Pis’ma v ZhETF, vol. 120, iss. 8, pp. 650 – 650 © 2024 October 25

Lyapunov exponents in fundamental models of nonlinear resonance

I. I. Shevchenko^{1)}

Saint Petersburg State University, 199034 St. Petersburg, Russia

Institute of Applied Astronomy, Russian Academy of Sciences, 191187 St. Petersburg, Russia

Submitted 5 August 2024 Resubmitted 5 August 2024 Accepted 16 September 2024

The problem of analytical estimation of the Lyapunov exponents and Lyapunov timescales of the motion in multiplets of interacting nonlinear resonances is considered. To this end, we elaborate a unified framework, based on the separatrix map theory, which incorporates both an earlier approach for the first fundamental model of perturbed resonance (given by the perturbed pendulum Hamiltonian) and a new one for its second fundamental model (given by the perturbed Andoyer Hamiltonian). Within this framework, new accurate estimates for the Lyapunov timescales of the inner and outer subsystems of the Solar planetary system are presented and discussed.

DOI: 10.31857/S0370274X24100249, EDN: WHMFYK

Estimations of the Lyapunov exponents provide insights in most fundamental properties of dynamical systems [1–3]. We consider the problem of analytical estimation of the Lyapunov exponents and Lyapunov timescales of the motion in multiplets of interacting nonlinear resonances.

To describe the interaction of resonances in multiplets, we take two fundamental models of the perturbed nonlinear resonance (the guiding one in the multiplet): the first one is the perturbed pendulum model (introduced in [1] as a “universal” one), and the second one is the perturbed Andoyer model (introduced in [4] to describe resonances in orbital dynamics).

We elaborate a unified framework, based on the separatrix map theory, which incorporates both an earlier approach [5–7] for the first fundamental model and a new one for the second fundamental model. We assume that the resonances in the multiplet have comparable strengths. This choice is inspired by the fact that, in realistic applications, the perturbations are usually not at all weak (otherwise the chaotic component of phase space can be simply unimportant); see examples in [5, 8].

Within the given framework, we perform new accurate estimates for the Lyapunov timescales of the inner and outer subsystems of the Solar planetary system, and discuss their conformity with earlier analytical and numerical-experimental estimates.

In particular, we show that the low-dimensional model of [9] provides adequate estimates of the Lyapunov time for the inner Solar system, which conforms

1)e-mail: i.shevchenko@spbu.ru

with the known massive numerical-experimental estimates in full problem settings.

For the outer Solar system, the presented theory, as applied within the model elaborated in [10] for the 3J-5S-U7 three-body mean-motion resonance, also provides adequate analytical values of the Lyapunov time, in agreement with known numerical-experimental estimates.

Funding. This work was supported by ongoing institutional funding. No additional grants to carry out or direct this particular research were obtained.

Conflict of interest. The author of this work declares that he has no conflicts of interest.

1. B. V. Chirikov, Phys. Rep. 52, 263 (1979). 2. A. J. Lichtenberg and M. A. Lieberman, Regular and Chaotic Dynamics, Springer, N.Y. (1992).

3. J. D. Meiss, Rev. Modern Phys. 64, 795 (1992). 4. J. Henrard and A. Lemaître, Celest. Mech. 30, 197 (1983).

5. I. I. Shevchenko, Dynamical Chaos in Planetary Systems, Springer Nature, Cham (2020).

6. I. I. Shevchenko, Cosmic Res. 40, 296 (2002). 7. I. I. Shevchenko, Phys. Lett. A 378, 34 (2014). 8. I. I. Shevchenko, On the Lyapunov exponents of the asteroidal motion subject to resonances and encounters, ed. by A. Milani, G. B. Valsecchi, and D. Vokrouhlický, Near Earth Objects, our Celestial Neighbors: Opportunity and Risk (Proceedings IAU Symposium 236), Cambridge University Press, Cambridge (2007), p. 15.

9. K. Batygin, A. Morbidelli, and M. J. Holman, Astrophys. J. 799, 120 (2015).

10. N. Murray and M. Holman, Science 283, 1877 (1999).

650 Письма в ЖЭТФ том 120 вып. 7 – 8 2024