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Theory of the Racah—Wigner -coefficients (6j-
symbols) is among the standard topics in theoretical
physics textbooks including the celebrated Quan-
tum Mechanics of L.Landau and E.Lifshitz. It is of
course a well known story in representation theory,
because the 6j-symbols intertwine the triple tensor
products of representations (R; ® R2) ® R3 — Ry and
R; ® (R2 ® R3) —> R4. They are matrices

R1 Ry R;
Ry Ry R;j |’

with ¢ and j labeling representations in the channels
Ry ® Ry = ®;R; and Ry ® R3 = @; 1R, respectively.

Tensor products are widely used in different topics
of theoretical and mathematical physics from quantum
mechanics to knot theory. Often needed are explicit for-
mulas, because one typically wants to explicitly con-
struct either the particle states or solutions to Yang-—
Baxter equations, i.e. the quantum R-matrices. There-
fore the Racah matrices were a subject of intensive in-
vestigation during the last three decades, still, surpris-
ingly few results were obtained, until the very recent
advances, which came from the newly discovered ar-
borescent calculus and differential expansions of knot
polynomials. These approaches allowed one to calcu-
late many Racah matrices in various representations,
but they are not yet brought into analytic form, i.e. all
matrix elements are explicitly listed, but not described
by a general formula with arbitrary ¢ and j. In fact,
getting such analytic formulas appears to be a sepa-
rate non-trivial problem, and, in this letter, we address
it in the very simple case of symmetric representations
R;, described by the single-line Young diagrams [r;] of
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length r;, and their suy-conjugates R;, described by the
diagrams [ "] with N — 1 lines of the same length.
Somewhat surprisingly even in this case the answer was
long known for sus, but not for generic suy. We per-
form this extension from 2 to N and use this example
to describe the main ideas, which can hopefully lead to
generalizations for non-symmetric representations (pure
antisymmetric case is related to pure symmetric by the
simple transformation ¢ — —1/q).

In arborescent calculus, we have only two Racah ma-
trices S and S, which are fusion matrices of conformal
blocks in WZW model. Quantum 6j-symbols are pro-
portional to elements of Racah matrices. Their explicit
formulas for symmetric representations of U, (suy) are
known as some partial sums. We write them as balanced
terminating q-hypergeometric series 4¢3 ( 2= q2).
In order to obtain alternative expressions for the 6j-
symbols, one can use Sears’ transformations. In partic-
ular, we find a representation in terms of orthogonal
polynomials known as g-Racah (or Askey—Wilson for its
continuous version) in the variable @2 g2 r=i=N)

=3

of degree r — j:
T
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Our main result is an extension of the Racah-matrix in-
terpretation from the 1-parametric sub-family of such
polynomials to two 2-parametric ones, by introducing
the second parameter N (from suy) in addition to r,
which describes the symmetric representation.

For a system of ¢g-hypergeometric polynomials to be
orthogonal, they should satisfy a 3-term relation, what
requires some art and imposes additional restrictions.
In the case of 4¢3(z), it is fixing z and the balanced se-
ries condition. In our cases these conditions are satisfied
and we find the explicit form of 3-term relations with
the help of our hypergeometric formulas. In the case
of Racah polynomials, the 3-term relations possess an
additional interpretation: they are nothing but the pen-
tagon (Biedenharn—Elliot) identity, which reflects asso-
ciativity of the Tanaka—Krein algebra of representations.

The main problem for Racah calculus is to go be-
yond the symmetric representation, in particular to find
analytic expressions for already known Racah matrices
S and S in various two-line representations, especially,
in the rectangular ones, where there are no multiplic-
ities and no associated ambiguities with the choice

of bases in arborescent calculus. Direct attempts to
guess such formulas as interpolating between the known
matrix elements S‘ij for particular ¢ and j are some-
what tedious, especially because the number of summa-
tions is unknown. At the same time, in hypergeometric
and Macdonald calculi (The Askey—Wilson or ¢g-Racah
polynomials can be described as simplest, one-variable,
symmetric polynomials for the systems of roots of the
BC,, type), there are natural ways for generalizations
to higher representations, and this can significantly sim-
plify the problem.

Also, the hypergeometric functions possess integral
representations, which can be interpreted as correlators
of conformal blocks within the Dotsenko—Fateev formal-
ism, which is conceptually interesting. We remind that
the Racah matrices naturally describe modular trans-
formations of the conformal blocks, while the fact that
matrices of the transformations of some objects can be
also considered as the same objects themselves is in-
triguing and promising.

Full text of the paper is published in JETP Letters
journal. DOL: 10.1134/S0021364017220040
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