Pis’ma v ZhETF, vol. 122, iss. 7, pp. 430 – 431 © 2025 October 10

Comment on “Topological origin of horizon temperature via the Chern–Gauss–Bonnet theorem” (Pis’ma v ZhETF 122, 199 (2025))

G. E. Volovik^{1)}

Landau Institute for Theoretical Physics, 142432 Chernogolovka, Russia

Submitted 30 July 2025 Resubmitted 30 July 2025 Accepted 29 August 2025

DOI: 10.31857/S0370274X25100091, EDN: PEGVTK

There is a difference between the temperature attributed to the Hawking radiation from the cosmological horizon in the de Sitter (dS) state [1] (the Gibbons– Hawking temperature T_{GH} = H/2π) and the twice as high local temperature of the dS state T = H/π = = 2T_{GH}, see [2, 3] and references therein. Recently it was suggested that this difference has also a geometrical origin. In this topological approach, the temperature is determined by the Euler characteristic χ(M) of the spacetime with the Euclidean time [4]. The topological Euler characteristic, which is determined by Chern– Gauss–Bonnet (CGB) invariant, is different for different manifolds chosen for the consideration of the dS thermodynamics. If the global dS manifold S^4 is chosen, then its Euler characteristic is χ(S^4) = 1. If the manifold is considered, which is restricted to the nearhorizon region outside the horizon, its topological invariant is χ(D^2 × S^2) = 2. This gives the geometric support to the factor 2 difference between the two temperatures. The temperature of the Hawking radiation from the cosmological horizon is determined by the nearhorizon topology. This leads to the Hawking temperature, β = πχ(D^2 × S^2)/H = 2π/H. On the other hand, local processes, such as the ionization of an atom in the dS environment, occur in bulk and have no relation to the horizon. They are described by the global S^4 topology, and the corresponding temperature of the dS state is twice larger, β = πχ(S^4)/H = π/H.

This geometric approach was also applied to the black holes [5–7], where the topology of the near-horizon region outside the black hole determines the temperature of the Hawking radiation. However, the application to the Reissner–Nordström (RN) black hole with two horizons in [5, 7] is in contradiction with our result for the thermodynamics of RN black hole [8–10], that the entropy of the RN black hole depends only on its mass.

1)e-mail: volovikgrigory@gmail.com

The source of the contradiction is that only the topology associated with the outer horizon was considered, while the topology of the inner horizon was ignored. Here we include into consideration both horizons and obtain the agreement with [8–10].

We use expression for the CGB invariant χ(M) in [7], but apply to the outer horizon at r = r_+ and to the inner horizon at r = r_−, which have different inverse temperatures, β_+ and β_− determined by the corresponding CGB invariant. The invariant for the outer horizon [7]:

χ(M) = 1 32π^2

∫_{β+} 0 dτ ∫_∞

r_+ dr ∫ Σ √ gd^2xR, (1)

where R = R_{μνρσ} R^{μνρσ} −4R_{μν} R^{μν} . It provides the connection between the radius r_+ and the corresponding temperature β_+. The topological invariant for the inner horizon provides the connection between its radius r_− and the corresponding temperature β_−:

χ(M) = 1 32π^2

∫_{β−} 0 dτ ∫_∞

r_− dr ∫ Σ √ gd^2xR . (2)

For the RN black hole one has: R = 8 r^8

(6M^2r^2 − 12MQ^2r + 5Q^4), (3)

where r_+ + r_− = 2M and r_+r_− = Q^2 (G = ℏ = 1). With χ(M) = 2, Eqs. (1) and (2) give:

β_+ = 4π r^2_+ r_+ − r_− = 2πr^2_+ √ M^2 − Q^2

, (4)

β_− = 4π r^2_− r_− − r_+ = − 2πr^2_− √ M^2 − Q^2

. (5)

The negative temperature for inner horizon in Eq. (5) is in agreement with [11]. Thus, the topological consideration is applicable to both horizons.

430 Письма в ЖЭТФ том 122 вып. 7 – 8 2025

Comment on “Topological origin of horizon temperature via the Chern–Gauss–Bonnet theorem”. . . 431

The thermodynamics of RN black hole is determined by both horizons. Example is provided by the Hawking radiation, which represents the coherent sequence of processes of tunnelling across the two horizons, each determined by gravity at the corresponding horizon. The total radiation rate of this coherent process is

w ∝ e^{−β+E} e^{−β−E} = e^{−(β++β−)E} = e^{−βE} . (6) The temperature β = 4π(r_+ + r_−) = 8πM [8–11], which describes this co-tunneling process, does not depend on charge and differs the Hawking temperature related to the outer horizon. The entropy of the RN black hole also does not depend on the charge [8, 9]: S_{RN} = 4πM^2. This is supported by the adiabatic process: the RN black hole can be adiabatically transformed to the Schwarzschild black hole by varying the fine structure constant α at fixed mass M. The entropy does not change, and thus it is the same for the RN and Schwarzschild black holes [9]. This can be also obtained from the non-extensive Tsallis–Cirto statistics [12], which is applicable to the processes of merging and splitting of black holes [13, 14]. It gives the composition rule for entropy of the RN black hole in terms of entropies of two horizons, S(r_±) = ±πr^2_± [15]: S = (√ S(r_+) + √ |S(r_−)|

