Pis’ma v ZhETF, vol. 81, iss. 12, pp. 744 { 747 © 2005 June 25

Infrared renormalons and the relations between the Gross{Llewellyn Smith and the Bjorken polarized and unpolarized sum rules

A. L. Kataev^{1)}

Institute for Nuclear Research RAS, 117312 Moscow, Russia

Submitted 13 May 2005

It is demonstrated that the infrared renormalon calculus indicates that the QCD theoretical expressions for the Gross{Llewellyn Smith sum rule and for the Bjorken polarized and unpolarized ones contain an identical negative twist-4 1=Q^2 correction. This observation is supported by the consideration of the results of calculations of the corresponding twist-4 matrix elements. Together with the indication of the similarity of perturbative QCD contributions to these three sum rules, this observation leads to simple new theoretical relations between the Gross{Llewellyn Smith and Bjorken polarized and unpolarized sum rules in the energy region

Q^2 ≥ 1 GeV^2. The validity of this relation is checked using concrete experimental data for the Gross{Llewellyn

Smith and Bjorken polarized sum rules.

PACS: 12.38.−t, 13.85.Hd

It is known that, in the traditionally used MS scheme, the Borel image of the physical quantities in QCD contain infrared renormalons (IRR), namely the singularities on the positive axis of integration of this image in the complex plane of the Borel variable δ (for reviews see Refs. [1 – 3]). This related Borel integral can be defined as D(a_s) =

1_∫ 0 exp(−δ/β_0a_s)B[D](δ)dδ, (1)

where a_s = α_s/4π; α_s is the QCD coupling constant in the MS scheme; β_0 = (11/3)C_A − (4/3)T_f N_f is the first coefficient of the QCD β-function with C_A = 3, T_f = 1/2; and B[D](δ) is the Borel image of the physical quantity D(a_s) under consideration.

From our point of view, the most important theoretical works, which pushed ahead the study of the applicability of the IRR calculus to the analysis of nonperturbative contributions to the characteristics of different processes are those of Ref. [4] and [5]. In particular, it was shown in Ref. [5] that since there exist a 1/Q^2 non-perturbative correction of twist-4 in the characteristics of deep-inelastic scattering, the related Borel images should have the IRR pole at δ = 1; this does not manifest itself in the expression for the Borel image of the Adler D-function of the e^+e�-annihilation process [4]. This crucial remark later generalized to the discussion of the Bjorken polarized sum rule in Ref. [6]. It should also be mentioned in passing that ultraviolet renormalons (UVR), associated with sign-alternating as-

1)e-mail:kataev@ms2.inr.ac.ru

ymptotic perturbative contributions to the QCD perturbative series, manifest themselves in the Borel images as the poles at δ = −k, where k are integer numbers.

The next problem, which arises in the process of applying the renormalon calculus to the analysis of the structure of both asymptotic perturbative contributions and non-perturbative corrections to physical quantities is the calculation of the corresponding Borel images B[D](δ). These calculations are usually performed using large-N_f expansion (where N_f is the number of quarks flavours). What is really calculated is the so-called onerenormalon-chain approximation to the Born expression for the physical quantity under consideration. Note that the renormalon chain is associated with the gluon propagator, dressed by a large number by quark bubbles insertions labelled by N_f . The contributions of this chain into the theoretical expression for physical quantities are gauge-invariant, but they do not reflect the whole picture of renormalon effects in QCD. The latter begin to manifest themselves after application of the naive nonabelianization ansatz [7] only, namely after the replacement N_f → −(3/2)β_0 = N_f − 33/2 in the leading terms of the large-N_f expansion. This procedure transforms a large-N_f expansion into a large-β_0 expansion, also considered in some recent works [8], where it was associated with a BLM-type expansion [9].

In this Letter, definite new consequences of the relations between the Borel images, calculated in Ref. [10] and [11] for the Gross–Llewellyn Smith (GLS) sum rule of νN deep-inelastic scattering (DIS) [12], the Bjorken polarized (Bjp) sum rule [13] of polarized charged-lepton–nucleon DIS and the Bjorken unpolarized (Bjunp) sum rule [14] of νN DIS are discussed. In

744 Ŕĺśĳňă ć ĘİŠŤ šőň 81 ćżŕ. 11 { 12 2005 particular, it is argued that the values of the matrix elements of the twist-4 1/Q^2 corrections to the Bjp, Bjunp and GLS sum rule should have the same value. Together with the similarity in the behaviour of the perturbative corrections of all three sum rules, discussed in Ref. [11], this new observation allows us to write theoretical expressions to relate relate these a priori different physical quantities.

