Pis’ma v ZhETF, vol. 108, iss. 10, pp. 723 – 724 © 2018 November 25

Exact computation of the Special geometry for Calabi–Yau hypersurfaces of Fermat type

K. Aleshkin^{+∗1)}, A. Belavin^{+×∘ 1)}

+L.D. Landau Institute for Theoretical Physics, 142432 Chernogolovka, Russia

∗International School of Advanced Studies (SISSA), 34136 Trieste, Italy

×Moscow Institute of Physics and Technology, 141700 Dolgoprudnyi, Russia

∘Institute for Information Transmission Problems, 127051 Moscow, Russia

Submitted 11 October 2018

DOI: 10.1134/S0370274X18220113

When the Superstring theory is compactified on a Calabi–Yau (CY) threefold X, the low-energy effective theory is defined in terms of the Special Kähler geometry of the CY moduli space.

The Kähler metric on the moduli space is also called as the Weil–Petersson metric or tt^∗ metric [1] and is closely related to the Zamolodchikov metric. Apart from its own interest, the knowledge of its explicit form is useful in various contexts. In particular it enters the vacua equation in the moduli stabilization problem [2] and the holomorphic anomaly equation [3] for the higher genus B-model and allows computing distances in the moduli space. For instance, it was recently used to check the Refined Swampland Distance Conjecture in [4, 5].

We lately suggested a new much simpler method for computing the Kähler metric for a large class of CY defined as hypersurfaces in weighted projective spaces [6–8]. This method uses the correspondence between the middle cohomology of CY manifolds and the invariant Frobenius algebra associated with the potential W defining the given CY manifold. This correspondence is realized by the oscillatory integral representation for the periods of the holomorphic CY 3-form. Having established this correspondence we obtain an efficient method for computing the special geometry on the moduli space. The important feature of this method is that it allows to compute the Kähler potential for all polynomial deformations of the CY manifold as opposed to a few moduli cases before.

If a CY manifold X is realized by a quasihomogeneous polynomial W (x) in a weighted projective space P^4_{k1,...,k5} , then a subgroup of the cohomology group H^3(X) with its natural geometric structures is isomorphic to the invariant Milnor ring R^Q defined by

1)e-mail: kaleshkin@sissa.it; belavin@itp.ac.ru

W (x) with its special structures. From this fact, we obtain the formula for the Kähler potential K(ϕ)

e^{−K(ϕ)} = σ^+_μ (ϕ) η_{μλ} M_{λν} σ^−_ν (ϕ), (1)

where σ^±_μ (ϕ) are periods computed as oscillatory integrals, η_{μν} is a natural pairing in the Milnor ring and M_{μν} is the antiholomorphic involution (complex conjugation) of the ring R^Q. The three ingredients σ_μ(ϕ), η_{μν} and M_{μν} can all be efficiently computed.

For CY manifolds defined as a Fermat hypersurface we explicitly compute the Kähler potential as a function of all polynomial deformation parameters. This is the main result of our paper. We can compute the real structure matrix M using decomposition of the oscillatory integrals into the product of one-dimensional ones.

Fermat CY hypersurfaces are defined as X = = {x_1, . . . , x_5 ∈ P^4_{(k1,...,k5 )}| W (x, ϕ) = 0},

W (x, ϕ) = 5∑ i=1 x d ki i + h^{poly}_{21}∑

s=1 ϕ_se_s(x), d = 5∑ i=1 k_i,

where^d_{ki} are positive integers. The monomials e_s(x) = = e_{(s1,··· ,s5)}(x) := ∏ i x^{si}_i correspond to deformations of the complex structure of X. Their weights are equal to d, ∑_5

i=1 k_is_i = d, and each variable x_i has a nonnegative integer power s_i ≤^d_{ki} − 2. The number of such monomials is denoted h^{poly}_{21} and is less than or equal to the Hodge number h_{21}, and dim H_3(X) = 2h_{21} + 2 (which can be verifed from the combinatorics of the corresponding weighted projective space).

We computed the explicit expressions for the periods σ_μ, the pairing η_{μν} , and the anti-involution M and substituted it in the above expression for the Kähler potential with the result

e^{−K(ϕ)} = ∑ μ (−1)^{deg(μ)/d} ∏ i γ ( k_i(μ_i + 1) d ) |σ_μ(ϕ)|^2, (2) Письма в ЖЭТФ том 108 вып. 9 – 10 2018 723 8^∗

724 K. Aleshkin, A. Belavin

where index μ in the summation runs through the whole invariant Milnor ring basis 0 ≤ μ_i ≤^d_{ki} − 2, ∑_5

i=1 μ_i = 0, d, 2d, 3d,

σ_μ(ϕ) = ∑ n_1,...,n_5≥0 5∏ i=1 Γ(^{ki(μi +1)}_d + n_i) Γ(^{ki (μi+1)}_d ) ∑ m∈Σ_n ∏ s ϕ^{ms}_s m_s! , (3) and γ(x) =

Γ(x) Γ(1 − x)

, Σ_n = {m_s | ∑ s m_ss_i = μ_i+ d k_i n_i}. (4) This work was done in Landau Institute and has been supported by the Russian Science Foundation under the grant # 18-12-00439.

Full text of the paper is published in JETP Letters journal. DOI: 10.1134/S0021364018220010

1. S. Cecotti and C. Vafa, Nucl. Phys. B 367,359 (1991);

DOI: 10.1016/0550-3213(91)90021-O.

2. M. Cicoli, D. Klevers, S. Krippendorf, C. Mayrhofer, W. Christoph, F. Quevedo, and R. Valandro, JHEP

05, 001 (2014); DOI: 10.1007/JHEP05(2014)001; arXiv: 1312.0014 [hep-th].

3. M. Bershadsky, S. Cecotti, H. Ooguri, and C. Vafa, Commun. Math. Phys. 165, 311 (1994); DOI: 10.1007/BF02099774; arXiv: hep-th/9309140 [hep-th].

4. R. Blumenhagen, D. Klawer, L. Schlechter, and F. Wolf, arXiv: 1803.04989 [hep-th] (2018).

5. R. Blumenhagen, Large Field Inflation/Quintessence and the Refined Swampland Distance Conjecture, in: 17th Hellenic School and Workshops on Elementary Particle Physics and Gravity (CORFU2017) Corfu, Greece, September 2- 28, 2017 (2018); arXiv: 1804.10504 [hep-th]; URL: https://inspirehep.net/record/1670638/files/ 1804.10504.pdf.

6. K. Aleshkin and A. Belavin, J. Phys. A 51(5), 055403 (2018); DOI: 10.1088/1751-8121/aa9e7a; arXiv: 1706.05342 [hep-th].

7. K. Aleshkin and A. Belavin, Phys. Lett. B 776, 139 (2018); DOI: 10.1016/j.physletb.2017.11.030; arXiv: 1708.08362.

8. K. Aleshkin and A. Belavin, JHEP 03, 018 (2018); DOI:

10.1007/JHEP03(2018)018; arXiv: 1710.11609 [hep-th].

Письма в ЖЭТФ том 108 вып. 9 – 10 2018