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Weyl fermions [1] are massless fermions whose mass-

lessness (gaplessness) is topologically protected [2–4].

They appear in the Standard Model of fundamen-

tal interactions and as quasi-relativistic quasiparticles

in topological semimetals [5–11] and chiral superfluid
3He-A [12, 13]. A Weyl point is a topologically protected

band touching in momentum space described by a 2× 2

effective Weyl Hamiltonian with linear dispersion. The

most general Hamiltonian describing Weyl fermions at

a Weyl point at p = 0 is

H(p) = ei0σ
0pi + eiaσ

api, (1)

where pi are the components of three-momentum p,

σ0 = 1 and σa for a = 1, 2, 3 are the Pauli matri-

ces. The 12 coefficients ei0 and eia in the linear expan-

sion are equivalent to the corresponding components

of the tetrad field eµα in general relativity (GR), where

µ, α = 0, 1, 2, 3 in 3+1 dimensions. Depending on these

parameters, the Weyl fermions associated with the Weyl

point form two distinct classes [14, 15], called type-I

and type-II [16]. In the latter case, the Weyl point is a

topologically protected touching of the electron and hole

pockets in a semimetal. In GR such a fermionic spec-

trum can emerge behind a black hole horizon [17, 18].

Here we suggest that for the interacting fermions the

situation can be more complicated: The Green’s func-

tion contains all 16 components eµα of the tetrad field

in an expansion around the Weyl point in 4-momentum

space pµ = (ω,p). This leads to two additional distinct

classes of Weyl points, type-III and type-IV, depending

on the four signs of the elements g00 and g00 of the effec-

tive tetrad metric. This allows us to simulate additional

solutions of Einstein equations at interfaces where the

components of the metric change sign, including space-

times with closed timelike curves.

Interacting fermions. A given metric is expressed

in terms of the tetrad field as

gµν = ηαβeµαe
ν
β , (2)
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where the (dimensionless) metric ηαβ =

= diag(1,−1,−1,−1) has Lorentzian signature. In

the 2 × 2 Weyl Hamiltonian Eq. (1), as well as in the

4 × 4 Dirac Hamiltonian, the elements e0a and e00 of

tetrad fields are missing, since p0 of the four vector

pµ = (ω,p) is absent. The frequency p0 ≡ ω appears

in the Green’s function G(ω,p). For noninteracting

fermions, the Green’s function

G−1(ω,p) = H − ω = e00σ
0p0 + ei0σ

0pi + eiaσ
api (3)

contains the term e00 with fixed e00 = −1, but the term

with e0a is still missing. This term may appear in an

interacting system, e.g. from the fermion self-energy,

where the general form of the 2 × 2 Green’s function

is:

G−1(pµ) = e00σ
0p0 + ei0σ

0pi + eiaσ
api + e0aσ

ap0. (4)

The effective metric Eq. (2) for the Weyl (and mass-

less Dirac) fermions is determined by the poles of the

Green’s function via the dispersion relation

gµνpµpν = 0. (5)

The emergence of the tetrad elements e0a in an inter-

acting system may drastically change the behavior of the

fermions. First, the matrix element g00 = (e00)
2
− e0 · e0

in the fermion dispersion relation may now cross zero

and become negative. Second, the matrix element g0i =

= e00e
i
0−e0 ·ei contains the two tetrad vectors e0a and ei0.

For clarity, we consider the case where eia is isotropic and

characterized by the “speed of light” or Fermi-velocity

c of an isotropic Weyl cone, with ei0, e
0
a parametrized in

terms of the two velocity fields v and w, respectively:

e00 = −1, eia = cδia, ei0 = vi, e0a = wa/c. (6)

The corresponding effective metric gµν(v,w) is

g00 = 1−
w2

c2
, g0i = −(wi + vi), gij = −c2δij + vivj .

(7)

442 Письма в ЖЭТФ том 105 вып. 7 – 8 2017



Type-III and IV interacting Weyl points 443

The line-interval ds2 = gµνdx
µdxν is given by the in-

verse gµν with determinant g = −1/e2, where

e = det eµα = −c(c2 + v ·w). (8)

The dispersions relations are

ω±(p) =
−g0ipi ±

√

g00(−gijpipj) + (g0ipi)2

g00
. (9)

The time-like components g00 = c4(c2 − v2)/g and

g00 = 1 − w2/c2 indicate singular behavior in the Weyl

spectrum upon change of sign in analogy with solutions

of GR.

From type-I to type-II. For w2 < c2 and v2 <

< c2 one has a type-I Weyl point with tilted cone.

For v2 > c2, the components g00 and gvv of the met-

ric change sign, forming the type-II Weyl point. The

interface v2 = c2 between the type-I and type-II Weyl

semimetals serves as the analog of either the ergosurface

or the horizon of a blackhole [18], depending on the ori-

entations of the velocity vectors v,w and the interface

v2 = c2.

From type-I to type-III. Let us fix v = 0:

ω±(p) =
1

1− w2

c2

(

wp‖ ±
√

c2p2‖ + (c2 − w2)p2⊥

)

, (10)

where p‖ and p⊥ are defined with respect to w. For

w < c one has the type-I Weyl point with tilted cone.

For w > c, both g00 and ω± change sign and the fre-

quency has both positive and negative imaginary parts

implying an instability or localization in the directions

transverse to w (see Ref. [13] for a bosonic example).

The momentum space surface separating the propagat-

ing fermionic states from states with complex spectrum

forms the cone p‖ = ±p⊥

√

w2

c2
− 1. We call spectra with

w2 > c2 and v2 < c2, i.e. g00 < 0 and g00 > 0, type-

III Weyl. With Weyl points of type III, one may simu-

late the closed timelike curves in GR [19], i.e. curves

f(τ) satisfying ḟµḟνg
µν > 0. An axial velocity field

w = w(r)φ̂ and v = 0 produces the line-interval

ds2 =

(

dt−
1

c2
w · dx

)2

−
1

c2
dx2. (11)

At w2(r) > c2, one has gφφ = r2

c2
(w

2(r)
c2

− 1) > 0 and

closed timelike curves t = const, z = const, r = const.

Type-IV Weyl. A distinct type-IV spectrum in the

region with both g00 < 0 and g00 < 0 also emerges. The

transitions between type-I, type-II, type-III and type-IV

Weyl points are peculiar forms of Lifshitz transitions.

Transition in the tetrad field. There is also a

Lifshitz transition which is not manifested in the met-

ric gµν , but is seen in the tetrad field. This happens

when the tetrad determinant in Eq. (8) crosses zero at

v · w = −c2, and the right-handed fermion transforms

to the left-handed one.
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