To be more precise, consider first the definitions of the sum rules we are interested in, taking into account twist-4 operators, evaluated in Ref. [15] in the case of GLS and Bjunp sum rules and in Ref. [16] for the Bjp sum rule:

GLS(Q^2) = 1 2 1∫ 0 dx [ F^{νn}_3 (x, Q^2) + F^{νp}_3 (x, Q^2) ] =

= 3C_{GLS}(Q^2) − ⟨⟨O_1⟩⟩ Q^2

, (2)

Bjp(Q^2) = 1∫ 0 dx [ g^{lp}_1 (x, Q^2) − g^{ln}_1 (x, Q^2)] =

= g_A 6 C_{Bjp}(Q^2) − ⟨⟨O_2⟩⟩ Q^2

, (3)

Bjunp(Q^2) = 1∫ 0 dx [ F^{νp}_1 (x, Q^2) − F^{νn}_1 (x, Q^2) ] =

= C_{Bjunp}(Q^2) − ⟨⟨O_3⟩⟩ Q^2

. (4)

where

C_{GLS} = 1 − 4a_s − O(a^2_s ), (5) C_{Bjp} = 1 − 4a_s − O(a^2_s ), (6)

C_{Bjunp} = 1 − 8 3 a_s − O(a^2_s ). (7)

The explicit expressions of the numerators of twist-4 contributions are defined as in the review [17], namely ⟨⟨O_1⟩⟩ = 8 27 ⟨⟨O^s⟩⟩, (8) ⟨⟨O_2⟩⟩ = ⟨⟨O^{NS}_p�_n⟩⟩, (9) ⟨⟨O_3⟩⟩ = 8 9 ⟨⟨O^{NS}⟩⟩, (10) where matrix elements on the r.h.s. of Eqs. (8)–(10) are known explicitly. Indeed, the matrix elements ⟨⟨O^s⟩⟩ and ⟨⟨O^{NS} ⟩⟩ were calculated in Ref. [15], while the matrix element ⟨⟨O^{NS}_p�_n⟩⟩ is calculated in Ref. [16].

Let us return to renormalon calculus. It is known from Ref. [10] that the Borel images for the GLS and Bjp sum rules coincide and have the following form:

B[C_{GLS}](δ) = B[C_{Bjp}](δ) = −

(3 + δ)exp(5δ/3) (1 − δ^2)(1 − δ^2/4) . (11)

It was shown in Ref. [11], that the Borel image B[C_{Bjunp}](δ) of the Bjunp sum rule is closely related to Eq. (11), namely

B[C_{GLS}](δ) = ( 3 + δ 2(1 + δ) ) B[C_{Bjunp}(δ)], (12)

where

B[C_{Bjunp}](δ) = −

2exp(5δ/3) (1 − δ)(1 − δ^2/4)

. (13)

The consideration of Eqs. (11)–(13) allow the following conclusions to be made [11]: in the MS-scheme the asymptote of perturbative series for the GLS, Bjp and Bjunp sum rules is dominated by the first δ = 1 IRR. Indeed, in the case of GLS and Bjp sum rules, the first UVR at δ = −1, responsible for the sign-alternating perturbative QCD contribution to the asymptotic behaviour of the perturbative QCD series (for a more detailed discussion see Refs. [1, 2], is suppressed by a factor (1/2)exp(−10/3) = 0.018, with respect to the dominant IRR at δ = 1, responsible for sign-constant n! growth of the perurbative coefficients for these two sum rules. Moreover, it is obvious from the results of Ref. [11] that in the case of the Bjunp sum rule the first UVR, created by the pole at δ = −1, is absent and that the residues of the first IRR in the Borel images for the GLS, Bjunp and Bjp sum rules are the same. Therefore, it is possible to make the conclusion that the asymptotic perturbative QCD contributions will have an identical structure [11]. This fact is supported by the next-to-next-to-leading order studies of Refs. [18], performed with the help of the method of effective charges [19].

Now I will make the new conclusion, which follows from the results of Eqs. (11)–(13) and is related to twist- 4 O(1/Q^2) corrections. Since the IRR contribution of the first δ = 1 IRR pole enter into the Borel images of the GLS, Bjp and Bjunp sum rules with the same negative residue (see (11)–(13)), the normalized to unity O(1/Q^2) power correction in the GLS, Bjp and Bjunp sum rules, which are related to the O(Λ^2/Q^2) ambiguities in the Borel integrals generated by the δ = 1 IRR pole, should have the same sign and a similar numerical value. Indeed, the Λ^2/Q^2 IRR ambiguities may be coordinated with the definitions of the twist-4 contributions

Ŕĺśĳňă ć ĘİŠŤ šőň 81 ćżŕ. 11 { 12 2005

746 A. L. Kataev

(see e.g. the reviews [1, 2]) and if they are the same the twist-4 1/Q^2 corrections should be the same also.

