Pis’ma v ZhETF, vol. 116, iss. 1, pp. 62 – 63 © 2022 July 10

On series and integral representations of some NRQCD master integrals

M. A. Bezuglov^{+∗×1)}, A. V. Kotikov^+, A. I. Onishchenko^{+×∘}

+Bogoliubov Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, 141980 Dubna, Russia

∗Moscow Institute of Physics and Technology (State University), 141701 Dolgoprudny, Russia

×Budker Institute of Nuclear Physics, 630090 Novosibirsk, Russia

∘Skobeltsyn Institute of Nuclear Physics, Moscow State University, 119991 Moscow, Russia

Submitted 13 May 2022 Resubmitted 23 May 2022

Accepted 24 May 2022

DOI: 10.31857/S1234567822130109, EDN: ixlbai

At present we have a lot of techniques for calculating multiloop Feynman diagrams, see [1–3] for recent reviews. A particular useful method is the solution of some system of differential equations [4–10]. In many cases the results for Feynman diagrams can be written in terms of multiple polylogarithms (MPLs) [11–13], which is well studied class of functions at the moment. In this particular case the corresponding system of differential equations can be reduced to the so-called ϵ-form [9, 10, 14]. When it is not possible we are required to introduce both new more general classes of functions and new solution techniques.

In the present short note, we use an example a set of two-loop master integrals arising in the process of matching of QCD to NRQCD. We are considering master integrals for a family of Feynman integrals studied previously in [15, 16]. The latter is defined as

J^{mM}_{b1 b2b3 a1 a2} = ∫ d^dkd^dl π^2 1 D^{b1}_1 D^{b2}_2 D^{b3}_3 D^{a1}_4 D^{a2}_5

, (1)

where the propagators are D_1 = (k + q_1)^2 − m^2, D_2 = = (k−q_2)^2 −m^2, D_3 = k^2 −m^2, D_4 = (l+^{q1 −q2}_2 )^2 −M^2, D_5 = (l − k)^2 − M^2 and the kinematics is given by q^2_1 = q^2 = 0 and q_1 · q_2 = 2m^2. A graphical representation of this family of integrals can be found in Fig. 1, where we defined p =^1_2 (q_1 + q_1). Using integration by parts (IBP) relations [17, 18] all integrals in this family can be reduced to the set of 9 master integrals. The latter can be chosen as

(J_1, . . . , J_9)^⊤ = { J^{mM}_{00011}, J^{mM}_{00101}, J^{mM}_{00111}, J^{mM}_{00211}, J^{mM}_{00121},

J^{mM}_{01011}, J^{mM}_{02011}, J^{mM}_{01111}, J^{mM}_{11101}

}_⊤ . 1)e-mail: bezuglov.ma@phystech.edu

Fig. 1. Graphical representation for the family of integrals in Eq. (1)

In the first part of the work we following [27] consider analytical Frobenius^{2)} solutions of our master integrals for general values of space-time dimension. It turns out, that if we look for solutions of the system of differential equations in the form of Frobenius power series in the square of mass ratio m^2/M^2, then the recurrence relations for the series coefficients can be reduced to first-order difference equations. The solution of the latter does not cause any difficulties. The final result can then be rewritten in terms of generalized hypergeometric functions_3F_2,_4F_3 and_5F_4. Next, we discuss the use of Feynman parameter trick to reduce the problem of evaluation of two-loop master integrals to effective one-loop problem. The latter can then be solved with the use of differential equations method with respect to mentioned Feynman parameter [15, 16, 25, 26]. Note, that similar Feynman parameter trick was used before in [28–31] under the name of effective mass approach [4, 6, 32]. In the last part we show how the exact Frobenius results in terms of hypergeometric_pF_q - functions

2)For previous applications of Frobenius method in the context of Feynman diagrams see for example [16, 19–24].

62 Письма в ЖЭТФ том 116 вып. 1 – 2 2022

On series and integral representations. . . 63

can be transformed into corresponding integral representations exact in space-time dimension.

The obtained results agree with those obtained previously when either exact results exists or up to available expansion order in ϵ. The presented techniques for obtaining Frobenius power series and integral representations are both simple and powerful enough with a great potential for their extension to other problems.

