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We examine one overlooked in previous investigations aspect of well — known Landau — Zener (LZ) problem,
namely, the behavior in the intermediate, i.e. close to a crossing point, energy region, when all four LZ states
are coupled and should be taken into account. We calculate the 4 x 4 connection matrix in this intermediate
energy region, possessing the same block structure as the known connection matrices for the tunneling and
in the over-barrier regions of the energy, and continously matching those in the corresponding energy regions.
Applications of the results may concern the various systems of physics, chemistry or biology, ranging from
molecular magnets and glasses to Bose condensed atomic gases.

PACS: 05.45.—a, 31.50.Gh, 72.10.—d

Standard textbook Landau—Zener (LZ) theory [1]
treats of two linear diabatic potentials U# + F X cross-
ing problem (X = 0 is the crossing point). However, in
spite of more than half of century history, semiclassical
solutions of this problem have been found only in the
limits of small or large energies E (we will term these
regions as tunneling or over-barrier, respectively), i.e.
for

[U# — E| > Ups; [U* — E| < Usa, 1)

where U2 is inter level interaction which in LZ model
does not depend on X. For the intermediate energy re-
gion

|U#—E| < Uja, (2)

there known only interpolating relations between expo-
nentially decaying solutions in the tunneling and oscillat-
ing solutions in the over-barrier energy regions (see e.g.
[2, 3]). Analytical and numerical study of this region (2)
is the objective of this paper.

Our approach is motivated by semiclassical instan-
ton approximation [4-6]. The idea is to construct two
linearly independent continuous (with continuous first
derivatives) approximate solutions to the Schrédinger
equation, which in the asymptotic region coincide with
semiclassic solutions, and in the vicinity of the turning
points — with the exact solutions of the so-called compar-
ison equation (i.e. the exact solution of the Schrodinger
equation for the chosen appropriately approximate near
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the turning points potentials). In what follows the We-
ber equation [7] will be used as the comparison equation,
valid in the vicinity of the second order turning points for
an anharmonic potential [3, 8, 9]. To justify this choice
it is sufficient to note that anharmonic corrections re-
main semiclassically small (i.e., proportional to higher
orders of A series) in the region where the solutions of
the comparison equation have to be matched smoothly
with the semiclassical solutions. Luckily the analogous
approach is valid to treat two diabatic potential cross-
ing point (LZ problem), and the comparison equations
for this case are two coupled Weber equations with the
indices and arguments determined by the solutions of
algebraic characteristic equation.

LZ problem for crossing diabatic potentials is equiv-
alent to the coupled Schrodinger equations which can be
transformed by the substitution

¥ = exp(kX)® (3)

into the 4-th order linear differential equation with inde-
pendent of coordinates coefficients at the derivatives

D*® + 4kD3*® + (65> — 2ay?)D*® +
+4(k® —ay’s — 27 f)D® +
[k? 2072k =272 fr+7%(a® —ud, — F2X2)]® =0, (4)

where D™ = d"/dX™, and y > 1 is the dimensionless
semiclassical parameter which is determined by the ratio
of the characteristic potential scale over the zero oscil-
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lation energy, and all other dimensionless appropriately
rescaled variables are
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where scale for the energy is given by Q02 = F2/mU,,
(m is a mass), and space scale is determined by the char-
acteristic size ag of the potential in the vicinity of the
crossing point.

The Eq. (4) admits semiclassical solutions by Fedo-
ryuk method [10-12] since the coeflicients at the n-th
order derivatives proportional to v~ ", and all the four
asymptotic solutions read as

X
B0 = (u2, + 2X%) Y exp / e
6
0

j = (++a +_a _+a __)a

where we designated

Aj =) +uj, A= i\/v(ai \Vuiz + f2X2),

and u; = 7f((\)? — ) .