Let us check this statement, using concrete results of calculations of the numerical values of the matrix elements by means of three-point function QCD sum rules, namely ⟨⟨O^s⟩⟩ = 0.33 GeV^2, ⟨⟨O^{NS}⟩⟩ = 0.15 GeV^2 obtained in Ref. [20]. As to the error bars, we propose to use 50% conservative uncertainty. This choice is in agreement with the error bar of the following value for twist-4 matrix element for the Bjorken polarized sum rule, namely ⟨⟨O^{NS}_p�_n⟩⟩ = 0.09 ± 0.006 GeV^2, obtained in Ref. [21]. Taking now g_A = 1.26, we find the following numerical expressions for the sum rules of Eqs. (2)–(4):

GLS(Q^2) = 3 [ 1 − 4a_s − O(a^2_s ) −

0.098 GeV^2 Q^2 ] , (14)

Bjp(Q^2) = g_A 6 [ 1 − 4a_s − O(a^2_s ) −

0.071 GeV^2 Q^2 ] , (15)

Bjunp(Q^2) = [ 1 − 8 3 a_s − O(a^2_s ) −

0.133 GeV^2 Q^2 ] . (16)

One can see that, within theoretical uncertainties, typical of the application of three-point function QCD sum rules, the prediction of the IRR calculus is confirmed. So, indeed, the O(1/Q^2) corrections normalized to unity, have the same negative sign and very close values.

In view of the fact that IRR calculus also indicates that known and still unknown perturbative QCD corrections to all three sum rules have comparable value as well [11], I now write the following relation between the three sum rules we are interested in, namely

Bjp(Q^2) ≈ (g_A/18)GLS(Q^2) ≈ (g_A/6)Bjunp(Q^2). (17)

These relations are valid in the energy region where it is possible to separate the twist-4 contribution from the twist-2 effects and 1/Q^4 contributions are smaller than 1/Q^2 effects. The above-mentioned features should hold at Q^2 ≥ 1 GeV^2. Therefore, theoretical comparisons [22] of the expressions for the Bjp sum rule [23] and the GLS sum rule [24] within analytic approch [25] should possess the same feature.

Now I will consider whether the l.h.s. of the basic equation (17) is respected by experiment. I will use the values for the GLS sum rule, extracted in Ref. [26], at the energy points Q^2=1.26, 2, 3.16, 5.01, 7.94, 12.59 GeV^2. The results presented in Ref. [26] for these six energy points are GLS(Q^2) ≈ 2.39, 2.49, 2.55, 2.78, 2.82 and 2.80, where for simplicity we neglected both statistical and systematical uncertainties. The application of the l.h.s. of Eq. (17) gives one the following experimentally motivated values for the Bjp sum rule, namely Bjp(Q^2) ≈ 0.167, 0.168, 0.178, 0.195, 0.197, 0.196 for the same energy points, where again the contribution of statistical and systematical uncertainties are not taken into account.

It is interesting that the value of the Bjp sum rule extracted in Ref. [27] from the SLAC and SMC data is Bjp(Q^2 = 3 GeV^2) = 0.177 ± 0.018 and, within existing error bars, do not contradict the value Bjp(Q^2 = = 3 GeV^2) = 0.164 ± 0.011 extracted in Ref. [28] on the basis of measurements at CERN and SLAC before 1997. It is rather inspiring that these results agree with the GLS sum rule value at Q^2 = 3.16 GeV^2.

At relatively high energies the SMC collaboration gives Bjp(Q^2 = 10 GeV^2) = 0.195 ± 0.029 [29] which is consistent with high-energy results for the GLS sum rule GLS(Q^2 = 12.59 GeV^2) ≈ 0.196 [26]. However, at low Q^2 the result Bjp(Q^2 = 1.10 GeV^2) ≈ 0.136, extracted from CEBAF data in Ref. [30], is not consistent with the estimate Bjp(Q^2 = 1.26 GeV^2) ≈ 0.167 extracted lowenergy results GLS(Q^2 = 1.26 GeV^2) ≈ 2.39 [26] with the help of Eq. (17). It may be interesting to clarify the origin of this disagreement, taking into account experimental uncertainties of the two independent analyses of νN DIS data and lN polarized DIS data. As the next step one could check the consistency of other experimental results for the GLS sum rule and Bjp sum rule with the IRR motivated expression of Eq. (17) for the energy points in the region 1 GeV^2 ≤ Q^2 ≤ 5 GeV^2 using NuTeV data for xF_3 structure function of νN DIS and rely on the appearance of the future Neutrino Factory, which may provide data for the Bjunp sum rule as well (for a discussion of this possibility, see Refs. [31, 32]).

It is a pleasure to thank D. J. Broadhurst for a productive collaboration, which allowed me to broaden my understanding of the theoretical structure of different DIS sum rules. I am grateful to S. I. Alekhin, G. Altarelli, Yu. L. Dokshitzer and V. I. Zakharov for discussions. This work is supported by RFBR Grants # 03- 02-17047, # 03-02-17177 and is done within the scientific program of RFBR grant # 05-01-00992. The work was completed during visit to CERN. I have a pleasure in thanking the members of the CERN Theory Group for encouraging hospitality.

