Pis’ma v ZhETF, vol. 78, iss. 9, pp. 1082 { 1086 cfl 2003 November 10

Waves in a superlattice with anisotropic inhomogeneities

V. A. Ignatchenko^{1)}, A. A. Maradudin^∗, A. V. Poszdnyakov^+

L.V.Kirensky Institute of Physics SB RAS, 660036 Krasnoyarsk, Russia

∗Department of Physics and Astronomy University of California, Irvine, CA, 92697, USA

Submitted 8 October 2003

Dependences of the dispersion laws and damping of waves in an initially sinusoidal superlattice on inhomogeneities with anisotropic correlation properties are studied for the ˛rst time. The period of the superlattice is modulated by the random function described by the anisotropic correlation function KŒ(r) that has di¸erent correlation radii, k^{−1}_‖ and k^{−1}_⊥ , along the axis of the superlattice z and in the plane xy, respectively. The anisotropy of the correlation is characterized by the parameter λ = 1 � k⊥/k_‖ that can change from λ = 0 to λ = 1 when the correlation wave number k⊥ changes from k⊥ = k_‖ (isotropic 3D inhomogeneities) to k⊥ = 0 (1D inhomogeneities). The correlation function of the superlattice K(r) is developed. Its decreasing part goes to the asymptote L that divides the correlation volume into two parts characterized by ˛nite and in˛nite correlation radii. The dependences of the width of the gap in the spectrum at the boundary of the Brillouin zone ´ν and the damping of waves ξ on the value of λ are studied. It is shown that decreasing L leads to the decrease of ´ν and increase of ξ with the increase of λ.

PACS: 68.65.�k, 75.30.Ds

1. Theoretical studies of the wave spectrum in disordered superlattices (SLs) have been carried out very intensively in recent years. This is due to the wide use of these materials in various high technology devices as well as to the fact that they are convenient models for developing new methods of theoretical physics for studying media without translation symmetry. Several methods exist now for developing a theory of such SLs: the modeling of the randomization by altering the order of successive layers of two different materials [1 – 7]; the numerical modeling of the random derivations of the interfaces between layers from their initial periodic arrangement [8 – 10]; the postulating of the form of the correlation function of a SL with inhomogeneities [11,12]; the application of the geometrical optics approximation [13]; the development of the dynamic composite elastic medium theory [14].

One more method for investigating the influence of inhomogeneities on the wave spectrum of a SL was suggested in Ref. [15], the method of the random spatial modulation (RSM) of the period of the SL. This method is an extension of the well-known theory of the random frequency (phase) modulation of a radio signal [16, 17] to the case of spatial inhomogeneities in a SL. The advantage of this method is that the form of the correlation function (CF) of the SL is not postulated but is developed from the most general assumptions about the nature of a random spatial modulation of the SL period.

1)e-mail: vignatch@iph.krasn.ru

The knowledge of the CF corresponding to a particular type and dimensionality of inhomogeneities permitted applying the methods of investigations of averaged Green functions to find the energy spectrum and other characteristics of the waves [15, 18 – 25]. In all these papers only isotropic 3D inhomogeneities were considered side by side with 1D inhomogeneities.

In the present paper effects of 3D inhomogeneities with anisotropic correlation properties on the wave spectrum of SLs is studied for the first time. The continuous transition between isotropic 3D inhomogeneities and 1D inhomogeneities as the anisotropy of the correlations is changed is considered.

2. Correlation Function. A SL is characterized by the dependence of some material parameter A on the coordinates x = {x, y, z}. The physical nature of the parameter A(x) can be different. This parameter can be a density of matter or a force constant for the elastic system of a medium, the magnetization, anisotropy, or exchange for a magnetic system, and so on. We represent A(x) in the form

A(x) = A [1 + γρ(x)] , (1)

where A is the average value of the parameter, γ is its relative rms variation, and ρ(x) is a centered (⟨ρ(x)⟩ = 0) and normalized (⟨ρ(x)^2⟩ = 1) function. The function ρ(x) describes the periodic dependence of the parameter along the SL axis z, as well as the random spatial modulation of this parameter which, in the general case, can be a function of all three coordinates x = {x, y, z}.

