Pis’ma v ZhETF, vol. 116, iss. 12, pp. 855 – 856 © 2022 December 25

Topological Josephson junction in transverse magnetic field

S. Backens^+, A. Shnirman^{+∗}, Yu. Makhlin^{×∘1)}

+Institut für Theorie der Kondensierten Materie, Karlsruhe Institute of Technology, D-76131 Karlsruhe, Germany

∗Institut für QuantenMaterialien und Technologien, Karlsruhe Institute of Technology, Hermann-von-Helmholtz-Platz 1, D-76344 Eggenstein-Leopoldshafen, Germany

×Condensed-matter physics Laboratory, HSE University, 101000 Moscow, Russia

∘Landau Institute for Theoretical Physics, 142432 Chernogolovka, Russia

Submitted 28 October 2022 Resubmitted 8 November 2022 Accepted 9 November 2022

DOI: 10.31857/S1234567822240077, EDN: nepsna

We consider an S-TI-S Josephson junction between two s-wave superconducting (S) electrodes on top of a topological-insulator (TI) material in transverse magnetic field, Fig. 1. Majorana zero modes (MZM’s) reside at periodically located nodes of Josephson vortices. We find that hybridization of these modes is prohibited by symmetries of the problem at vanishing chemical potential, which ensures better protection of zero modes and yields methods to control the tunnel coupling between Majorana modes for quantum information processing applications.

Topologically-protected quantum manipulations with Majorana zero modes are extensively studied theoretically and experimentally due to their exotic properties, including exchange statistics, and their possible use in platforms for topological quantum computation [1–3]. In particular, hybrid superconductortopological insulator structures were discussed. Fu and Kane analyzed a topological Josephson junction between superconductor films on top of a topological insulator [4, 5] and demonstrated the appearance of Majorana edge states. Here we consider a setup where Majorana bound states are point-like structures bound to Josephson vortices in an external magnetic field perpendicular to the surface [6]. Such devices were discussed as a platform for topological quantum computation [7]. We find that the tunnel coupling between the MZM’s vanishes at zero chemical potential. This should be taken into account in the design of experiments with MZM’s on Josephson vortices and also suggests that coupling and hybridization of various MZM’s may be controlled, in particular, via the chemical potential. Note similar observations for a 2D vortex lattice [8].

Due to proximity effect, superconducting correlations are induced in the surface layer of the topological insulator. The states in this layer can be described by the Bogolyubov–de-Gennes (BdG) Hamilto-

1)e-mail: makhlin@itp.ac.ru

Fig. 1. (Color online) Top: S-TI-S Josephson junction in a transverse magnetic field ‖ ẑ. Blue and orange spots indicate location of Majorana bound states. Bottom: Eigenenergies ϵn(ϕ) of h0 for W = 6.0ξ

nian H =^1_2 ∫ dxdy Ψ^†hΨ, where Ψ = [ψ_↑, ψ_↓, ψ^†_↓, −ψ^†_↑]^T and h = v ( σ_x [−iℏ ∂_x] + σ_y [ −iℏ ∂_y + e c A_y(x)τ_z ]) τ_z +

+ Δ(x, y)τ_+ + Δ^∗(x, y)τ_− − μτ_z, (1)

with the Pauli matrices σ and τ referring to the spin and Bogolyubov–Nambu particle-hole space, respectively. For the distribution of the transverse magnetic

8 Письма в ЖЭТФ том 116 вып. 11 – 12 2022 855

856 S. Backens, A. Shnirman, Yu. Makhlin

field H = Hẑ around the gap of width W between the superconducting electrodes, we choose the gauge with Δ = Δ_0e^{±iϕ/2} in the leads with the phase ϕ(y) = = (2λ_L + W ) H_0^{2π}_{Φ0} y, Fig. 1. We assume that the corresponding magnetic length l_B = [(2λ_L + W ) H_0/Φ_0]^{−1} exceeds the relevant coherence length ξ = ℏv/Δ_0.

Properties of the solutions are to large extent determined by symmetries of the Hamiltonian. They include the particle-hole symmetry C = σ_y τ_yK, which inverts energies: C^{−1}hC = −h. Further, for μ = 0, the case of our special interest below, there is a (quasi) time-reversal symmetry T = σ_xτ_xK, with T^{−1}hT = h, and T^2 = 1. Their product defines the chiral symmetry S = σ_zτ_z . Finally, an extra symmetry operator,

F = σ_xτ_xI_x , (2)

is defined via the x inversion I_x.

