Pis’ma v ZhETF, vol. 121, iss. 4, pp. 260 – 262 © 2025 February 25

Tsallis–Cirto entropy of black hole and black hole atom

G. E. Volovik^{1)}

Landau Institute for Theoretical Physics, 142432 Chernogolovka, Russia

Submitted 16 September 2024 Resubmitted 14 December 2024 Accepted 20 December 2024

The quantum tunneling processes related to the black hole determine the black hole thermodynamics. The Hawking temperature is determined by the quantum tunneling processes of radiation of particles from the black hole. On the other hand, the Bekenstein-Hawking entropy of the black hole is obtained by consideration of the macroscopic quantum tunneling processes of splitting of black hole to the smaller black holes. These tunneling processes also determine the composition rule for the black hole entropy, which coincides with the composition rule for the non-extensive Tsallis–Cirto δ = 2 entropy. This composition rule suggests that the mass spectrum of the black hole is equidistant, M = NM0. Here N is an integer number and M0 = √ 2mP is the mass quantum expressed via the reduced Planck mass mP. The Bekenstein–Hawking entropy of the black hole with mass M = NM0 is SBH(N) = N^2.

DOI: 10.31857/S0370274X25020158, EDN: VLAYAK

The Bekenstein–Hawking area law for the black hole entropy is non-extensive, and there are many attempts to find possible alternatives to the Bekenstein–Hawking entropy using the Renyi and Tsallis statistics and the other types of generalized entropy, see [1–4] and references therein. In particular, the non-additivity of the Bekenstein–Hawking entropy of the Schwarszchild black holes, S_{BH}(M) = 4πGM^2, was treated in terms of the non-extensive Tsallis–Cirto entropy [5–7]. Here we consider the black hole configurational space, where only processes between the black holes are taken into account, i.e. without any matter components. We show that the rare quantum tunneling processes of the splitting of the black hole into smaller parts provide the non-extensive composition law.

The semiclassical tunneling description of the Hawking radiation of particles from the black holes [8–10] provides the Hawking temperature, which determines is the rate of emission. Parikh and Wilczek [8] obtained the correction to the Hawking radiation caused by the back reaction – the reduction of the black hole mass after emission. This back reaction is related to the decrease of the Bekenstein–Hawking entropy S_{BH}(M) = 4πGM^2 after emission [11]. One can consider the Hawking radiation as the rare effect caused by thermodynamic fluctuations, while the latter can be described in terms of entropy change. Then the rate of Hawking radiation can be described in terms of the difference of the black hole entropies before and after emission of a particle. This

1)e-mail: volovikgrigory@gmail.com

can be extended to consideration of the macroscopic quantum tunneling which describes the splitting of the black hole [12].

As distinct from the radiation of the point particle, the rate of emission of a small black hole is enhanced by the entropy of the emitted black hole [13]. This shows that the processes which involve the black holes in the absence of matter, such as splitting and merging of the black holes, are determined by the entropies of black holes. These processes form the configurational space, which is the source of the non-extensive entropy.

This demonstrates the reason, why the black hole entropy does not satisfy the additivity condition, S(A, B) = S(A) + S(B), which is valid for the thermodynamics of the extensive systems. In the systems, which obey the extensive thermodynamics, the entropy is proportional to the volume of the system. The splitting of the system with volume V in two parts with volumes V_1 + V_2 = V does not change the total entropy of the system, S(V_1 + V_2) = S(V_1) + S(V_2).

On the contrary, the splitting of the black hole into smaller black holes is the consequence of the rare processes of the macroscopic quantum tunneling transition, which rate is determined by the entropy change. Calculating these rates, one comes to the non-additive composition rule for the black hole entropies:

S_{BH}(M_1 + M_2) = (√ S_{BH}(M_1) + √ S_{BH}(M_2)

)_2 . (1)

The macroscopic quantum tunneling approach is actually another way of the derivation of the Bekenstein– Hawking entropy of the black hole.

260 Письма в ЖЭТФ том 121 вып. 3 – 4 2025

Tsallis–Cirto entropy of black hole and black hole atom 261

Such processes require the generalization of the statistics with the corresponding non-extensive entropy. The Equation (1) fully determines the type of the statistics. It corresponds to the special class of the nonextensive entropies – the Tsallis–Cirto δ-entropy [5–7]:

S_δ = n∑ i=1 p_i ( ln 1 p_i

)_δ , (2)

where

∑_n i=1 p_i = 1. For the Tsallis–Cirto entropy S_δ, there is the following composition rule for two independent systems A and B with n_{A+B} = n_An_B :

S^{1/δ}_{δ,A+B} = S^{1/δ}_{δ,A} + S^{1/δ}_{δ,B} . (3)

For δ = 2, this corresponds to the composition rule for entropies in Eq. (1). This statistics is applicable to the entropy of black hole as the finite closed system and cannot be applied to such open systems as the de Sitter state, where the entropy is extensive [14, 15].