)_2 = π(r_+ + r_−)^2 = 4πM^2. (7) Equation (7) is valid up to an extreme point, where r_− = r_+ and two horizons merge and annihilate. At the transition point, continuity is broken [16], violating adiabatic and topological approaches. In [6, 7] it was suggested that for the extremal RN black hole the CGB invariant is zero. If so, then at the transition point the topological invariant changes abruptly, and the entropy jumps from S = 4πM^2 to S = 0. Such jumps take place at quantum phase transitions between states with different topological invariants [17, 18].

This approach can be also applied to the horizon of the white hole. Using the anti-symmetry between the black and white holes, we can consider the white hole as a mirror of the black hole at negative r (or a quantum clone in ’t Hooft formulation [19]). Then the topological invariant for the outer horizon of the white hole gives the inverse temperature β_+(white) = −β_+(black) < 0. Correspondingly for the inner horizon of a white hole we have β_−(white) = −β_−(black) > 0. As a result, the entropy of the white hole is with minus sign the entropy of the black hole with the same mass. Such anti-symmetry of entropies is supported by the process of macroscopic quantum tunnelling from black hole to white hole. The calculations of the tunnelling exponent gives the following rate of this process: w ∼ exp(−2S_{BH}), where S_{BH} is the entropy of black hole [9]. The same result was obtained for the tunnelling of the black hole to white hole in Jackiw–Teitelboim gravity [20]. On the other hand, this quantum tunneling represents the rare quantum fluctuation, and thus its rate is determined by the difference between the entropies of two macroscopic objects, w ∼ exp(ΔS), where ΔS = S_{WH} −S_{BH}. This gives S_{WH} = −S_{BH}.

It is shown that the topological approach to black hole thermodynamics and dS spacetime proposed in [4] also works for RN black holes with two horizons. Both horizons with their near-horizon topology contribute to the thermodynamics of the RN black hole. The correlation between the horizons makes the entropy of the RN black hole independent of its electric charge. The confirmation of the geometric approach is important for dS thermodynamics. It supports the topological explanation of the difference between the Gibbons–Hawking temperature T_{GB} = H/2π, which is determined by the near-horizon topology, and the local dS temperature T = H/π, which is determined by the global dS topology [4].

Funding. This work has no funding.

Conflict of interest. The author of this work declares that he has no conflicts of interest.

1. G. Gibbons and S. Hawking, Phys. Rev. D 15, 2738 (1977).

2. G. E. Volovik, JETP Lett. 121, 766 (2025). 3. H. Maxfield and Z. Zahraee, JHEP 11, 093 (2022). 4. J. C. M. Hughes and F. V. Kusmartsev,

arXiv:2505.05814.

5. S. Liberati and G. Pollifrone, Phys. Rev. D 56, 6458 (1997).

6. E. Altas and B. Tekin, Eur. Phys. J. C 83, 414 (2023). 7. C. Fairoos and Ch. Singha, arXiv:2505.16309. 8. G. E. Volovik, Mod. Phys. Lett. A 36, 2150177 (2021). 9. G. E. Volovik, JETP 135, 388 (2022).

10. Ch. Singha, P. Nanda, and P. Tripathy, Gen. Rel. Grav.

55, 106 (2023).

11. Zh. Zhai and W. Liu, Astrophys. Space Sci. 325, 63 (2010).

12. C. Tsallis and L. J. L. Cirto, Eur. Phys. J. C 73, 2487 (2013).

13. G. E. Volovik, JETP Lett. 121, 243 (2025). 14. M. T. Manoharan and N. Shaji, Eur. Phys. J. C 85, 373 (2025).

15. G. E. Volovik, arXiv:2505.05178.

16. S. M. Carroll, M. C. Johnson, and L. Randal, JHEP 11, 109 (2009).

17. G. E. Volovik, Springer Lecture Notes in Physics 718, 31 (2007).

18. G. E. Volovik, Phys.-Uspekhi 61, 89 (2018). 19. G.’t Hooft, arXiv:2410.16891.

20. D. Stanford and Zh. Yang, arXiv:2208.01625.

Письма в ЖЭТФ том 122 вып. 7 – 8 2025