the scheme-independent three-loop contributions proportional to N_f [30] we find that the total three-loop β-function of the considered theory has the form

β_{DR}(α) = α^2N_f π � 1 + α π − (2 + 3N_f )α^2

4π^2 � + O(α^5). (24)

One can see that it agrees with the results of Ref. [30]. Note that this expression for the RG function does not satisfy the NSVZ relation, which can be obtained from the DR-result only after a special finite renormalization [30, 32].

4. Conclusion. We have demonstrated that the factorization of integrals giving the β-function of N = 1 SQED with N_f flavors regularized by higher derivatives into integrals of δ-singularities has an analog in the case of using DRED at least for the three-loop schemedependent terms proportional to (N_f )^2. Instead of the integrals of δ-singularities (which appear in calculating integrals of double total derivatives) a certain typical structure appears. Presumably, the existence of such a structure can allow constructing a prescription which gives the NSVZ scheme in all orders of the perturbation theory if supersymmetric theories are regularized by DRED. If it is possible, such a prescription will be an analog of the one constructed in Ref. [22] for the case of using the HD regularization.

The authors are very grateful to A.O. Barvinsky for the valuable discussions. The work of A.K. was supported by the RFBR grant # 14-01-00647 and also

Письма в ЖЭТФ том 103 вып. 1 – 2 2016

Structure of three-loop contributions to the β-function. . . 87

by the grant for the Leading Scientific Schools NS- 2835.2014.2. The work of K.S. was supported by the RFBR grant # 14-01-00695.

1. V. A. Novikov, M. A. Shifman, A. I. Vainshtein, and V. I. Zakharov, Nucl. Phys. B 229, 381 (1983).

2. D. R. T. Jones, Phys. Lett. B 123, 45 (1983). 3. A. I. Vainshtein, V. I. Zakharov, and M. A. Shifman, JETP Lett. 42 (1985) 224 [Pisma ZhETF 42, 182 (1985)].

4. V. A. Novikov, M. A. Shifman, A. I. Vainshtein, and V. I. Zakharov, Phys. Lett. B 166 (1986) 329; Sov. J. Nucl. Phys. 43, 294 (1986) [Yad. Fiz. 43 (1986) 459.]

5. M. A. Shifman and A. I. Vainshtein, Nucl. Phys. B 277, 456 (1986); Sov. Phys. JETP 64, 428 (1986) [ZhETF 91, 723 (1986)].

6. M. A. Shifman, A. I. Vainshtein, and V. I. Zakharov, Phys. Lett. B 166, 334 (1986).

7. K. V. Stepanyantz, Nucl. Phys. B 852, 71 (2011). 8. K. V. Stepanyantz, JHEP 1408, 096 (2014). 9. A. A. Slavnov, Nucl. Phys. B 31, 301 (1971). 10. A. A. Slavnov, Theor. Math. Phys. 13, 1064 (1972) [Teor. Mat. Fiz. 13, 174 (1972)].

11. V. K. Krivoshchekov, Theor. Math. Phys. 36, 745 (1978) [Teor. Mat. Fiz. 36, 291 (1978)].

12. P. C. West, Nucl. Phys. B 268, 113 (1986). 13. A. A. Soloshenko and K. V. Stepanyantz, Theor. Math.

Phys. 140, 1264 (2004) [Teor. Mat. Fiz. 140, 430 (2004)].

14. A. V. Smilga and A. Vainshtein, Nucl. Phys. B 704, 445 (2005).

15. A. B. Pimenov, E. S. Shevtsova, and K. V. Stepanyantz,

Phys. Lett. B 686, 293 (2010).

16. K. V. Stepanyantz, arXiv:1108.1491 [hep-th]. 17. A. E. Kazantsev and K. V. Stepanyantz, JETP 120, 618 (2015) [ZhETF 147, 714 (2015)].

18. I. L. Buchbinder and K. V. Stepanyantz, Nucl. Phys. B 883, 20 (2014).

19. I. L. Buchbinder, N. G. Pletnev, and K. V. Stepanyantz, Phys. Lett. B 751, 434 (2015).

20. M. Shifman and K. Stepanyantz, Phys. Rev. Lett. 114, 051601 (2015).

21. M. Shifman and K. V. Stepanyantz, Phys. Rev. D 91(10), 105008 (2015).

22. A. L. Kataev and K. V. Stepanyantz, Nucl. Phys. B 875, 459 (2013).

23. A. L. Kataev and K. V. Stepanyantz, Phys. Lett. B 730, 184 (2014).

24. A. L. Kataev and K. V. Stepanyantz, Theor. Math.

Phys. 181(3), 1531 (2014).

25. W. Siegel, Phys. Lett. B 84, 193 (1979). 26. W. Siegel, Phys. Lett. B 94, 37 (1980).

27. L. V. Avdeev, G. A. Chochia, and A. A. Vladimirov, Phys. Lett. B 105, 272 (1981).

28. L. V. Avdeev and A. A. Vladimirov, Nucl. Phys. B 219, 262 (1983).

29. L. Mihaila, Adv. High Energy Phys. 2013, 607807 (2013).

30. I. Jack, D. R. T. Jones, and C. G. North, Phys. Lett. B 386, 138 (1996).

31. K. G. Chetyrkin, A. L. Kataev, and F. V. Tkachov, Nucl.

Phys. B 174, 345 (1980).

32. I. Jack, D. R. T. Jones, and C. G. North, Nucl. Phys. B 486, 479 (1997).

Письма в ЖЭТФ том 103 вып. 1 – 2 2016