Pis’ma v ZhETF, vol. 113, iss. 8, pp. 546 – 547 © 2021 April 25

Analog of gravitational anomaly in topological chiral superconductors

G. E. Volovik^{1)}

Low Temperature Laboratory, Aalto University, P. O. Box 15100, FI-00076 Aalto, Finland

L. D. Landau Institute for Theoretical Physics, 142432 Chernogolovka, Russia

Submitted 19 March 2021 Resubmitted 22 March 2021 Accepted 23 March 2021

DOI: 10.31857/S1234567821080097

Topological materials with Weyl fermions provide the possibility to study quantum anomalies, such as the Adler–Bell–Jackiw (ABJ) chiral anomaly [1, 2]. The condensed matter analog of the ABJ anomaly has been experimentally probed in the Weyl superfluid – the chiral A-phase of liquid^3He [3]. In this electrically neutral matter, the chiral anomaly is caused by the effective electromagnetic field produced by deformations. The analogs of gravitational anomalies have been also discussed. In particular, the analog of the Nieh–Yan anomaly in terms of torsion [4–6] has been studied [7– 13]. Recent discussion of anomalies in Weyl materials can be found in [14]. Here we consider the p + ip superconductors and show that the U(1) electromagnetic field plays the role of spin connection in the effective tetrad gravity. These superconductors experience the gravitational anomaly. As distinct from the conventional chiral anomaly, the corresponding ABJ equation contains extra factor 1/3.

The Hamiltonian for Bogoliubov quasiparticles in the p + ip superfluid^3He-A has the following form [15]:

H(p) =

(_{p2} 2m − μ_0 e_1 · p + ie_2 · p e_1 · p − ie_2 · p −^{p2}_{2m} + μ_0 ) . (1)

Here e_1 and e_2 are the real vectors satisfying conditions e_1 · e_2 = 0, e^2_1 = e^2; μ_0 = p^2_0/2m. This Hamiltonian contains two Weyl points – topologically stable nodes in the energy spectrum, which represent monopoles in the Berry phase in momentum space [16] (classification in terms of two topological invariants in the interacting systems can be found in [17]). The nodes are at p_± = ±p_0l̂, where l̂ ‖ e_1 × e_2. Deformations produce the effective electromagnetic field A^{eff}(r, t) = p_0l̂(r, t), or the pseudo-magnetic field in terminology of [18], giving rise to the observed analog of chiral anomaly [3]:

∂_μJ^μ_5 = 1 32π^2 e^{μνρσ} F^{eff}_{μν} F^{eff}_{ρσ} . (2)

1)e-mail: grigori.volovik@aalto.fi

Let us now consider the p + ip superconductor and the role of the electromagnetic field in the chiral anomaly neglecting the effective electromagnetic field, F^{eff}_{μν} = 0. The inverse Green’s function is

G^{−1} = −i∂_t + τ_3qA_0(r, t) + H(p + τ_3qA(r, t)), (3)

where A_μ is the vector potential of electromagnetic field, which acts in different way on particles and holes; and q = −1 is electric charge.

Since τ_3 =^1_{2i} (τ_1τ_2 − τ_2τ_1), the Green’s function can be rewritten in terms of the “covariant derivative”:

D_i = ∂_i+ 1 8 C^{ab}_i (τ_aτ_b−τ_bτ_a), D_t = ∂_t+ 1 8 C^{ab}_0 (τ_aτ_b−τ_bτ_a), (4) see, e.g., [10]. Components of spin connection are expressed in terms of the electromagnetic field:

C^{12}_i = −C^{21}_i = 2A_i(r, t), C^{12}_0 = −C^{21}_0 = 2A_0(r, t). (5) In zero effective gauge field, F^{eff}_{μν} = 0, the chiral anomaly comes only from the curvature of the effective gravitational field. For a single Weyl node one has [19]:

∂_μJ^μ_5 = 1 768π^2 e^{μνρσ} R^{ab}_{μν} R^{cd}_{ρσ} η_{ad}η_{bc}, (6)

where the curvature is:

R^{ab}_{μν} = ∇_μC^{ab}_ν − ∇_ν C^{ab}_μ + (C^{ac}_μ C^{db}_ν − C^{ac}_ν C^{db}_μ )η_{cd}. (7)

According to Eq. (5) one obtains:

∂_μJ^μ_5 = 1 384π^2 e^{μνρσ} R^{12}_{μν} R^{21}_{ρσ} = 1 96π^2 e^{μνρσ} F_{μν} F_{ρσ} , (8)

∂_μJ^μ_5 = 1 24π^2

E · B = 1 3 1 8π^2

E · B. (9)

The gravitational anomaly becomes the gauge anomaly, with the extra factor 1/3 compared with ABJ equation (2) for the effective field A^{eff} = p_0l̂. This may have relation to the consistent anomaly [18], and also to the factor 1/3 obtained in [20] for the electromagnetic response and θ-term in the gapped topological superconductors [21–23].