Let us assume that all the black-hole micro-states are equally probable with the probabilities

p_i = 1 n = exp ( − M √ 2m_P ) = exp ( − M M_0 ) ≡ e^{−N} , (4) where m_P = 1/ √ 8πG is the reduced Planck mass. Then Equation (2) with δ = 2 gives the black hole entropy 4πGM^2:

S_{δ=2} = ( ln 1 p_i

)_2

= 4πGM^2 = S_{BH}(M) = N^2 . (5)

Equation (4) can be interpreted in terms of the black-hole quantum – the black hole with the mass M_0 = √ 2m_P, i.e. the black hole mass is quantized, M = NM_0. This is valid for the black hole with arbitrary mass M, since the mass quantum M_0 does not depend on M. This suggests that the black hole thermodynamics can be described in terms of the ensemble of micro black holes. The black holes with the Planck scale masses have been discussed by Hawking [16], see also [17–22] and Markov’s maximons [23].

The quantization of the black hole mass, M = NM_0, differs from the Bekenstein quantization of entropy [12, 24–33]. In the Bekenstein approach, the entropy is the adiabatic invariant, which spectrum is equally spaced, S_{BH} = aN. Here a is the dimensionless parameter, which value depends on the microscopic theory. The corresponding mass spectrum in this approach is M ∝ m_P √ N. The quantization inspired by the string theory [34, 35] gives the square-root rule, S = 2π( √ N_1 ± √ N_2).

In our approach, where only the black hole configurations are considered, the black hole entropy is quadratic,

S_{BH} = N^2, while the mass spectrum is equidistant. Although the description of the black hole in terms of elementary black holes looks rather artificial, it properly describes the black hole thermodynamics. On the other hand, if such description does really reflect the physical structure of the black hole interior, the quantization of the black hole mass will highly suppress the Hawking radiation of the ordinary matter.

Funding. This work was supported by ongoing institutional funding. No additional grants to carry out or direct this particular research were obtained.

Conflict of interest. The author of this work declares that he has no conflicts of interest.

1. S. Nojiri, S. D. Odintsov, and V. Faraoni, Phys. Rev. D 104, 084030 (2021).

2. S. Nojiri, S. D. Odintsov, and V. Faraoni, Phys. Rev. D 105, 044042 (2022).

3. A. Anand and S.N. Gashti, arXiv:2411.02875. 4. S. N. Gashti, B. Pourhassan, and I. Sakalli, arXiv:2412.12137 [hep-th].

5. C. Tsallis and L. J. L. Cirto, Eur. Phys. J. C 73, 2487 (2013).

6. C. Tsallis, Entropy 22, 17 (2020). 7. M. P. Dabrowski, Entropy 26, 814 (2024). 8. M. K. Parikh and F. Wilczek, Phys. Rev. Lett. 85, 5042 (2000).

9. K. Srinivasan and T. Padmanabhan, Phys. Rev. D 60, 024007 (1999).

10. G. E. Volovik, JETP Lett. 69, 705 (1999). 11. E. Keski-Vakkuri and P. Kraus, Nucl. Phys. B 491, 249 (1997).

12. G. E. Volovik, JETP 135, 388 (2022).

13. S. W. Hawking and G. T. Horowitz, Phys. Rev. D 51, 4302 (1995).

14. G. E. Volovik, Symmetry 16, 763 (2024). 15. G. E. Volovik, arXiv:2411.01892.

16. S. Hawking, Mon. Not. R. Astron. Soc. 152, 75 (1971). 17. P. Chen, New Astron. Rev. 49, 233 (2005). 18. V. Faraoni, Am. J. Phys. 85, 865 (2017). 19. S. Rasanen and E. Tomberg, JCAP 01, 038 (2019). 20. S. Profumo, arXiv:2405.00546.

21. C. Rovelli and F. Vidotto, arXiv:2407.09584. 22. Y. Ch. Ong, arXiv:2412.00322. 23. M. A. Markov, JETP 24, 584 (1967).

24. J. D. Bekenstein, Lett. Nuovo Cim. 11, 467 (1974). 25. V. F. Mukhanov, JETP Lett. 44, 63 (1986). 26. H. A. Kastrup, Phys. Lett. B 413, 267 (1997). 27. I. B. Khriplovich, Phys. Atom. Nucl. 71, 671 (2008). 28. G. Dvali and C. Gomez, Fortsch. Phys. 59, 579 (2011). 29. C. Kiefer, J. Phys.: Conf. Ser. 1612, 012017 (2020).

Письма в ЖЭТФ том 121 вып. 3 – 4 2025

262 G. E. Volovik

30. B. Bagchi, A. Ghosh, and S. Sen, Gen. Relativ. Gravit.

56, 108 (2024).

31. A. Barvinsky, S. Das, and G. Kunstatter, Phys. Lett. B 517, 415 (2001).

32. A. Barvinsky, S. Das, and G. Kunstatter, Found. Phys.

32, 1851 (2002).

33. B. R. Majhi and E. C. Vagenas, Phys. Lett. B 701, 623 (2011).

34. M. Cvetič, G. W. Gibbons, and C. N. Pope, Phys. Rev.

Lett. 106, 121301 (2011).

35. M. Visser, JHEP 06, 023 (2012).

Письма в ЖЭТФ том 121 вып. 3 – 4 2025