The equation (4), up to anharmonic terms propor-
tional to X2D®, X3®, X*®, can be formally derived
by simple manipulations (two sequential differentiations
and summations) from the following second order equa-
tion

D?® + (ap + a1 X + a,X?)® =0, (7
where the coefficients are
2
2 s YT
= — _— ]_ M
ag = K* — ay o (14 90);

(8)
ar =7°f8; az = —7*fKd,

where the equation for « referred in what follows by the
characteristic equation is

1
k' — ay’k® + Zﬂ/‘ufz = —k*6%(1 + 26) + R(k,6), (9)

where

R(k,8) = (26°)71(1-30)(1+48)*(1 - Q — v/1 - 2Q?));

Q = 86%(1 +9),

and

2
_ry
6_453'

The fundamental solutions to (7) read as

42\ 1/4
+ (”/H;’ ) (X _ i)] , (11)
where

42\ —1/2 2
() )
K 4as
In the tunneling and over-barrier regions of energies,
where § < 1/4, these 4 solutions (2 solutions of (11) for
two largest modulus roots of the characteristic Eq. (9))
can be separated into two independent pairs (orthog-
onality of the Weber functions with different indices).
Thus one can say that the crossing point is equivalent
to two second order turning points with different Stokes
constants (see e.g., [13]).
In the tunneling region the two largest modulus roots
of (9) are (two other roots are small and do not satisfy
semiclassical approach)

8 K2
=4k 1+ 52— );
& EO( 22;@3—6!72)’

D,

(13)

_ ( 2 2 )1/2
K — a++/a?2 —u ,
0 \/—2 12

and the four linearly independent solutions (11) are
matched to the semiclassical solutions (5) in the region
a > f|X| > w12, where the exponent of the wave func-
tion can be expanded over small parameter §

® o exp (HX +6(kX)? - géz(nX)3 +> . (19

Since x|X| < (46)!, the convergent with alternating
signs expansion (13) determines the accuracy of the as-
ymptotically smooth transformation. Putting altogether
we end up at the conclusion that anharmonic corrections
to the Weber functions (11) are small (by other words
the parameter ¢ determines the accuracy of our approxi-
mation). The same kind of analysis can be performed in
the over-barrier region, where one finds two imaginary
largest modulus roots of the characteristic equation (see
details in [9]).

More difficult task is to find solutions in the inter-
mediate energy region, where two roots of the charac-
teristic equation are real and two are imaginary ones
having the same modulus, i.e. moving upon « variation
along a circle with the radius y4/u12/2. In this case the
semiclassical solutions can be presented as certain linear
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combinations of the comparison equation solutions, and
the roots are

K1z = 74/ % exp(ip);

(15)
K34 = Eiy, | u—; exp(—ip),
where
uUia — o
tanp = . 16
Lo U2 + @ ( )

Correspondingly to these roots (16) the arguments and
the indices of the Weber functions (11), (12) read as

1 =22 =

2Kint v/ Oint €xp(—ip/2)(X — (2kins) L exp(—iyp), (17)

23 = 24 = 2KintV/ Oint €xp(i0/2) (X — (2kint) " exp(iep),

and

m=p—1=

1
= —1— = exp(—ip)(1 + 207, exp(-2ip)), (18)
int

exp(ip) (1 + 267, exp(2iyp)),

1
= —1=-1-
Ds = P3 401

where

Kine = 7(w12/2)'%; Sime = (V1)) (465)-  (19)

The semiclassical solutions (6) are matched asymptoti-
cally smoothly to the linear combinations of the Weber
functions in the region u12 > f|X|. Since from (17), (18)
follow that at large 6in¢ the indices of the Weber func-
tions are also large, one can use known due to Olver
[14, 15] asymptotics of the Weber functions with large
arguments and indices

D,(2) o exp l—% / (z2 4 <p+ %))1/2 dz] . (20)

At 22 >> 4]p+(1/2)| (20) is reduced to the usual asymp-
totic expansion of the large argument Weber functions,
and in the opposite limit (i.e. in the intermediate region)
(20) corresponds to the expansion of the exponent over
odd powers of z. We can also find asymptotics to the
solutions of (7)
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®o x exp (—i/\/ao +a1 X + a2X2dm> (21)

valid at arbitrary values of the parameters a; (ax = 0
including).