We split the Hamiltonian into

h_0(y) = −iℏv σ_x τ_z ∂_x + [Δ(x, y)τ_+ + h.c.] − μτ_z (3) and h_1 = v σ_y [ −iℏ∂_y + e c A_y(x)τ_z ] τ_z , (4)

and first diagonalize h_0 for each value of y (or ϕ):

ĥ_0(y)|ν⟩_y = ϵ_ν (y)|ν⟩_y (5)

or equivalently, ĥ_0(ϕ)|ν⟩_ϕ = ϵ_ν (ϕ)|ν⟩_ϕ. Later, we take h_1 into account, which glues these 1D states into 2D wave functions.

The resulting eigenstates are classified by the eigenvalues of the symmetry operators F (blue, F = 1, and orange, F = −1, color in the figures) and σ_x, an extra symmetry of h_0. The respective spectrum ϵ_ν , cf. Fig. 1, depends on ϕ (or y), and has zero modes [4] at ϕ = π + 2πn:

[1, σ_x, σ_xF, F ]^T · e^{− ∫ |x|0 |Δ(x′)|dx′} (6) with F = (−1)^n (note another gauge used in [4]). We mark an eigenstate ϵ_ν (y) of h_0 with ν = (n, ±), where ± = −σ_x is the sign of its slope.

We further work in the eigenbasis (5) of h_0, in contrast to [4]. First, we account for the kinetic part h_{kin} of h_1 and then treat the remaining h̃_1 perturbatively. Since h_{kin} couples only the levels within each charge conjugate pair n±, the BdG equation factorizes into 2 × 2 equations with h_{eff} = −ivρ_y∂_y + ϵ_n(y)ρ_z . (7) Here ρ are a new set of Pauli matrices in the basis n±.

The energy ϵ_n vanishes at coordinates y = y_n with phase ϕ(y_n) = π + 2πn. Around this point we linearize ϵ_n(y) = α (y − y_n) and obtain an exactly solvable [6, 7] h_{eff} = −ivρ_y∂_y + α (y − y_n)ρ_z (8)

with α ∝ ∂_yϕ. This equation has a zero mode near y_n and a set of “Landau levels”. In the regime we consider, l_B ≫ ξ, many Landau levels fit below the gap Δ_0.

Taking into account h̃_1 may tunnel-couple zero modes at different nodes ϕ = π + 2πn, pushing them away from zero energy. We showed that this is not the case, and at μ = 0 the modes remain at zero energy, forming a flat band, cf. [8] for a 2D vortex lattice.

Indeed, from Eq. (8) one observes that the zero mode at each node, |n+⟩ + S|n−⟩, is chiral with the same chirality S = σ_z τ_z = −sign α for all nodes. We showed that adding h̃_1 does not alter this property. While the zero modes remain decoupled, other levels near a certain node can be perturbed due to coupling to another node.

Our result is in agreement with the general classification of zero modes [9], which implies that the number of MZM’s is topologically protected and given by the total phase drop accumulated around the defects within the Josephson junction.

Coupling between the MZM’s in this setting was suggested as a method to braid them [7], which would allow for topologically protected quantum operations. While the coupling vanishes at μ = 0, a finite coupling may be achieved for μ ≠ 0, which also permits controlling its strength.

Furthermore, finite coupling can be realized if two MZM’s have different chiralities. Since the chirality depends on the sign of the magnetic field (sign α in Eq. (8)), this can be effected with a nonuniform magnetic field distribution: for instance, with a “domain wall” of H(y) = H_0sign y or an oscillatory H(y). The corresponding structures would allow for controlled quantum operations with Majorana modes.

This research was supported by the Deutsche Forschungsgemeinschaft under grants # SH81/6-1 and # SH81/7-1 and Russian Science Foundation under # 21-42-04410.

This is an excerpt of the article “Topological Josephson junction in transverse magnetic field”. Full text of the paper is published in JETP Letters journal. DOI: 10.1134/S0021364022602561

1. C. Nayak, S. H. Simon, A. Stern, M. Freedman, and S. Das Sarma, Rev. Mod. Phys. 80, 1083 (2008).

2. S. Das Sarma, M. Freedman, and C. Nayak, NJP Quantum Inf. 1, 15001 (2015).

3. A. Yu. Kitaev, Ann. Phys. 303, 2 (2003). 4. L. Fu and C. L. Kane, Phys. Rev. Lett. 100, 096407 (2008).

5. L. Fu and C. L. Kane, Phys. Rev. Lett. 102, 216403 (2009).

6. A. C. Potter and L. Fu, Phys. Rev. B 88, 121109 (2013). 7. S. S. Hegde, G. Yue, Y. Wang, E. Huemiller, D. Van Harlingen, and S. Vishveshwara, Ann. Phys. 423, 168326 (2020).

8. C.-K. Chiu, D. I. Pikulin, and M. Franz, Phys. Rev. B 91, 165402 (2015).

9. J. C. Y. Teo and C. L. Kane, Phys. Rev. B 82, 115120 (2010).

Письма в ЖЭТФ том 116 вып. 11 – 12 2022