1082 Ŕĺśĳňă ć ĘİŠŤ šőň 78 ćżŕ. 9 { 10 2003

We will consider in this paper a SL that has a sinusoidal dependence of the material parameter on the coordinate z in the initial state when inhomogeneities are absent. According to the RSM method we represent the function ρ(x) in the form

ρ(x) = √ 2 cos [q(z − u(x)) + ψ] , (2)

where q = 2π/l is the SL wave number, l is its period, and u(x) is the random spatial modulation. The SL is characterized by the CF K(r) = ⟨ρ(x)ρ(x + r)⟩ the general form of which was obtained in Ref. [15]:

K(r) = cos qr_z exp [ − 1 2 Q(r) ] . (3)

Here

Q(r) =

2q^2 (2π)^3 ∫ ∫ K’(r1)e^{−ikr1} ×

× (1 − cos kr) dk k^2 dr_1, (4)

where K’ = ⟨’(x)’(x + r)⟩ is the CF of the function

’ = grad u(x).

Upon integrating Eq.(4) with respect to k, we obtain Q(r) in the form

Q(r) = q^2 4π ∫ K’(r1) [ 2 |r_1| − − 1 |r_1 − r| − 1 |r_1 + r| ] dr_1. (5)

On the assumption that the correlation properties of the function u(x) are isotropic in the xy plane and anisotropic in the directions between the z axis and the xy plane, we model the CF in the form:

K’(r) = σ^2 exp { − 1 2 [ k^2_⊥(r^2_x + r^2_y) + k^2_‖r^2_z ]} , (6)

where k_⊥ and k_‖ are the correlation wave numbers in the xy plane and along the z axis, respectively. This function in the 1D (k_⊥ = 0), 2D (k_‖ = 0), or isotropic 3D (k_⊥ = k_‖) limit transforms into the Gaussian function. It was shown in Ref. [21] that the coefficient σ in Eq. (6) has the form

σ = γ_u(k^2_‖ + 2k^2_⊥)^{1/2} / q. (7) Substituting Eq. (6) into Eq. (5) we obtain a complicated expression where only one integration can be performed in the threefold integral. For overcoming this difficulty we obtain one more representation of the function Q(r). Using the following integral representation [27] 1 r = √ 2 π ∞∫ 0 exp(−r^2t^2/2)dt, (8) where the integration variable t has the dimensionality of [r]^{−1}, we obtain Q(r) in the form

Q(r) = q^2 (2π)^{3/2} ∞∫ −∞ dr_1 ∞∫ 0 dtK’(r1) × × (2e^{−t2r21/2} − e^{−t2(}r^{1−}r^{)2/2} − e^{−t2(}r^{1+}r^{)2/2}). (9)

The integral with respect to r_1 can be performed exactly in this fourfold integral after substituting K’ in the form of Eq. (6) into it. As a result, we obtain Q(r) in the form a one-dimensional integral with respect to τ:

Q(r) = 2γ^2_u(1 + 2–^2) ∞∫ 0 ( 1 (–^2 + τ^2)^√1 + τ^{2 −} − exp { − (k_‖rτ)^2 2 [ –^2 sin^2 θ –^2 + τ^{2 +}

cos^2 θ 1 + τ^2 ]} (–^2 + τ^2)^√1 + τ^2 ) dτ, (10) where τ = t/k_‖ is a dimensionless variable, and cos θ = = r_z /r, – = k_⊥/k_‖.

For the limiting cases of 1D (– = 0), 2D (– → ∞), and isotropic 3D (– = 1) inhomogeneities this integral can be calculated exactly and we obtain known formulas [15]. In the general case of an arbitrary value of – the approximation of Eq. (10) by a simpler expression must be done for analytical calculations. For the selection of this expression we calculate Q(r) at r = 0 and r → ∞. The integral in Eq. (10) is calculated exactly at both of these limits, and we obtain, respectively,

Q_0(r) = γ^2_u

1 + 2–^2

1 − –^2 { F (–) − –^2 + + [ 2 + –^2 − 3F (–)^] cos^2 θ^}(k_‖r)^2,

(11)