546 Письма в ЖЭТФ том 113 вып. 7 – 8 2021

Analog of gravitational anomaly in topological chiral superconductors 547

In the electrically neutral superfluids the vector potential A is substituted by superfluid velocity: A → → mv_s, and the gravitational anomaly becomes

∂_μJ^μ_5 = m^2 24π^2 v̇_s · (∇ × v_s). (10)

The anomaly is produced by the instanton – the process of creation of the 3D skyrmions – hopfions in l̂-field [24]. In^3He-A, the density of the hopfion topological charge and its current are expressed in terms of v_s:

n^0_H = m^2 4π^2

(v_s · (∇ × v_s)), N_H = ∫ d^3r n^0_H , (11)

n_H = m^2 4π^2

(v_s × ∂_tv_s)), (12)

with the following (non)conservation law:

∂_μn^μ_H = m^2 2π^2

(∂_tv_s · (∇ × v_s)). (13)

The process of the change of the topological charge is the π_3 instanton: ∂_μn^μ_H = δ(t)δ(r). In high energy physics this is the gravitational instanton [25, 26]. So we have

∂_μJ^μ_5 = 1 6 ∂_μn^μ_H , (14)

i.e. the gravitational instanton is accompanied by creation of 6 chiral fermions – the gravitational analog of the Kuzmin–Rubakov–Shaposhnikov scenario of the anomalous electroweak baryogenesis [27].

The Hamiltonian in [28] for Weyl points with topological charges N and −N is:

H(p) =

(_{p2} 2m − μ_0 (e_1 · p + ie_2 · p)^N (e_1 · p − ie_2 · p)^N −^{p2}_{2m} + μ_0 ) . (15) The corresponding spectrum near the Weyl point is

E^2(p̃ = p ∓ p_0l̂) = (g^{⊥ik}p̃_ip̃_k)^N + g^{‖ik}p̃_ip̃_k, (16)

g^{⊥ik} = e^i_1e^k_1 + e^i_2e^k_2 = g^{ik} − g^{‖ik} , g^{‖ik} = e^i_3e^k_3 . (17) This represents the anisotropic extension of Hořava gravity [29], see also [30]. The gravitational anomaly leads to U(1) anomaly, again with extra factor 1/3:

∂_μJ^μ_5 = N 96π^2 e^{μνρσ} F_{μν} F_{ρσ} . (18)

We demonstrated that in the chiral superconductors with Weyl fermions the external electromagnetic field serves as the spin connection leading to the gravitational anomaly, which is described by the ABJ equation with an extra factor 1/3 compared with the ABJ equation for the conventional chiral anomaly. In neutral chiral superfluids this gravitational anomaly leads to the gravitational analog of the Kuzmin–Rubakov–Shaposhnikov electroweak baryogenesis.

This work has been supported by the European Research Council (ERC) under the European Union’s Horizon 2020 research and innovation programme (Grant Agreement # 694248).

Full text of the paper is published in JETP Letters journal. DOI: 10.1134/S0021364021080014

1. S. Adler, Phys. Rev. 177, 2426 (1969).

2. J. S. Bell and R. Jackiw, Nuovo Cimento A 60, 47 (1969).

3. T. D. C. Bevan, A. J. Manninen, J. B. Cook, J. R. Hook, H. E. Hall, T. Vachaspati, and G. E. Volovik, Nature 386, 689 (1997).

4. H. T. Nieh and M. L. Yan, J. Math. Phys. 23, 373 (1982). 5. H. T. Nieh and M. L. Yan, Ann. Phys. 138, 237 (1982). 6. Y. N. Obukhov, E. W. Mielke, J. Budczies, and F. W. Hehl, Found. Phys. 27, 1221 (1997).

7. J. Nissinen and G. E. Volovik, JETP Lett. 110, 789 (2019), 8. J. Nissinen and G. E. Volovik, Phys. Rev. Research 2, 033269 (2020).

9. J. Nissinen, Phys. Rev. Lett. 124, 117002 (2020). 10. S. Laurila and J. Nissinen, Phys. Rev. B 102, 235163 (2020).

11. Z.-M. Huang, B. Han, and M. Stone, Phys. Rev. B 101, 125201 (2020).

12. Z.-M. Huang, B. Han, and M. Stone, Phys. Rev. B 101, 165201 (2020).

13. L. Liang and T. Ojanen, Phys. Rev. Research 2, 022016(R) (2020).

14. L. Gioia, C. Wang, and A. A. Burkov, arXiv:2103.09841. 15. D. Vollhardt and P. Wölfle, The Superfluid Phases of Helium 3, Taylor & Francis, London (1990).

16. G. E. Volovik, JETP Lett. 46, 98 (1987). 17. M. A. Zubkov, Pis’ma v ZhETF 113(7), 448 (2021);

arXiv:2102.00964.

18. R. Ilan, A. G. Grushin, and D. I. Pikulin, Nature Reviews Physics 2, 29 (2020).

19. O. Parrikar, T. L. Hughes, and R. G. Leigh, Phys. Rev.

D 90, 105004 (2014).

20. M. Stalhammar, M. Stone, M. Sato, and T. H. Hansson, arXiv:2103.08960.

21. X.-L. Qi, E. Witten, and S.-C. Zhang, Phys. Rev. B 87, 134519 (2013).

22. M. Stone and P. L. e S. Lopes, Phys. Rev. B 93, 174501 (2016).

23. J. I. Väyrynen and G. E. Volovik, JETP Lett. 93, 344 (2011).

24. G. E. Volovik and V. P. Mineev, JETP 46, 401 (1977). 25. A. J. Hanson and T. Regge, Proceedings of the Integrative Conference on Group Theory and Mathematical Physics, University of Texas at Austin (1978).

26. R. d’Auria and T. Regge, Nucl. Phys. B 195, 308 (1982). 27. V. A. Kuzmin, V. A. Rubakov, and M. E. Shaposhnikov, Phys. Lett. B 155, 32 (1985).

28. G. E. Volovik and V. A. Konyshev, JETP Lett. 47, 250 (1988).

29. P. Hořava, Phys. Rev. Lett. 102, 161301 (2009). 30. G. E. Volovik and M. A. Zubkov, Ann. Phys. 340, 352 (2014).

Письма в ЖЭТФ том 113 вып. 7 – 8 2021 8^∗