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Evolution of cosmological constant in effective gravity
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In contrast to the phenomenon of nullification of the cosmological constant in the equilibrium vacuum,
which is the general property of any quantum vacuum, there are many options in modifying the Einstein equa-
tion to allow the cosmological constant to evolve in a non-equilibrium vacuum. An attempt is made to extend
the Einstein equation in the direction suggested by the condensed-matter analogy of the quantum vacuum.
Different scenarios are found depending on the behavior of and the relation between the relaxation parameters
involved, some of these scenarios having been discussed in the literature. One of them reproduces the scenario
in which the effective cosmological constant emerges as a constant of integration. The second one describes
the situation, when after the cosmological phase transition the cosmological constant drops from zero to the
negative value; this scenario describes the relaxation from this big negative value back to zero and then to a
small positive value. In the third example the relaxation time is not a constant but depends on matter; this
scenario demonstrates that the vacuum energy (or its fraction) can play the role of the cold dark matter.

PACS: 04.90.+e, 98.80.—k

1. Introduction. It is clear that the pressure of
the vacuum in our Universe is very close to zero as com-
pared to the Planck energy scale, and thus the experi-
mental cosmological constant is close to zero. However,
if at this almost zero pressure one starts calculating the
vacuum energy by summing all the positive and negative
energy states, one obtains a huge vacuum energy which
by about 120 orders of magnitude exceeds the experi-
mental limit. This is the main cosmological constant
problem [1-4].

Exactly the same ‘paradox’ occurs in any quantum
liquid (or in any other condensed matter) at zero pres-
sure. The experimental energy of the ground state of,
say, the quantum liquid at zero pressure is zero. On the
other hand, if one starts calculating the vacuum energy
summing the energies of all the positive and negative
energy modes up to the corresponding Planck (Debye)
scale, one obtains the huge energy. However, there is no
real paradox in quantum liquids, since if one adds all the
trans-Planckian (microscopic, atomic) modes one imme-
diately obtains the zero value, irrespective of the details
of the microscopic physics [5]. The fully microscopic
consideration restores the Gibbs-Duhem relation e = —p
between the energy (the relevant thermodynamic poten-
tial) and the pressure of the quantum liquid at 7 = 0,
which ensures that the energy of the vacuum state e = 0
if the external pressure is zero.

De-mail: volovik@boojum.hut.fi

IIucema B AT Tom 77 BBIL.7-8 2003

This is the first message from condensed matter
to the physics of the quantum vacuum: One should
not worry about the huge vacuum energy, the trans-
Planckian physics with its degrees of freedom will do all
the job of the cancellation of the vacuum energy with-
out any fine tuning and irrespective of the details of
the trans-Planckian physics. There are other messages
which are also rather general and do not depend much
on details of the trans-Planckian physics. For example,
if the cosmological constant is zero above the cosmo-
logical phase transition, it will become zero below the
transition after some transient period.

Thus from the quantum-liquid analog of the quan-
tum vacuum it follows that the cosmological constant
is not a constant but is an evolving physical parame-
ter, and our goal is to find the laws of its evolution. In
contrast to the phenomenon of the cancellation of the
cosmological constant in the equilibrium vacuum, which
is the general property of any quantum vacuum, there
are many options in modifying the Einstein equation to
allow the cosmological constant to evolve. However, the
condensed matter physics teaches us that we must avoid
the discussion of the microscopic models of the quantum
vacuum [6] and use instead the general phenomenolog-
ical approach. That is why we do not follow the tra-
ditional way of description in terms of, say, the scalar
field which mediates the decay of the dark energy [7],
and present an attempt of the pure phenomenological
description by introducing the dissipative terms directly
into the Einstein equation.
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2. Einstein equation. Standard formulation. Let
us start with the non-dissipative equation for gravity —
the Einstein equation. It is obtained from the action:

S = Sg + Sa + Swm, (1)

where Sy is the matter action;

1

e = - 167G

/ d*z/—gR (2)
is the Einstein curvature action; and

A
Sp = —=—— [ d*z/— 3
I e / zv/—g, (3)
where A is the cosmological constant [8]. Variation over
the metric gi¥ gives

1

m (G“y —_ Ag/“’) = T}XI/, (4)

where
1
Gp,u = Rp,u - ERgp,u (5)

is the Einstein tensor, and T’% is the energy-momentum
tensor for matter. This form of the Einstein equation
implies that the matter fields on the right-hand side of
Eq.(4) serve as the source of the gravitational field, while
the A-term belongs to the gravity.

