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We argue the incompressibilily of a system of free anyons in the external
wagnetic field at special filling fractions. A new sequence of fractional quantum
Hall effect states of the firat level of hierarchy is proposed.

The characterization of all the possible incompressible states is one of the
main goals of the complete theory of the fractional quantum Hall effect (FQHE).
Besides the main states with the filling factors v = 1/m (m is an odd inte-
ger) described by the Laughlin’s variational wave function !, a large number
of other rational filling fractions are observed experimentally. At present time
their classification is far from being completed. The first construction of the hi-
erarchy of filling fractions %3 was based on the quasiparticle wave functions of
the Laughlin’s type (or equivalently on the idea of condensation of the effective
bosonic particles). The notion of binding of m — 1 flux quanta by electrons and
integer quantum Hall effect of these composite objects was proposed by Jain %.9
The corresponding states are the lowest level of hierarchy of FQHE states. The
field -theoretical realization of this scenario was proposed in ref.5 and ref.6. The
Coulomb interaction is essential in the formation of these states. Recently the
existence of a wider class of FQHE states of the first level of hierarchy was argued
by Ma and Zhang 7. Jt is known that the quasiparticles (quasiholes) in the ba-
sic 1/m FQHE states are fractionally charged and obey the fractional statistics.
The latter can be understood either using the variational wave functions 3% or
in the framework of the description in terms of the bosonic variables ¢, where
the quasiparticles correspond to the vortices which acquire the non-zero energy
due to the Coulomb interaction. In ref.” the incompressibility of the system of
anyons in the magnetic field at special filling factors was claimed. If an integer
number of the Landau levels in the effective magnetic field is filled, the system is
incompressible even in the absence of the interaction, which is 1mportant in this
scenario only for the formation of the quasiparticles. The arguments 7 based on
the perturbation theory in the small deviation from the Fermi- statistics are not
convincing enough. Actually this deviation is not small. Besides the formation
of the mean field cannot be described in the framework of perturbation theory.
For instance the system of free anyons obeying the 1/N -statistics is compressikle
even for a large N. v

In the present letter we propose the arguments in favor of the incompressibility
of the system of anyons at special filling fractions using the description in terms of
the Chern-Simons theory. We obtain a wider class of the filling fractions of FQHE
states of the first level of hierarchy, which differs from that of ref.” due to power
of singular gauge transformation of the fermionic wave function into another
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antisymmetric (fermioric) wave function. Our filling fractions are different from

“that found by Jain * The analysis of both guasiparticle and quasihole states is
performed.

Consider the svzte: i anyons {quasiparticies) with the statistical parameter

o in respect to Bose statistics in the external magnetic field H, (the charge of

the anyons equals 1). The filling factor for anyons v, = 27n;/Hy , where ng is

the density of anyons. Let us transform the multiparticle {Bose) wave function

® according to (z; = z; + 1y , 1,7 =1,...N)
z

¢ ! ) Y(%y,...ZN), 1

(%1 ‘1;1] (!z‘*z (£F1,...ZN) (1)

where p - is an odd integer. The new wave function ¥ corresponds to Fermi-
statistics. In the second-quantized form, introducing the gauge field a,,, we obtain
the Lagrangian:

L= i¢:+80¢+ao(¢+¢—nq)+;¢+( —1d— tAl) th— €"“%a,0,0q4, (2)

.
4x{a ~ p)
where the field ¢ obeys Fermi-statistics, Aisthe vector potential corresponding to
the homogeneous magnetic field of the magnitude H,;y = Hy+27xn,(a—p), and M
is the anyon mass. The integer number of Landau levels in the effective magnetic
field is filled at v, = (p+1/n—a)~!, where n is an integer, n # O (the sign of Hyy
is not fixed). The fermion propagator has a gap equal to the energy differencc
between two Landau levels, the fermions can be integrated out in the action (2).
In the one-loop effective action for the field a, the cancellation of the Chern-
Simons term does not take place. Moreover the non-renormalization theorem 10
(for its application to the system of anyons see ref’s 611) Jeads to the conclusion
that there are no perturbation theory corrections to the Chern-Simons term in
the effective action 12. That means that the collective excitation corresponding
to the fluctuations of density {described by the field a, ) has a gap (the field a,
acquires a mass). The single- particle excitations are gapfull due to the filling of
the Landau levels. Thus for example the imaginary part of the correlator of two
electromagnetic currents at small energies is equal to zero: the gapless excitations
are absent. Thus the system at the filling factors considered is incompressible.
It should be noted that the difference between the present case and the case of
the Chern-Simons theory for the initial 1/m - state 5% is due to the degeneracy
of the v = 1/m - state in the absence of interaction. This degeneracy manifests
in the existence of the vortices {quasiparticles) with zero creation energy °. In
our case these quasiclassical solutions are absent due to the non-integer value of
o — p in the Lagrangian (2) which makes the perturbation theory (2) well defined
even without the interaction. Alternatively, the exact wave function of the ncn
- «fegenerate ground sta‘e can be constructed at v, = (p + 1/n ~ @)1 using the
methods of ref.!3. This ground state corresponds to the classical configuration
a, = 0 in the effective action for the field a,. Thus, the long- wave fluctuations
of this field are properly described by the effective action of the form 12

For the FQHE this scenario implies the following filling fractions. For the
quasiparticles in the state with a given m we have H; = H/m and a = 1/m.
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The filling factor for the electrons is v = (1/m)(1+ va/m). Thus we obtain they
following quasiparticle states:

i
v i, (3

m - np+1

where n -is an integer (n # 0) and p -is an odd integer such that n/(np+1) > 0
(n > 0). For the quasiholes we have H; = —H/m and a = 1/m and

) (4)

Ao 1

- n
m+ np—1

v

where n -is an integer (n # 0) and p -is an odd integer such that n/(np -
i) > 0. Let us stress once more that the equations (3) and (4) represent the
FQHE states of the first level of hierarchy. In fact our construction is in some
sense the generalization of Jain’s scheme to the first level of hierarchy. The
same procedure can be performed both for quasiparticles of the next hierarchy
levels and for the quasiparticle excitations of the Jain’s states. At p = 1 the
filling factors (3) and (4) coincide with the one of the two sequences of filling
factors obtained by Jain (and with the sequence of states of ref.”). At n =
1 we get exactly the formulas of the first hierarchy level: the fermions at the
completely filled single Landau level can be transformed into the bosons at zero
effective magnetic field which corresponds to the construction of the hierarchy
2% As we have mentioned at p = 1 the states (3) and (4) coincide with the -
states of ref.* (for m = 3: (1/3),2/5,3/7,4/9,5/11,..). At p ='3 the m =
3 sequence reads: (1/3),4/11,7/19,... for quasiparticles and (1/3),2/7,5/17,...
for the quasiholes. For p = 5 the m = 3 sequences are (1/3),6/17,11/31,...
and (1/3),4/13,9/29,... for the quasiparticles and the quasiholes respectively.
For instance one can see that the fractions 4/11 and 4/13 that were observed
experimentally are predicted. At the same time the existence of these states
cannot be explained in the framework of the approach of ref.%. In general, the
interpretation of the observed FQHE states as the states of high hierarchy level
of the Haldane-Halperin hierarchical scheme is not quite natural. One can verify
that all the FQHE states observed experimentally can be identified either with
the states of the lowest level of hierarchy proposed in ref.#, or with the states
given by our equations (3) and (4). As for the filling fractions predicted by both
of these two schemes, much work is needed to determine the most adequate one.
Clearly it depends on the dynamics of the formation of the quasiparticles i.e. on
their size in comparison with the average distance between the quasiparticles.
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