Pis’ma v ZhETF, vol. 118, iss. 4, pp. 280 – 281 © 2023 August 25

Analog Sommerfeld law in quantum vacuum

G. E. Volovik^{1)}

Low Temperature Laboratory, Aalto University, P.O. Box 15100, FI-00076 Aalto, Finland

Landau Institute for Theoretical Physics, 142432 Chernogolovka, Russia

Submitted 5 July 2023 Resubmitted 14 July 2023

Accepted 16 July 2023

DOI: 10.31857/S1234567823160097, EDN: ivtgek

The vacuum of the de Sitter (dS) spacetime is characterized by the local temperature T = H/π, where H is the Hubble parameter, see [1] and references therein. This temperature describes the thermal processes of decay of the composite particles and the other activation processes, which are energetically forbidden in the Minkowski spacetime, but are allowed in the dS background, see also Refs. [2–4]. In particular, this temperature determines the probability of the ionization of an atom in the dS environment, exp(−E/T ), where E is the ionization potential. This activation temperature is twice the Gibbons–Hawking [5] temperature T_{GH} = H/2π of the cosmological horizon, T = 2T_{GH}. As distinct from the T_{GH}, the activation temperature has no relation to the cosmological horizon. It describes the local processes, which take place far away from the horizon. If T = H/π is the local temperature in dS spacetime, the natural question is: does it determine the local thermodynamics of the dS vacuum? In this paper we discuss this thermodynamics.

In the Painlevé–Gullstrand form the metric in the dS expansion is

ds^2 = −dt^2 + (dr − Hrdt)^2 + r^2dΩ^2 , (1)

where H is the Hubble parameter.

From Friedmann equations of general relativity it follows that the vacuum energy density (which is the cosmological constant Λ) expressed in terms of the activation temperature T = H/π is:

ϵ_{vac} = Λ = 3 8πG H^2 = 3π 8G T^2. (2)

If T = H/π is the local temperature of the dS vacuum, we can determine the free energy density, F = = ϵ_{vac} − T dϵ_{vac}/dT , and thus the entropy density s_{vac}:

s_{vac} = − ∂F ∂T = 3π 4G T = 3 4G H. (3)

1)e-mail: grigori.volovik@aalto.fi

The quadratic dependence of vacuum energy on temperature is also important for consideration of the thermodynamic Gibbs–Duhem relation for quantum vacuum. It leads to the reformulation of the vacuum pressure. The conventional vacuum pressure P_{vac} obeys the equation of state w = −1 and enters the energy momentum tensor of the vacuum medium in the form:

T^{μν} = Λg^{μν} = diag(ϵ_{vac}, P_{vac}, P_{vac}, P_{vac}), P_{vac} = −ϵ_{vac}. (4) In dS state the vacuum pressure is negative, P_{vac} < 0.

This pressure P_{vac} does not satisfy the thermodynamic Gibbs–Duhem relation, T s_{vac} = ϵ_{vac} + P_{vac}, because the right hand side of this equation is zero. The reason for that is that in this equation we did not take into account the gravitational degrees of freedom. Earlier it was shown, that gravity contributes to thermodynamics with the pair of the thermodynamically conjugate variables: the gravitational coupling K =^1_{16πG} and the Riemann curvature R, see [6–8]. This is because the Einstein–Hilbert action contains the gravitational term KR, and its contribution to thermodynamics is somewhat similar to the work density [9–12]. The gravitational thermodynamic variables allow us to write the modified Gibbs–Duhem relation:

T s_{vac} = ϵ_{vac} + P_{vac} − KR. (5)

This equation is obeyed, since ϵ_{vac} + P_{vac} = 0 and R = −12H^2. Equation (5) suggests that one may introduce the effective pressure, which is modified by gravitational degrees of freedom:

P = P_{vac} − KR. (6)

Then the conventional Gibbs–Duhem relation is satisfied:

T s_{vac} = ϵ_{vac} + P. (7)

The effective dS pressure P is positive, P = ϵ_{vac} > 0, and satisfies equation of state w = 1, which is similar

280 Письма в ЖЭТФ том 118 вып. 3 – 4 2023

Analog Sommerfeld law in quantum vacuum 281

to matter with the same equation of state. As a result, due to the gravitational degrees of freedom, the dS state has many common properties with the non-relativistic Fermi liquid, where the thermal energy is proportional to T^2, and with the relativistic matter with w = 1. This means that in thermodynamics the dS vacuum behaves as the stiff matter introduced by Zel’dovich [13], where the speed of sound is equal to the speed of light, s^2 = c^2dP/dϵ_{vac} = c^2.