Moving the A-term to the rhs of the Einstein equa-
tion changes the meaning of the cosmological constant.
The A-term becomes the energy-momentum tensor of the
vacuum, which in addition to the matter is the source of
the gravitational field [9]:

1 M |, A A A
RGMV = T;,w + T;w’ Tp,y = pAguu = mgw/‘ (6)
Here pj is the vacuum energy density and pp = —pa is

the vacuum pressure.

Einstein equation in induced gravity. In the induced
gravity introduced by Sakharov [10], the gravity is the
elasticity of the vacuum, say, fermionic vacuum, and the
action for the gravitational field is induced by the vac-
uum fluctuations of the fermionic matter fields. Such
kind of the effective gravity emerges in quantum liquids
[5]. In the induced gravity the Einstein tensor must be
also moved to the matter side, i.e. to the rhs:

0="Th +Tp, + T, (7)
where
eury — 1 G (8)
wv 8rG

has the meaning of the energy-momentum tensor pro-
duced by deformations of the fermionic vacuum. It de-
scribes such elastic deformations of the vacuum, which
distort the effective metric field g,, and thus play the
role of the gravitational field. As distinct from the Tlﬁ,
term which is of the 0-th order in gradients of the metric,
the Tﬁﬂ"’ term is of the 2-nd order in gradients of g,. .
The higher-order gradient terms also naturally appear
in induced gravity.

In the induced gravity the free gravitational field is
absent, since there is no gravity in the absence of the
quantum vacuum. Thus the total energy-momentum
tensor comes from the original (bare) fermionic degrees
of freedom. That is why all the contributions to the
energy-momentum tensor are obtained by the variation
of the total fermionic action over gt":

2 48 1
Ttotal — — _ G 5 5 TM 9
pv /_g 59;,“/ 8rG H + PAGur + uv ( )

According to the variational principle, §5/dg"* = 0,
the total energy-momentum tensor is zero, which gives
rise to the Einstein equation in the form of Eq.(7).
Since Tio%! = 0, it satisfies the conventional and co-
variant conservation laws, T:%%! ¥ = 0 and T} ¥ =0,
and thus serves as the covariant and localized energy-
momentum tensor of matter and gravity.

In this respect there is no much difference between
different contributions to the energy-momentum ten-
sor: all come from the original fermions. However, in
the low-energy corner, where the gradient expansion for
the effective action works, one can distinguish between
different contributions: (i) some part of the energy-
momentum tensor (T}x[,) comes from the excited fermi-
ons — quasiparticles — which in the effective theory form
the matter. The other parts come from the fermions
forming the vacuum — the Dirac sea. The contribution
from the vacuum fermions contains: (ii) The zeroth-
order term in the gradients of g,,; this is the energy-
momentum tensor of the homogeneous vacuum — the A-
term. Of course, the whole Dirac sea cannot be sensitive
to the change of the effective infrared fields g,,: only
small infrared perturbations of the vacuum, which we
are interested in, are described by these effective fields.
(iii) The stress tensor of the inhomogeneous distortion
of the vacuum state, which plays the role of gravity; the
second-order term T;J™ in the stress tensor represents
the curvature term in the Einstein equation.

The same occurs in induced QED [11], where the
electromagnetic field is induced by the vacuum fluctu-
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ations of the same fermionic field. The total electric
current

88 gt
= — = +
5A, A, ' 4A,

Maxwell
5S iy L
=J charged particles Jfield>

(10)

is produced by excited fermions (the 1-st term) and by
fermions in the quantum vacuum (the 2-nd term). The
electric current in the second term is produced by such
elastic deformations of the fermionic vacuum which play
the role of the electromagnetic field, and the lowest-order
term in the effective action describing such distortion of
the vacuum state is the induced Maxwell action

SMaxwell /dtd3 Vv~ Ig F,LLVF,“I, (11)

which is of the second order in gradients of A,. Ac-
cording to the variational principle, §S/dA, = 0, the
total electric current produced by the vacuum and ex-
cited fermions is zero. This means that the system is
always locally electro-neutral. This ensures that the ho-
mogeneous vacuum state without excitations has zero
electric charge, i.e. our quantum vacuum is electrically
neutral. The same occurs with the hypercharge, weak
charge, and color charge of the vacuum: they are zero in
the absence of matter and fields.