Q_∞ = 2γ^2_u

1 + 2–^2

–^{2 F (}–^{),}

where

F (–) = –√_{1 −} –_2 arctan √ 1 − –^2 –^{. (12)}

Using these expressions and extending the idea that has been suggested in Ref. [23] for the approximation of the CF of isotropic 3D inhomogeneities, we suggest the approximation formula for the CF of the anisotropic inhomogeneities in the form

K(r) = cos qr_z { L + (1 − L)e^{−P r} } , (13)

where L is the asymptote of the decreasing part of K(r) determined by the equation

L = exp(− 1 2 Q_∞); P = Q_0(r)/k_‖r^2. (14)

Ŕĺśĳňă ć ĘİŠŤ šőň 78 ćżŕ. 9 { 10 2003

In the present work we restrict ourselves to the consideration of uniaxial anisotropic inhomogeneities for which the values of – are between 0 and 1. It is convenient to introduce the parameter of the uniaxial anisotropy λ = 1 − –, whose values are also between 0 and 1. In this case λ = 0 corresponds to the isotropic 3D inhomogeneities and λ = 1 corresponds to the inhomogeneities with the maximum value of the anisotropy, namely 1D inhomogeneities.

For the isotropic 3D inhomogeneities considered in Ref. [23] the value of the asymptote L depended only on the rms fluctuation γ_u. For the anisotropic inhomogeneities the asymptote L according to Eq. (14) depends on γ_u as well on the parameter anisotropy λ (Fig.1). One can see that L decreases with the increase of γ_u or λ;

Fig.1. Dependence of the asymptote L of the CF on the rms ‚uctuation γu and the anisotropy parameter of the correlations λ

the value of L goes to zero at the point of the transition of the system from 3D to 1D dimensionality.

3. Dispersion law and damping of waves. We consider the equation for waves in the superlattice in the form

∇^2μ + (ν − ϵρ(x))μ = 0, (15)

where the expressions for the parameters ϵ and ν, and the variable μ are different for waves of different natures. For spin waves, when the parameter of the superlattice A(x) in Eq. (1) is the value of the magnetic anisotropy β(x), we have [15] ν = (ω − ω_0)/αgM, ϵ = γβ/α, where ω is the frequency, ω_0 = g(H + βM), g is the gyromagnetic ratio, α is the exchange parameter, H is the magnetic field strength, M is the value of the magnetization, β is the average value of the anisotropy, and γ is its relative rms variation. For elastic waves in the scalar approximation we have ν = (ω/v)^2, ϵ = γν, where γ is the rms fluctuation of the density of the material and v is the wave velocity. For electromagnetic waves in the same approximation we have ν = ϵ_e(ω/c)^2, ϵ = γν, where ϵ_e is the average value of the dielectric permeability, γ is its rms deviation, and c is the speed of light.

Laws of the dispersion and damping of the averaged waves are determined by the equation for the complex frequency ν = ν^′ + iξ, which follows from the vanishing of the denominator of the Green function of Eq.(15). In the Bourret approximation [28] this equation can be represented in the form [21]

ν − k^2 = − ϵ^2 4π ∫ K(r) exp [ −i(kr + √ νr) ] dr r . (16)

Substituting Eq. (13) in Eq. (16) we calculate this integral exactly. As a result, we obtain a complicated equation that we do not give here. When the conditions

γ^2_uk_‖ ≪ | √ ν|, Λ ≪ |ν| (17) are satisfied, this equation can be reduced to a cubic equation,

ν − k^2 =

Λ^2 4 { L ν − (k − q)^2 + + (1 − L)

1 − iγ^2_uk_‖f_1 √ ν/(k − q)^2 [√ ν − γ^2_uk_‖(f_0 + f_1)

]_2 − (k − q)^2 } , (18)

where Λ = ϵ/ √ 2, f_0 =

1 + –^2

2(1 − –^2) [ F (–) − –^{2]} ,

f_1 =

1 + –^2

2(1 − –^2) [ 2 + –^2 − 3F (–)^] . (19)

In the limiting cases λ = 1 and λ = 0 Eq. (18) transforms into equations for 1D and isotropic 3D inhomogeneities obtained earlier in Refs. [15, 23], respectively.

