Pis’ma v ZhETF, vol. 112, iss. 12, pp. 799 – 800 © 2020 December 25

Numerical simulation of collinear capillary-wave turbulence

E. Kochurin^{+1)}, G. Ricard^∗, N. Zubarev^{+×}, E. Falcon^∗

+Institute of Electrophysics, Ural Division, Russian Academy of Sciences, 620016 Ekaterinburg, Russia

∗Université de Paris, Univ. Paris Diderot, MSC Laboratory, UMR 7057 CNRS, F-75 013 Paris, France

×P. N. Lebedev Physical Institute, Russian Academy of Sciences, 119991 Moscow, Russia

Submitted 28 October 2020 Resubmitted 28 October 2020 Accepted 9 November 2020

DOI: 10.31857/S1234567820240027

We report on direct numerical simulation of quasi-one-dimensional bidirectional capillary-wave turbulence. Although nontrivial three-wave and four-wave resonant interactions are absent in this peculiar geometry, we show that an energy transfer between scales still occurs concentrated around the linear dispersion relation that is broadened by nonlinearity. The wave spectrum displays a clear wave number power-law scaling that is found to be in good agreement with the dimensionally prediction for capillary-wave turbulence involving four-wave interactions. The carried out high-order correlation analysis (bicoherence and tricoherence) confirms quantitatively the dominant role of four-wave quasi-resonant interactions. The Kolmogorov–Zakharov’s (KZ) spectrum constant is also estimated numerically. We interpret our results as the first numerical observation of anisotropic capillarywave turbulence in which four-wave interactions play a dominant role.

Let us now rewrite the wave-elevation spectrum prediction of weak turbulence obtained by dimensional analysis following [1]. Introduce the wave elevation power spectrum as S(k) = |η_k |^2, where η_k is the spatial Fourier transform of the wave elevation η(x) at the location x. Assuming that the leading order process is three-wave interaction, we obtain the prediction of the anisotropic (quasi-1D) capillary-wave turbulence spectrum

S(k) = C^{3w}_{1D} P^{1/2} ( σ ρ )_{−3/4} k^{−15/4}, (1)

S(ω) = 2 3 C^{3w}_{1D} P^{1/2} ( σ ρ )_{1/6}

ω^{−17/6}, (2)

where C^{3w}_{1D} is the KZ constant, P is the energy dissipation rate, σ is the surface tension, ρ is the mass density

1)e-mail: kochurin@iep.uran.ru

of the fluid, and ω is the angular frequency. Equation (2) being obtained from (1) with S(k)dk = S(ω)dω. The expressions (1) and (2) are similar to the well known Zakharov–Filonenko spectrum of isotropic capillary wave turbulence [2]. Equations (1)–(2) are obtained under the assumption of the dominant influence of three-wave interactions.

At the next order (four-wave interactions), the anisotropic capillary-wave turbulence spectrum reads

S(k) = C^{4w}_{1D} P^{1/3} ( σ ρ )_{−1/2} k^{−7/2}, (3)

S(ω) = 2 3 C^{4w}_{1D} P^{1/3} ( σ ρ )_{1/3} ω^{−8/3}. (4)

Note that the predictions of (3)–(4) involving four-wave interactions differ from the ones of (1)–(2) obtained for the three-wave system. The difference in the k-power-law exponent is roughly 7 %: −15/4 = −3.75 (threewave system) vs. −7/2 = −3.5 (four-wave system). The aim of this work is to perform direct numerical simulation of anisotropic capillary-wave turbulence with high accuracy.

The numerical model used in the present work is based on the cubic nonlinear equations of the boundary motion. The numerical integration scheme for the solution of the governing equations in time is based on the fourth-order explicit Runge–Kutta method. The spatial derivatives and integral operators are calculated using the pseudo-spectral methods. The numerical simulation results indeed show that a capillary-wave turbulence regime is observed in the peculiar 1D bidirectional geometry, once a high enough level of pumping is reached.

Figure 1 shows the time-averaged spatial-power spectrum S(k) of the wave height η(x, t) in the stationary state. A clear power-law scaling is observed on more than one decade in k. The best fit is S(k) ∼ k^{−3.5±0.1} which is closer to the prediction of (3) than to the

Письма в ЖЭТФ том 112 вып. 11 – 12 2020 799

800 E. Kochurin, G. Ricard, N. Zubarev, E. Falcon

Fig. 1. (Color online) Time-averaged spatial spectrum S(k) of wave elevation in the quasi-stationary state. Black bullets correspond to the harmonics pumped. Solid line corresponds to (3), dashed line to (1). Inset: compensated spectra S(k)k^{15/4} and S(k)k^{7/2} vs. k

one of (1). The compensated spectra are shown in the inset of Fig. 1. Indeed, the wave turbulence spectrum S(k) is better approximated by k^{−7/2} than by k^{−15/4} within the inertial range 5 < k < 180. Thus, our direct numerical simulations suggest that four-wave quasiresonant interactions are involved for 1D capillary-wave turbulence. We hope that our study will trigger future investigations, notably to better understand the large-scale dynamics (larger than the forcing scale) of collinear wave turbulence such as the inverse cascade or the statistical equilibrium.

The work of E. Kochurin on the dimensional analysis of turbulence spectra is supported by Russian Science Foundation project # 19-71-00003. E. Falcon thanks partial support of the French National Research Agency (ANR Dysturb, project # ANR-17-CE30-0004), and of the Simons Foundation/MPS # 651463-Wave Turbulence notably for the mission of E. Kochurin in Paris, France. Software tool development for numerical simulation was partially supported by Russian Foundation for Basic Research, project # 20-38-70022.

Full text of the paper is published in JETP Letters journal. DOI: 10.1134/S0021364020240030

1. C. Connaughton, S. Nazarenko, and A. C. Newell, Physica D 184, 86 (2003).

2. V. E. Zakharov and N. N. Filonenko, J. Appl. Mech.

Tech. Phys. 8, 37 (1967).

Письма в ЖЭТФ том 112 вып. 11 – 12 2020