In the traditional approach the cosmological constant
is fixed, and it serves as the source for the metric field:
in other words the input in the Einstein equation is the
cosmological constant, the output is de Sitter expansion,
if matter is absent. In effective gravity, where the grav-
itational field, the matter fields, and the cosmological
‘constant’ emerge simultaneously in the low-energy cor-
ner, one cannot say that one of these fields is primary
and serves as a source for the other fields thus govern-
ing their behavor. The cosmological constant, as one of
the players, adjusts to the evolving matter and gravity
in a self-regulating way. In particular, in the absence of
matter (T, = 0) the non-distorted vacuum (TZ5™ = 0)
acquires zero cosmological constant, since, according to
the ‘gravi-neutrality’ condition Eq.(7), it follows from
equations T, = 0 and TS¢™ = 0 that Tj, = 0. In
this approach, the input is the vacuum configuration (in
a given example there is no matter, and the vacuum is
homogeneous), the output is the vacuum energy. In con-
trast to the traditional approach, here the gravitational
field and matter serve as a source of the induced cosmo-
logical constant.

This conclusion is supported by the effective gravity
and effective QED which emerge in quantum liquids or
any other condensed matter system of the special univer-
sality class [5]. The nullification of the vacuum energy
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in the equilibrium homogeneous vacuum state of the sys-
tem also follows from the variational principle, or more
generally from the Gibbs-Duhem relation applied to the
equilibrium vacuum state of the fermionic system if it is
isolated from the environment. In the absence of the en-
vironment one has py = 0, while from the Gibbs-Duhem
relation py = —pp at T = 0 it follows that pp = 0. This
corresponds to le‘,, = 0 for quiescent flat Universe at
T =0, i.e. quiescent flat Universe without matter is not
gravitating.

3. Modification of Einstein equation and re-
laxation of the vacuum energy. Dissipation in Ein-
stein equation. The Einstein equation does not allow us
to obtain the time dependence of the cosmological con-
stant, because of the Bianchi identities G},,, = 0 and
covariant conservation law for matter fields (quasiparti-
cles) T:;B,f[ = 0 which together lead to ,A = 0. But they
allow us to obtain the value of the cosmological constant
in different static Universes, such as the Einstein closed
Universe [8], where the cosmological constant is obtained
as a function of the curvature and matter density. To
describe the evolution of the cosmological constant the
relaxation term must be added.

The dissipative term in the Einstein equation can be
introduced in the same way as in two-fluid hydrodynam-
ics [12] which serves as the non-relativistic analog of the
self-consistent treatment of the dynamics of the vacuum
(the superfluid component of the liquid) and matter (the
normal component of the liquid) [5]

A .
Tao + Ty, + To™ + T = 0, (12)
where less is the dissipative part of the total energy-

momentum tensor. In contrast to the conventional dis-
sipation of the matter, such as viscosity and thermal
conductivity of the cosmic fluid, this term is not the
part of T}XI,. It describes the dissipative back reac-
tion of the vacuum, which does not influence the mat-
ter conservation law T;’?,f = 0. The condensed-matter
example of such relaxation of the variables describing
the fermionic vacuum is provided by the dynamic equa-
tion for the order parameter in superconductors — the
time-dependent Ginzburg-Landau equation which con-
tains the relaxation term (see e.g. the book [13]).

Let us consider how the relaxation occurs on the ex-
ample of the spatially flat Robertson-Walker metric

ds® = dt® — a®(t)dr®. (13)

The Ricci tensor and scalar and the Einstein tensor are

2 2 2
dia pi_ (a_ +2—(6;‘2’) ) (14)

a

R} =-3
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2 2
R=—6 (%+%>, (15)
2
Gy = RS- %’R = 3(‘9;3) = 3H?, (16)
02a

G{zR{—%’R&{:&{ <H2+2 ):5{ (3m+28) .