Equation (18) has been investigated by numerical methods. The results of these investigations are shown in Fig.2. Fig.2a shows the behavior of the width of the gap at the Brillouin zone boundary Δν = ν^′_+ − ν^′_− with the increase of the anisotropy parameter λ for several values of γ^2_u, that are depicted at the corresponding curves. One can see that the maximum values of the width of the gap (which are different for different γ^2_u) correspond to isotropic 3D inhomogeneities (λ = 0). With the increase of the anisotropy parameter λ the width of the gap decreases, with this decrease becoming nonmonotonic in the region λ & 0.8. Even some

Ŕĺśĳňă ć ĘİŠŤ šőň 78 ćżŕ. 9 { 10 2003

Fig.2. Dependence of the width of the gap (a) and damping of the waves (b) at the Brillouin zone boundary on the value of the anisotropy of correlations λ for di¸erent values of γ^2u depicted at the corresponding curves. All graphs correspond to the same normalized correlation number η = k_‖q/~ = 4

increase of Δν takes place in this region which changes again to a decrease when λ goes to unity. For γ^2_u > 0.25 the closing of the gap occures at some critical value of the anisotropy λ_c.

In Fig.2b the dependences of the damping ξ_± at the Brillouin zone boundary on the parameter of the anisotropy λ are shown for the same values of γ^2_u. The minimum values of the damping correspond to the isotropic 3D inhomogeneities. The damping increases with the increase of the anisotropy and reaches the largest value for 1D inhomogeneities (λ = 1). For the curve with γ^2_u = 0.3 at the critical point λ = λ_c, corresponding to the closing of the gap, the degeneracy of the real parts of the eigenfrequencies takes place (ν^′_+ = ν^′_−) and, correspondingly, the removal of the degeneracy of the damping [15]: ξ_+ ≠ ξ_− at λ > λ_c.

4. Conclusions. The limiting cases of our general model are the isotropic 3D inhomogeneities (λ = 0) and 1D inhomogeneities (λ = 1) that have been investigated in the framework of the RSM method earlier [15, 23]. It was shown in Ref. [25] that the main difference between the CFs for isotropic 3D and 1D inhomogeneities was that the decreasing function went to zero when r → ∞ in the 1D case while the decreasing function in the isotropic 3D case went to the nonzero asymptote L = exp(−3γ^2_u). Because of this the 1D inhomogeneities had a finite correlation radius in the entire volume of the superlattice, while for the isotropic 3D case volumes with a finite correlation radius existed side by side with volumes with an infinite correlation radius. In Ref. [25] attention was also paid to the important role of the value of the asymptote L in the transition from the disordered SL to an ideal periodic one with the decrease of γ_u. In the 1D case this transition was carried out by increasing the correlation radius. For the 3D case another kind of transition took place: the changing of the relationship between the volumes with finite and infinite correlation radii went on in parallel with the increase of the correlation radius.

For the general case of anisotropic inhomogeneities the asymptote L depends not only on γ_u but also on λ. The changing of λ from 0 to 1 at γ_u = const leads to the changing of L from L = exp(−3γ^2_u) to L = 0. Hence, the changing of the anisotropy parameter λ leads to two contributions to the changing of the form of the CF, exerting opposite influences on the characteristics of the wave spectrum. The increase of the correlation radius in the xy plane at the unchangeable correlation radius along z axis means the increase of the mean correlation radius of the system, that is the decrease of the disorder. This factor in itself could lead to the increase of the width of the gap Δν at the Brillouin zone boundary and to the decrease of the damping ξ with the increase of λ. However, the increase of λ leads simultaneously to the decrease of L and, consequently, to the decrease of the correlation volume with an infinite correlation radius and to the increase of the volume with finite correlation radii. This factor must lead to the increase of the mean disorder in the system and, consequently, to the decrease of Δν and increase of ξ. Simultaneous actions of both of these factors lead to the dependences of Δν and ξ on λ depicted in Figs.2a and 2b. It is seen that the effects of the increase of the disorder prevail, and the decrease of Δν and increase of ξ occur with the increase of λ. However, the struggle between the opposite factors leads to the appearance of a nonmonotonic dependence of Δν on λ: even some increase of Δν takes place in the region

Ŕĺśĳňă ć ĘİŠŤ šőň 78 ćżŕ. 9 { 10 2003 λ > 0.8 that changes again to a decrease when λ goes to the unit.

