Pis’ma v ZhETF, vol. 73, iss. 4, pp. 186 { 189 cfl 2001 February 25

Nonperturbative a-expansion technique and the Adler D-function

A. N. Sissakian, I. L. Solovtsov, O. P. Solovtsova

Joint Institute for Nuclear Research, 141980 Dubna, Russia

Submitted 29 December 2000

We show that the \experimental" D-functions corresponding to the e^+e� annihilation into hadrons and the inclusive τ decay data are both in good agreement with results obtained in the framework of the nonperturbative a-expansion method.

PACS: 12.38.-t, 13.60.Hb

The specific feature of quantum field theory is that a sufficiently complete study of the structure of a quantum field model within the framework of perturbative approach is not enough, even in theories with a small coupling constant. Numerous publications are devoted to the problem of going beyond perturbation theory. However, many of them use model assumptions and phenomenological parameters which are not involved into the Lagrangian. Clearly, that it is desirable to use a theoretical method based on a minimal number of additional parameters and allowing a nonperturbative region to be considered. The theoretical method we will use is the nonperturbative expansion technique [1] based on the idea of variational perturbation theory (see [2] for a review) which, in the case of QCD, leads to a new small expansion parameter, a. Even going into the infrared region of small momenta where the running coupling becomes large and the standard perturbative expansion fails, the a-expansion parameter remains small and the approach holds valid [3].

In comparing theoretical predictions with experimental data, it is important to connect measured quantities with “simplest” theoretical objects to check direct consequences of the theory without using model assumptions in an essential manner. Some single-argument functions which are directly connected with experimentally measured quantities can play the role of these objects. A theoretical description of inclusive processes can be made in terms of functions of this sort. Let us mention, among them, the hadronic correlator Π(s) and the corresponding Adler function [4], D, that appear in the process of e^+e^− annihilation into hadrons and the inclusive decay of the τ lepton.

The cross-section for e^+e^− annihilation into hadrons or its ratio to the leptonic cross-section, R(s), have a resonance structure that is difficult to describe, at the present stage of a theory, without model considerations. Moreover, the basic method of calculations in quantum field theory, perturbation theory, becomes ill-defined due to the so-called threshold singularities. These problems can, in principle, be avoided if one considers a “smeared” quantity [5]

R_Δ(s) = Δ π ∫_∞ 0 ds^′ R(s^′) (s − s^′)^2 + Δ^2

. (1)

However, a straightforward usage of conventional perturbation theory to calculate R_Δ is not possible. Indeed, if the QCD contribution to the function R(s) in Eq. (1) is, as usual, parametrized by the perturbative running coupling that has unphysical singularities, it is difficult to define the integral on the right-hand side. Moreover, the standard method of the renormalization group gives a Q^2-evolution law of the running coupling in the Euclidean region, and there is the question of how to parametrize a quantity, for example, R(s), defined for timelike momentum transfers [6]. To perform this procedure self-consistently, it is important to maintain correct analytic properties of the hadronic correlator which are violated in perturbation theory. Within the nonperturbative a-expansion it is possible to maintain such analytic properties and to self-consistently determine the effective coupling in the Minkowskian region [7]^{1)}.

Another function, which characterizes the process of e^+e^− annihilation into hadrons and can be extracted from experimental data, is the Adler function

D(Q^2) = Q^2 ∞∫ 0 ds R(s) (s + Q^2)^2

. (2)

The D-function defined in the Euclidean region for a positive momentum Q^2 is a smooth function, and thus it is not necessary to apply any “smearing” procedure in order to be able to compare theoretical results with

1)The analytic approach to QCD [8] also leads to a well-defined procedure of analytic continuation [9].

186 Ŕĺśĳňă ć ĘİŠŤ šőň 73 ćżŕ. 3 – 4 2001 experimental data. Recently an “experimental” curve for this function has been obtained [10].

For massless quarks, one can write down the Minkowskian quantity R(s) in the form

R(s) = 3 ∑ f q^2_f [ 1 + r_0λ^{eff}_s (s) ] , (3)

where the sum runs over quark flavors, q_f are quark charges and r_0 is the first perturbative coefficients that is renormalization-scheme independent. This expression includes the effective coupling defined in the Minkowskian region or, as we will say, in the s-channel, which is reflected in the subscript s. It should be stressed that, as it has been argued from general principles, the behavior of the effective couplings in the spacelike and the timelike domains cannot be symmetric [11].