(17)

a

In the lowest order of the gradient expansion, the
dissipative part T;},i,ss of the stress tensor describing the
relaxation of A must be proportional to the first time
derivative.

Cosmological constant as integration constant. Let
us start with the following guess

; 0
To® = T 5 G- (18)

This non-covariant term implies the existence of the pre-
ferred reference frame, which is the natural ingredient
of the trans-Planckian physics where the general covari-
ance is violated. The modified Einstein equation in the
absence of matter are correspondingly

3H? = A+ 7AA, (19)

3H? +2H = A + 75 A. (20)

This gives the constant Hubble parameter H = constant,
i.e. the exponential de Sitter expansion or contraction.
The cosmological ‘constant’ A relaxes to the value de-
termined by the expansion rate:

A(t) = 3H? + (A(0) — 3H?) exp (-%) . (21)
This is consistent with the Bianchi identity, which re-
quires that 8;(A + 74A) = 0. Actually this situation
corresponds to the well known case when the cosmo-
logical constant arises as an integration constant (see
reviews [1, 4]). Here it is the integration constant
Ao = A + 770;A. Such scenario emerges because the
dissipative term in Eq.(18) is proportional to g,.

Model with two relaxation parameters. Since Tow® is
tensor, the general description of the vacuum relaxation
requires introduction of several relaxation times. This
also violates the Lorentz invariance, but we already as-
sumed that the dissipation of the vacuum variables due
to trans-Planckian physics implies the existence of the
preferred reference frame. In the isotropic space we have

only two relaxation times: in the energy and pressure
sectors. In the presence of matter one has

3H? = A + 7 A + 87Gp", (22)

3H? + 2H = A + A — 87Gp™M. (23)

Since the covariant conservation law for matter does not
follow now from the Bianchi identities, these two equa-
tions must be supplemented by the covariant conserva-
tion law to prevent the creation of matter:

2 M _3\ _ .M 3
ag-(p'a”) =p a’. (24)

Let us consider the simplest case when the relax-
ation occurs only in the pressure sector, i.e. 75 = 0.
We assume also that the ordinary matter is cold, i.e. its
pressure pM = 0, which gives pM o< 2. Then one finds
two classes of solutions: (i) A = constant; and (ii) H =
= 1/37,. The first one corresponds to the conventional
expansion with constant A-term and cold matter, so let
us discuss the second solution, H = 1/37».

Relaxation after cosmological phase transition. In
the simplest case when 75 = 7 = const, the A-term and
the energy density of matter pM exponentially relax to
1/37% and to 0 respectively:

1 M
3.3~ 8rGp™ (),

le:/[/l—(((t))) = exp (_£> .

Such solution describes the behavior after the cosmologi-
cal phase transition. According to the condensed-matter
example of the phase transition, the cosmological ‘con-
stant’ is (almost) zero before the transition; while after
the transition it drops to the negative value, and then
relaxes back to zero [5]. Eq.(25) corresponds to the lat-
ter stage, but it demostrates that in its relaxation after
the phase transition A crosses zero and finally becomes
a small positive constant determined by the relaxation
parameter 7 which governs the exponential de Sitter ex-
pansion.

Dark energy as dark matter. Let us now allow 7
to vary. Usually the relaxation and dissipation are de-
termined by matter (quasiparticles). The term which
violates the Lorentz symmetry or the general covariance
must contain the Planck scale Epjgnck in the denomina-
tor, since it must disappear at infinite Planck energy.
The lowest-order term, which contains the Epjancx in
the denominator, is A/T ~ T?/Epianck, where T is the
characteristic temperature or energy of matter. In case

(25)
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of radiation it can be written in terms of the radiation
density:

% = 8raGp™, (26)
where « is the dimensionless parameter. If Eq.(26) can
be applied to the cold baryonic matter too, then the so-
lution of the class (ii) becomes again H = 1/37, but
now 7 depends on the matter field. This solution gives
the standard power law for the expansion of the cold flat
Universe and the relation between A and the baryonic
matter pM:

4
a X t2/3, 87TGpM = ﬁ,
, z (27)
H=§, A = (a—1)87 GpM.