This work was supported by Russian Science Foundation, grant # 20-12-00205. The authors also would like to thank Heisenberg–Landau program.

This is an excerpt of the article “On series and integral representations of some NRQCD master integrals”. Full text of the paper is published in JETP Letters journal. DOI: 10.1134/S0021364022601026

1. S. Weinzierl, Report number: MITP/22-001, 1 (2022);

arXiv:2201.03593.

2. S. Abreu, R. Britto, and C. Duhr, arXiv:2203.13014. 3. A. V. Kotikov, arXiv:2102.07424.

4. A. V. Kotikov, Phys. Lett. B 254, 158 (1991). 5. A. V. Kotikov, Mod. Phys. Lett. A 6, 677 (1991). 6. A. V. Kotikov, Phys. Lett. B 259, 314 (1991). 7. A. V. Kotikov, Phys. Lett. B 267, 123 (1991). 8. E. Remiddi, Nuovo Cim. A 110, 1435 (1997); arXiv:hepth/9711188.

9. J. M. Henn, Phys. Rev. Lett. 110, 251601 (2013);

arXiv:1304.1806.

10. R. N. Lee, JHEP 04, 108 (2015); arXiv:1411.0911. 11. A. B. Goncharov, Math. Res. Lett. 5, 497 (1998);

arXiv:1105.2076.

12. E. Remiddi and J. A. M. Vermaseren, Int. J. Mod. Phys.

A 15, 725 (2000); arXiv:hep-ph/9905237. 13. A. B. Goncharov, arXiv:math/0103059. 14. R. N. Lee and A. A. Pomeransky, arXiv:1707.07856.

15. B. A. Kniehl, A. V. Kotikov, A. Onishchenko, and O. Veretin, Nucl. Phys. B 738, 306 (2006); arXiv:hepph/0510235.

16. B. A. Kniehl, A. V. Kotikov, A. I. Onishchenko, and O. L. Veretin, Nucl. Phys. B 948, 114780 (2019); arXiv:1907.04638.

17. F. V. Tkachov, Phys. Lett. B 100, 65 (1981). 18. K. G. Chetyrkin and F. V. Tkachov, Nucl. Phys. B 192, 159 (1981).

19. R. Mueller and D. G. Öztürk, JHEP 08, 055 (2016);

arXiv:1512.08570.

20. K. Melnikov, L. Tancredi, and C. Wever, JHEP 11, 104 (2016); arXiv:1610.03747.

21. B. A. Kniehl, A. F. Pikelner, and O. L. Veretin, JHEP 08, 024 (2017); arXiv:1705.05136.

22. R. N. Lee, A. V. Smirnov and V. A. Smirnov, JHEP 03, 008 (2018); arXiv:1709.07525.

23. R. N. Lee, A. V. Smirnov, and V. A. Smirnov, JHEP 07, 102 (2018); arXiv:1805.00227.

24. K. Bönisch, C. Duhr, F. Fischbach, A. Klemm, and C. Nega, arXiv:2108.05310.

25. M. Hidding and F. Moriello, JHEP 01, 169 (2019);

arXiv:1712.04441.

26. M. A. Bezuglov, A. I. Onishchenko, and O. L. Veretin, Nucl. Phys. B 963, 115302 (2021); arXiv:2011.13337.

27. M. A. Bezuglov and A. I. Onishchenko, JHEP 04, 045 (2022); arXiv:2112.05096.

28. J. Fleischer, A. V. Kotikov, and O. L. Veretin, Phys.

Lett. B 417, 163 (1998); arXiv:hep-ph/9707492. 29. J. Fleischer, A. V. Kotikov, and O. L. Veretin, Nucl.

Phys. B 547, 343 (1999); arXiv:hep-ph/9808242. 30. J. Fleischer, M. Y. Kalmykov, and A. V. Kotikov, Phys.

Lett. B 462, 169 (1999); arXiv:hep-ph/9905249. 31. B. A. Kniehl and A. V. Kotikov, Phys. Lett. B 638, 531 (2006); arXiv:hep-ph/0508238.

32. B. A. Kniehl and A. V. Kotikov, Phys. Lett. B 712, 233 (2012); arXiv:1202.2242.

Письма в ЖЭТФ том 116 вып. 1 – 2 2022