Pis’ma v ZhETF, vol. 115, iss. 12, pp. 809 – 810 © 2022 June 25

Higher rank 1 + 1 integrable Landau–Lifshitz field theories from associative Yang–Baxter equation

K. Atalikov^{+∗1)}, A. Zotov^{+× 1)}

+Steklov Mathematical Institute of Russian Academy of Sciences, 119991 Moscow, Russia

∗ Institute for Theoretical and Experimental Physics of National Research Centre “Kurchatov Institute”, 117218 Moscow, Russia

×National Research University Higher School of Economics, 119048 Moscow, Russia

Submitted 27 April 2022 Resubmitted 30 April 2022

Accepted 30 April 2022

DOI: 10.31857/S1234567822120096, EDN: inhoyv

We suggest a generalization of the Landau–Lifshitz equation

∂_tS = c_1[S, J(S)] + c_2[S, ∂^2_xS], S = 3∑ k=1 S_kσ_k , J(S) = 3∑ k=1 S_kJ_kσ_k , (1)

where c̃_1 , c̃_2 and J_1 , J_2 , J_3 are some constants. The periodic boundary conditions S(t, x) = S(t, x + 2π) are assumed. The widely known Sklyanin’s result is that this equation is represented in the Zakharov–Shabat (or zero-curvature) form:

∂_tU(z) − ∂_xV (z) + [U(z), V (z)] = 0, (2)

U(z) = 3∑ k=1 S_kσ_k φ_k(z),

V (z) = 3∑ k=1 S_kσ_k φ_1(z)φ_2(z)φ_3(z)

φ_k (z) + 3∑ k=1 W_kσ_k φ_k(z), (3) where φ_k(z) is a certain set of elliptic functions.

In this paper we propose a construction of 1 + 1 integrable Heisenberg–Landau–Lifshitz type equations in the gl_N case. The dynamical variables are matrix elements of N × N matrix S with the property S^2 = = const · S. The Lax pair with spectral parameter is constructed by means of a quantum R-matrix satisfying the associative Yang–Baxter equation. The family of such R-matrices includes the elliptic GL_N Baxter– Belavin R-matrix and its trigonometric and rational degenerations.

Consider expansion of a quantum R-matrix in the classical limit and the expansion of the classical r-matrix near the pole in spectral parameter:

1)e-mail: kantemir.atalikov@yandex.ru; zotov@mi-ras.ru

R^ℏ_{12}(z) = 1 ℏ 1_N ⊗ 1_N + r_{12}(z) + ℏ m_{12}(z) + O(ℏ^2),

r_{12}(z) = 1 z NP_{12} + r^{(0)}_{12} + O(z). (4)

Next, define the following linear maps (here^2A = 1_N ⊗A for A ∈ Mat(N, C)):

A → E(A) = 1 N tr_2 ( r^{(0)}_{12}^2A ) , A → J(A) = 1 N tr_2 ( m_{12}(0)^2A ) . (5)

Using R-matrix identities one can show that the Lax pair

U(z) = L(S, z) = 1 N tr_2 ( r_{12}(z)^2S ) , V (z) = V_1(z) + V_2(z), (6)

V_1(z) = −c∂_zL(S, z) + L(SE(S), z) + L(E(S)S, z),

V_2(z) = −cL(T, z), (7) where T = −c^{−2}[S, ∂_xS], satisfies the Zakharov–Shabat equations identically in spectral parameter and provides the following equations of motion:

∂_tS − 1 c [S, ∂^2_xS] − ∂_x ( SE(S) + E(S)S ) = (8)

= 2s_0[S, J(S)] − 1 c [S, E([S, ∂_xS])] − 1 c [E(S), [S, ∂_xS]],

which is the gl_N generalization of the Landau–Lifshitz equation. The derived equation is simplified when the matrix S is of rank 1, i.e. S = ξ ⊗ ψ (S_{ij} = ξ_iη_j ). Then the equation takes the form

∂_tS = 1 c [S, ∂^2_xS] + 2c N [S, J(S)] − 2[S, E(∂_xS)]. (9)

The latter one equation can be easily described in the Hamiltonian formalism. Namely, it is the Hamiltonian equation coming from the Poisson brackets

9 Письма в ЖЭТФ том 115 вып. 11 – 12 2022 809

810 K. Atalikov, A. Zotov

{S_{ij} (x), S_{kl}(y)} = (S_{kj} (x)δ_{il} − S_{il}(x)δ_{kj} )δ(x − y) and the Hamiltonian function H = ∮ dy ( c N tr ( S J(S) ) − 1 2c tr ( ∂_yS ∂_yS ) +

+ tr ( ∂_yS E(S) )) , S = S(y). (10)

The work of A. Zotov is supported by the Russian Science Foundation under grant # 21-41-09011.

This is an excerpt of the article “Higher rank 1 + 1 integrable Landau–Lifshitz field theories from associative Yang–Baxter equation”. Full text of the paper is published in JETP Letters journal. DOI: 10.1134/S0021364022600811.

Письма в ЖЭТФ том 115 вып. 11 – 12 2022