The fundamental solutions to the comparison equa-
tion are the asymptotics for the wave functions in the
form (3), namely,

T = exp(kX) Dy(E2;(X)), (22)

j =
and

‘I’ii_v ‘I’Iocexp(Fl(X))a \Ilz_a ‘1’3_ Ocexp(_Fl(X))a
(23)
\I’f,‘llgocexp(in(X)), ‘I’;,‘I’ZO(GXP(—’L'Fz(X)),

where

Fia(X) =

= yVu12 £ a(1+6in) X — k2,02, exp(—2ip) X2 +

P (e s ) x (24)
12’LL12\/U12 +a U2 it )

The wave functions (23) asymptotically smoothly turn
into the semiclassical functions (6). The accuracy of this
matching is determined by the anharmonic corrections,
i.e. by the parameter i (19), and the Olver asymp-
totic (20) works even on the boundary 2% ~ 4|p+ (1/2)|.
The parameter ;¢ is no more small one, when simulta-
neously

2/3 1/3
U 2
ws ()= ()" st o

However the asymptotic matching of the solutions should
be performed at small | X| < y~!, where the comparison
equation (12), and, therefore, the characteristic Eq. (9)
are valid, even though upon increasing d;,; the potential
becomes more and more anharmonic one. At a = 0,
and w32 = 0, the Eq. (9) (with the term R(k,d) taking
into account) has the doubly degenerate root k = 0, i.e.
in terms of (12) a; = £v2f, az = 0. Thus in this limit
(12) is equivalent to two decoupled Airy equations, cor-
responding to the diabatic potentials. These solutions
turns smoothly into the semiclassical ones (6), and the
anharmonic corrections in the matching region are small
over the parameter 4~ 1/2.

We conclude that in the both intermediate energy
subregions: large k (i.e.x 7), and small small x (i.e.
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o 4/7) the comparison Eq. (12) is reduced to two decou-
pled equations, Weber or Airy ones, respectively. This
simple observation enables us to construct the univer-
sal connection matrix for the both intermediate energy
region by using Olver asymptotic expansion (21). The
four roots (15) distributed over the circle with the radius
74/ u12/2 on the comples plane determine the follow-
ing combinations of the comparison equation solutions
matching the semiclassical solutions (6). Namely

U+ 07 = T Ty + Ty — T
(26)
Ty + T - T U+ T T

——

where the superscript sc points out the semiclassical so-
lutions. Combining together the asymptotic expansions
for these combinations, we find at the crossing point, the
matrix U is

[ (v2r/T(¢%)) exp(—2x(a")) 0
o 0 (T(q)/v2m) exp(2x(q))(1 — exp(—2mgz) cos*(mqy)) )
‘ 0 exp(—2mg2) cos(mqy)
exp(—2mga) cos(mqy) 0
0 —exp(—2mgs) cos(mq;)
—exp(—27ga) cos(mqy) 0
(v2r/T(q)) exp(2x(q)) 0 ’
0 (T(g*)/v2m) exp(2x(¢*)) (1 — exp(—2mg2) cos? (mq1))
where
|
. uy/ui2 ta . . .
q=q +ig; Q2 = MTIZ; q" = q —igs, (28) AY) = 2wlz\/§Al(22/36), (31)
and, besides, we introduce the following abridged nota- where we designated ¢ = —af-2/%, and Ai is the first

tions
. 1
X=x1+ix2 2x1=q1 — | @1 — 3 In|g| + pg2, (29)

and analogously

2x2 =q2 — q21nlg| — ¢ (ql - %) ; (30)
where ¢ is defined by (16).

The connection matrix (27) in the intermediate en-
ergy region is our main result and the motivation of this
publication. This matrix generalizes the results we pre-
sented in [3]. It is ready for further applications and to
reap the fruits of the result we compute the LZ transi-
tion probability |T'|? universally valid for the tunneling,
over-barrier and intermediate energy regions (solid line
in the Figure). It is instructive to compare our result
with the perturbative Landau approach (see e.g. [1])
valid at small coupling constants. In the first order per-
turbation theory the transition amplitude AS-JI% reads

kind Airy function. All even higher order terms equal
zero, and odd terms read as

AZY = (4))t. (32)

Therefore the series can be easily sum up giving the
generalized Landau formula

Apz = AP [1+ (AL2)?] ™

(33)
We show this perturbative solution by the dashed line on
the Figure. Note that although the Eq. (32) reproduces
the oscillating energy dependence of the LZ transition
amplitudes, the equation gives the period of the oscilla-
tions which are quite different from those we calculated
by our 4 x 4 connection matrix (27). The difference
occurs because the perturbation (say 2) method disre-
gards the contributions from the increasing solutions to
the Schrédinger equation, which are relevant in the in-
termediate energy region.
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Energy dependent LZ transition probability: Solid line —
the 4 x 4 connection matrix (27) calculations; Dashed line —
the generalized perturbative Landau formula (33)
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