In terms of the densities normalized to p. = 3H?/87G
(the critical density corresponding to the flat Universe
in the absence of the vacuum energy) Q) = pa/p. and
OM = pM/p. one has

1 a—1

QM:E’ Qp = — (28)

Since the effective vacuum pressure in Eq.(23) is pp o
o —(A + 7A) = 0, in this solution the dark energy be-
haves as the cold dark matter. Thus the vacuum energy
can serve as the origin of the non-baryonic dark matter.

4. Conclusion. In the effective gravity the equilib-
rium time-independent vacuum state without matter is
non-gravitating, i.e. its relevant vacuum energy which
is responsible for gravity is zero. In a non-equilibrium
situation the cosmological constant is non-zero, but it
is an evolving parameter rather than the constant. The
process of relaxation of the cosmological constant, when
the vacuum is disturbed and out of the equilibrium, re-
quires some modification of the Einstein equation vio-
lating the Bianchi identities to allow the cosmological
constant to vary. In contrast to the phenomenon of nul-
lification of the cosmological constant in the equilibrium
vacuum, which is the general property of any quantum
vacuum and does not depend on its structure and on de-
tails of the trans-Planckian physics, the deviations from
the general relativity can occur in many different ways,
since there are many routes from the low-energy effec-
tive theory to the high-energy ‘microscopic’ theory of the
quantum vacuum. However, it seems reasonable that
such modification can be written in the general phenom-
enological way, as for example the dissipative terms are
introduced in the hydrodynamic theory. Here we sug-
gested to describe the evolution of the A-term by two
phenomenological parameters (or functions) — the relax-
ation times. The corresponding dissipative terms in the
stress tensor of the quantum vacuum are determined by

Mucema B MATP® Tom 77 BBIL.7-8 2003

trans-Planckian physics and do not obey the general co-
variance.

We discussed here simplest examples of the relax-
ation of the vacuum to equilibrium described by a sin-
gle relaxation parameter. The first example (1, = 72)
reproduces the well known scenario in which the effec-
tive cosmological constant emerges as a constant of in-
tegration. The second example (71 = 0 and 72 = const)
describes the situation which occurs if, after the cos-
mological phase transition, A acquires a big negative
value: A relaxes back to zero and then to a small pos-
itive value. The third example, when 75 is determined
by the baryoinic matter density, demonstrates that the
vacuum energy (or its fraction) can play the role of the
cold dark matter.

These examples are too simple to describe the real
evolution of the present Universe and are actually ex-
cluded by observations [2]. The general consideration
with two relaxation functions is needed. In this gen-
eral case, it corresponds to the varying in time para-
meter wg = po/pg describing the equation of state of
the quintessence with wg(t) = —(A + 7A)/(A + 7 A).
The recent observational bounds on wg can be found,
for example, in [14].

I thank A. Achicarro, T. W.B.Kibble, I.I1. Kogan,
L.B.Okun, A.K.Rajantie and A.A.Starobinsky for
fruitful discussions. This work was supported by ESF
COSLAB Programme and by the Russian Foundations
for Fundamental Research.

1. S. Weinberg, Rev. Mod. Phys. 61, 1 (1989).
2. V. Sahni and A. Starobinsky, Int. J. Mod. Phys. D9,
373 (2000).
3. P.J.E. Peebles and B. Ratra, astro-ph/0207347.
4. T. Padmanabhan, hep-th/0212290.
5. G.E. Volovik, The Universe in a Helium Droplet,
Clarendon Press, Oxford, 2003.
6. R.B. Laughlin, gr-qc/0302028.
7. U. Alam, V. Sahni, and A.A. Starobinsky, astro-
ph/0302302.
8. A. Einstein, Sitzungsber. Konigl. Preuss. Akad. Wiss.
1, 142 (1917).
9. M. Bronstein, Physikalische Zeitschrift der Sowietunion
3, 73 (1933).
10. A.D. Sakharov, Sov. Phys. Dokl. 12, 1040 (1968).
11. Ya.B. Zel’dovich, JETP Lett. 6, 345 (1967).
12. I. M. Khalatnikov, An Introduction to the Theory of Su-
perfluidity, Benjamin, New York, 1965.
13. N.B. Kopnin, Theory of nonequilibrium superconduc-
tivity, Clarendon Press, Oxford, 2001.
14. D. Pogosyan, J.R. Bond, and C.R. Contaldi, astro-
ph/0301310.