Within the a-expansion method the s-channel running coupling can be written as

λ^{(i)}_s (s) = 1 2πi 1 2 β_0 [ ϕ^{(i)}(a_+) − ϕ^{(i)}(a_−) ] , (4)

where a_± obey the equation [2]

F (a_±) = F (a_0) +

2 β_0 C ( ln s Q^2_0 ± i π ) . (5)

At the level O(a^3), the function ϕ(a) has the form

ϕ^{(3)}(a) = −4 ln a − 72 11 1 1 − a + + 318 121 ln(1 − a) + 256 363 ln ( 1 + 9 2 a ) . (6)

Similarly, a more complicated expression for the O(a^5) level, we will use, can be derived.

The convenient way to incorporate quark mass effects is to use an approximate expression [5]

R̃(s) = 3 ∑ f q^2_f Θ(s − 4m^2_f ) R_f (s),

R_f (s) = T (v_f ) [1 + g(v_f )r_f (s)] , (7)

where T (v) = v 3 − v^2 2 ,

g(v) = 4π 3 [ π 2v − 3 + v 4 ( π 2 − 3 4π )] ,

v_f = √ 1 − 4m^2_f s .

(8)

The quantity r_f (s) is defined by the s-channel effective coupling λ^{eff}_s (s). The smeared quantity (1) and the

D-function (2) can be calculated by using (7) in the corresponding integrands. For MS-like renormalization schemes, one has to consider some matching procedure. To perform this matching procedure, we can require the s-channel running coupling and its derivative to be continuous functions in the vicinity of the threshold [7, 12].

A description of quark-antiquark systems near the threshold requires to take into account of the resummation factor. In a nonrelativistic approximation, this is the well known Sommerfeld – Sakharov factor [13]. For a systematic relativistic analysis of quark-antiquark systems, it is essential from the very beginning to have a relativistic generalization of this factor. A new form for this relativistic factor in the case of QCD has been proposed in [14] by using the quasipotential approach to quantum field theory formulated in the relativistic configuration representation [15]. The local Coulomb potential defined in this representation is specified by its QCD-like behavior in the momentum space [16].

The relativistic S-factor has the form [14] S(χ) = X(χ) 1 − exp [−X(χ)] , X(χ) = 4π α_S 3 sinh χ

, (9)

where χ is the rapidity which is related to s by 2m cosh χ = √ s. To take into account the threshold resummation factor, we modify the expression (7) as follows R(s) = T (v) [ S(χ) − 1 2 X(χ) + g(v) r(s) ] . (10)

As the mass m → 0, this expression leads to Eq. (3). We use Eq. (10) in our analysis.

The non-strange vector contribution for the inclusive τ-lepton decay can be described in analogy with the e^+e^− annihilation into hadrons process. Using the theoretical expression for R_τ -ratio [17]

R^V_τ = R^{(0)} M2ø∫ 0 ds M^2_τ ( 1 − s M^2_τ

)_2 ( 1 + 2s M^2_τ ) R(s), (11)

where R^{(0)} corresponds to the parton level, and measured value R^V_τ = 1.775 ± 0.017 [18], as an input, we extracted the value of parameter a_0 in Eq. (5) at the τ mass scale, Q_0 = M_τ .

The “light” D-function with three active quarks is shown in Fig. 1, where we draw the experimental curve, as dashed line, which was extracted in [19] from the ALEPH data, and our theoretical result (solid line) obtained by using the following effective masses of light

Ŕĺśĳňă ć ĘİŠŤ šőň 73 ćżŕ. 3 – 4 2001

188 A. N. Sissakian, I. L. Solovtsov, O. P. Solovtsova

Fig.1. The plot of the \light" D-function. The experimental curve corresponding to ALEPH data is taken from [19]

quarks m_u = m_d = 260 MeV and m_s = 400 MeV^{2)}. These values are close to the constituent quark masses and incorporate some nonperturbative effects. The shape of the infrared tail of the D-function is sensitive to the value of these masses.

Fig.2. The smeared quantity RΔ(s) for ´ = 3 GeV^2. The solid curve is our result. The smeared experimental curve is taken from [22]

In Fig. 2, we have presented the smeared function R_Δ(s) for Δ = 3 GeV^2. We use the same masses for the light quarks as before and the following masses for heavy quarks m_c = 1.3 GeV and m_b = 4.7 GeV. The smeared R_Δ(s) function for Δ ≃ 1–3 GeV^2 is less sensitive to the value of light quark masses as compared with the infrared tail of the D-function. The result for the D-function of the e^+e^− annihilation process which includes both the light and heavy quarks is plotted in Fig. 3. The experimental curve is taken from [10].