This work was supported by the NATO Science Program and Collaborative Linkage Grant No. 978090.

1. J. M. Luck, Phys. Rev. B39, 5834 (1989). 2. S. Tamura and F. Nori, Phys. Rev. B41, 7941 (1990). 3. N. Nishiguchi, S. Tamura, and F. Nori, Phys. Rev. B48, 2515 (1993).

4. G. Pang and F. Pu, Phys. Rev. B38, 12649 (1988). 5. J. Yang and G. Pang, J. Magn. Magn. Magnet. 87, 157 (1994).

6. D. H. A. L. Anselmo, M. G. Cottam, and E. L. Albuquerque, J. Appl. Phys. 87, 5774 (1999).

7. L. I. Deych, D. Zaslavsky, and A. A. Lisyansky, Phys.

Rev. E E56, 4780 (1997).

8. B. A. Van Tiggelen and A. Tip, J. Physique I1, 1145 (1991).

9. A. R. McGurn, K. T. Christensen, F. M. Mueller, and A. A. Maradudin, Phys. Rev. B47, 13120 (1993).

10. M. M. Sigalas, C. M. Soukoulis, C.-T. Chan, and D. Turner, Phys. Rev. B53, 8340 (1996).

11. V. A. Ignatchenko, R. S. Iskhakov, and Yu. I. Mankov, J.

Magnet. Magnet. Mater. 140 { 144, 1947 (1995). 12. A. G. Fokin and T. D. Shermergor, ZhETF 107, 111 (1995).

13. A. V. Belinskii, Uspekhi Fiz. Nauk 165, 691 (1995). 14. B. Kaelin and L. R. Johnson, J. Appl. Phys. 84, Part I, 5451; Part II, 5458 (1998).

15. V. A. Ignatchenko and Yu. I. Mankov, Phys. Rev. B56, 194 (1997).

16. A. N. Malakhov, ZhETF. 30, 884 (1956). 17. S. M. Rytov, Introduction to Statistical Radiophysics, M.: Nauka, 1976.

18. V. A. Ignatchenko, Yu. I. Mankov, and A. V. Pozdnaykov, ZhETF 116, 1335 (1999).

19. V. A. Ignatchenko, Yu. I. Mankov, and A. A. Maradudin, Phys. Rev. B59, 42 (1999).

20. V. A. Ignatchenko, Yu. I. Mankov, and A. A. Maradudin, J. Phys.: Condens Matter. 11, 2773 (1999).

21. V.A. Ignatchenko, A. A. Maradudin, and A. V. Pozdnaykov, Phys. Met. Metallogr. 91, Suppl. 1, 69 (2001).

22. V. A. Ignatchenko, Yu. I. Mankov, and A. A. Maradudin, Phys. Rev. B62, 2181 (2000).

23. V. A. Ignatchenko, Yu. I. Mankov, and A. A. Maradudin, Phys. Rev. B65, 024207 (2002).

24. V. A. Ignatchenko, Yu. I. Mankov, and A. A. Maradudin, Pis’ma ZETF 77, 335 (2003).

25. V. A. Ignatchenko, Yu. I. Mankov, and A. A. Maradudin Phys. Rev. B68, (2003) (in print).

26. A. A. Sveshikov. Applied methods of random functions, M.: Nauka, 1968.

27. E. Madelung, The mathematical methods of physics, M.: Nauka, 1968, Die Mathematischen Helfsmittel des physikers, Berlin, G»ottingen, Heidelberg, Springer- Verlag, 1957.

28. R. C. Bourret, Nuovo Cim. 26, 1 (1962); Canad. J. Phys.

40, 783 (1962).

Ŕĺśĳňă ć ĘİŠŤ šőň 78 ćżŕ. 9 { 10 2003