In this vacuum thermodynamics, the total entropy in the volume V_H surrounded by the cosmological horizon with radius R = 1/H is

s_{vac}V_H =

4πR^3 3 s_{vac} = π GH^2 = A 4G , (8)

where A is the horizon area. This corresponds to the Gibbons–Hawking entropy of the cosmological horizon. However, it is the thermodynamic entropy coming from the local entropy of the dS quantum vacuum, rather than the entropy of the horizon degrees of freedom.

Since the thermodynamics of the dS state with the thermal energy ϵ_{vac} ∝ T^2 is similar to the thermodynamics of the Fermi liquid, there is the analog of the Sommerfeld law, which states that the entropy per one atom of Fermi liquid is S ∝ T/E_F , where E_F is Fermi energy. We do not know what are the “atoms of the vacuum”, but from Eq. (3) it follows that the entropy density of the vacuum s_{vac} ∼ (T/E_P)/l^3_P, where l_P = √ G is Planck length and E_P is Planck energy. This suggests that n_P ∼ 1/l^3_P is the density of “atoms of the vacuum”, and the entropy per “atom” is: S = s_{vac} n_P

∼ s_{vac}l^3_P ∼ T E_P

. (9)

Eq. (9) is the full analog of the Sommerfeld law for Fermi liquid. This analogy also suggests that the corresponding density of states in the quantum vacuum (the analog of density of states at the Fermi level N_F ∼ mp_F in Fermi liquids) is N_P ∼ E^2_P. This huge density of states leads to a very large entropy of the dS vacuum even for very small temperature of the vacuum.

In conclusion, the quantum vacuum of de Sitter spacetime looks as specific form of the relativistic Fermi liquid with local temperature, local entropy and local Gibbs–Duhem relation. The entropy density in Eq. (3) is linear in the local temperature T . The local de Sitter temperature is determined by the action of the expanding Universe on the matter degrees of freedom: it describes the processes of activation, such as the thermal process of the ionization of atoms in the de Sitter environment. This activation temperature has no relation to the cosmological horizon, and is twice larger than the Hawking temperature related to the horizon. Nevertheless, the total entropy in the region inside the cosmological horizon is exactly the horizon entropy A/4G. This is a kind of the bulk-boundary correspondence.

In the quasi-equilibrium states with matter the system can be characterized by two temperatures: the temperature of the vacuum component and the temperature of matter degrees of freedom [14]. The present temperature of the vacuum component is much smaller than the temperature of matter degrees of freedom. For example, compared with the temperature of Cosmic Microwave Background (CMB) radiation it is T_{vac} ∼ 10^{−30}T_{CMB}. But the entropy of the vacuum highly exceeds the entropy of matter due to large density of states in the quantum vacuum, s_{vac} ∼ 10^{30}s_{CMB}.

I thank G. ’t Hooft, S. Odintsov, and V. Faraoni for discussions.

This work has been supported by Academy of Finland (grant 332964).

This is an excerpt of the article “Analog Sommerfeld law in quantum vacuum”. Full text of the paper is published in JETP Letters journal. DOI: 10.1134/S0021364023602208

1. G. E. Volovik, JETP Lett. 118, 5 (2023);

arXiv:2304.09847.

2. N. Arkani-Hamed and J. Maldacena, arXiv:1503.08043. 3. M. Reece, L.-T. Wang, and Zh.-Zh. Xianyu, Phys. Rev.

D 107, L101304 (2023).

4. H. Maxfield and Z. Zahraee, JHEP 11, 093 (2022). 5. G. W. Gibbons and S. W. Hawking, Phys. Rev. D 15, 2738 (1977).

6. F. R. Klinkhamer and G. E. Volovik, JETP Lett. 88, 289 (2008).

7. G. E. Volovik, JETP 135, 388 (2022). 8. G. E. Volovik, MDPI, Universe 6, 133 (2020). 9. S. A. Hayward, Class. Quantum Grav. 15, 3147 (1998). 10. S. A. Hayward, S. Mukohyama, and M. C. Ashworth, Phys. Lett. A 256, 347 (1999).

11. T. Jacobson, Phys. Rev. Lett. 75, 1260 (1995). 12. S. Nojiri, S. D. Odintsov, T. Paul, and S. SenGupta, arXiv:2307.05011.

13. Ya. B. Zel’dovich, JETP 14, 1143 (1962). 14. S. N. Vergeles, arXiv:2301.01692.

Письма в ЖЭТФ том 118 вып. 3 – 4 2023