2)Practically the same values were used to describe the experimental data in [20, 21].

The experimental D-function turned out to be a smooth function without traces of the resonance structure of R(s). One can expect that this object more precisely reflects the quark-hadron duality and is convenient for comparing theoretical predictions with experimental data. Note here that any finite order of the operator product expansion fails to describe the infrared tail of the D-function. Within the framework of nonperturbative a-expansion technique, we have obtained a good agreement between our results and the experimental data down to the lowest energy scale both for Minkowskian and Euclidean quantities.

Fig.3. The D-function for the process of e^+e� annihilation into hadrons. The solid curve is our result for ˛ve active quarks. The experimental curve is taken from [10]

The authors would like to thank K.A. Milton for interest in this work and valuable discussions. Partial support of the work by the RFBR (grants # 99-01-00091 and # 99-02-17727) is gratefully acknowledged.

1. I. L. Solovtsov, Phys. Lett. B327, 335 (1994); Phys.

Lett. B340, 245 (1994).

2. A. N. Sissakian and I. L. Solovtsov, Phys. Part. Nucl.

25, 478 (1994); Phys. Part. Nucl. 30, 461 (1999). 3. H. F. Jones and I. L. Solovtsov, Phys. Lett. B349, 519 (1995); in: Proc. of Int. Eur. Conf. on High Energy Physics, Brussels, 27 Jul - 2 Aug, 1995, Eds. J. Lemonne, C. Vander Velde, F. Verbeure, World Scienti˛c: Singapore, New Jersey, London, Hong Kong, 1996, p.242.

4. S. L. Adler, Phys. Rev. D10, 3714 (1974). 5. E. C. Poggio, H. R. Quinn, and S. Weinberg, Phys. Rev.

D13, 1958 (1976).

6. A. V. Radyushkin, preprint JINR, E2-82-159 (1982);

JINR Rap. Comm. 4, 9 (1996); N. V. Krasnokov and A. A. Pivovarov, Phys. Lett. 116B, 168 (1982).

7. H. F. Jones, I. L. Solovtsov, and O. P. Solovtsova, Phys.

Lett. B357, 441 (1995).

Ŕĺśĳňă ć ĘİŠŤ šőň 73 ćżŕ. 3 – 4 2001

8. D. V. Shirkov and I. L. Solovtsov, JINR Rapid Comm.

2, 5 (1996); Phys. Rev. Lett. 79, 1209 (1997). 9. K. A. Milton and I. L. Solovtsov, Phys. Rev. D55, 5295 (1997); K. A. Milton and O. P. Solovtsova, Phys. Rev. D57, 5402 (1998).

10. S. Eidelman, F. Jegerlehner, A.L. Kataev, and O.

Veretin, Phys. Lett. B454, 369 (1999).

11. K. A. Milton and I. L. Solovtsov, Phys. Rev. D59, 107701 (1999).

12. K. A. Milton, I. L. Solovtsov, and O. P. Solovtsova, Eur.

Phys. J. C13, 497 (2000).

13. A. Sommerfeld, Atombau und Spektrallinien, vol. II, Vieweg, Braunschweig, 1939; A. D. Sakharov, Sov. Phys. JETP 18, 631 (1948).

14. K. A. Milton and I. L. Solovtsov, hep-ph/0005175.

15. V. G. Kadyshevsky, R. M. Mir-Kasimov, and N. B.

Skachkov, Nuovo Cim. 55A, 233 (1968); Sov. J. Part. Nucl. 2, 69 (1972).

16. V. I. Savrin and N. B. Skachkov, Lett. Nuovo Cim. 29, 363 (1980).

17. E. Braaten, S. Narison, and A. Pich, Nucl. Phys. B373, 581 (1992).

18. ALEPH Collaboration, R. Barate, D. Buskulic, D. Decamp et al., Eur. Phys. J. C4, 409 (1998).

19. S. Peris, M. Perrottet, and E. de Rafael, JHEP 05, 011 (1998); hep-ph/9805442.

20. A. I. Sanda, Phys. Rev. Lett. 42, 1658 (1979). 21. D. V. Shirkov and I. L. Solovtsov, hep-ph/9906495. 22. A. C. Mattingly and P. M. Stevenson, Phys. Rev. D49, 437 (1994); S.J. Brodsky, J.R. Pel«aez, and N. Toumbas, Phys. Rev. D60, 037501 (1999).

Ŕĺśĳňă ć ĘİŠŤ šőň 73 ćżŕ. 3 – 4 2001