1. M. Beneke, Phys. Rep. 317, 1 (1999) [arXiv:hepph/9807443].

2. M. Beneke and V. M. Braun, In the Boris Ioffe Festschrift, At the Frontiers of Particle

Ŕĺśĳňă ć ĘİŠŤ šőň 81 ćżŕ. 11 { 12 2005

Physics/Handbook of QCD, Ed. M. Shifman, World Scienti˛c, 2001, pp.1719{1773 [arXiv:hep-ph/0010208].

3. G. Altarelli, CERN-TH/95-309, in the Proc. of Int.

School of Subnuclear Physics: 33rd Course “Vacuum and Vacua: The Physics of Nothing”, Ed. A. Zichichi, 1995, pp. 221{248.

4. V. I. Zakharov, Nucl. Phys. B 385, 452 (1992). 5. A. H. Mueller, Phys. Lett. B 308, 355 (1993). 6. X. D. Ji, Nucl. Phys. B 448, 51 (1995) [arXiv:hepph/9411312].

7. D. J. Broadhurst and A. G. Grozin, Phys. Rev. D 52, 4082 (1995) [arXiv:hep-ph/9410240].

8. V. Aquila, P. Gambino, G. Ridol˛, and N. Uraltsev, arXiv:hep-ph/0503083.

9. S. J. Brodsky, G. P. Lepage, and P. B. Mackenzie, Phys.

Rev. D28, 228 (1983).

10. D. J. Broadhurst and A. L. Kataev, Phys. Lett. B 315, 179 (1993) [arXiv:hep-ph/9308274].

11. D. J. Broadhurst and A. L. Kataev, Phys. Lett. B 544, 154 (2002) [arXiv:hep-ph/0207261].

12. D. J. Gross and C. H. Llewellyn Smith, Nucl. Phys. B 14, 337 (1969).

13. J. D. Bjorken, Phys. Rev. 148, 1467 (1966). 14. J. D. Bjorken, Phys. Rev. 163, 1767 (1967). 15. E. V. Shuryak and A. I. Vainshtein, Nucl. Phys. B 199, 451 (1982).

16. E. V. Shuryak and A. I. Vainshtein, Nucl. Phys. B 201, 141 (1982).

17. I. Hinchli¸e and A. Kwiatkowski, Annu. Rev. Nucl. Part.

Sci. 46, 609 (1996) [arXiv:hep-ph/9604210]. 18. E. Gardi and M. Karliner, Nucl. Phys. B 529, 383

(1998) [arXiv:hep-ph/9802218].

19. G. Grunberg, Phys. Rev. D 29, 2315 (1984). 20. V. M. Braun and A. V. Kolesnichenko, Nucl. Phys. B 283, 723 (1987).

21. I. I. Balitsky, V. M. Braun, and A. V. Kolesnichenko, Phys. Lett. B 242, 245 (1990) [Erratum-ibid. B 318, 648 (1993)] [arXiv:hep-ph/9310316].

22. D. V. Shirkov, Eur. Phys. J. C 22, 331 (2001) [arXiv:hep-ph/0107282].

23. K. A. Milton, I. L. Solovtsov, and O. P. Solovtsova, Phys.

Lett. B 439, 421 (1998) [arXiv:hep-ph/9809510]. 24. K. A. Milton, I. L. Solovtsov, and O. P. Solovtsova, Phys.

Rev. D 60, 016001 (1999) [arXiv:hep-ph/9809513]. 25. D. V. Shirkov and I. L. Solovtsov, Phys. Rev. Lett. 79, 1209 (1997) [arXiv:hep-ph/9704333].

26. J. H. Kim, D. A. Harris, C. G. Arroyo et al., Phys. Rev.

Lett. 81, 3595 (1998) [arXiv:hep-ex/9808015]. 27. G. Altarelli, R. D. Ball, S. Forte, and G. Ridol˛, Nucl.

Phys. B 496, 337 (1997) [arXiv:hep-ph/9701289]. 28. J. R. Ellis, E. Gardi, M. Karliner, and M. A. Samuel, Phys. Lett. B 366, 268 (1996) [arXiv:hep-ph/9509312].

29. B. Adeva, E. Arik, A. Arvidson et al. [Spin Muon Collaboration (SMC)], Phys. Lett. B 412, 414 (1997).

30. A. Deur, P. Bosted, V. Burkert et al., Phys. Rev. Lett.

93, 212001 (2004) [arXiv:hep-ex/0407007].

31. M. L. Mangano, S. I. Alekhin, M. Anselmino et al., CERN-TH/2001-131, hep-ph/0105155, published in ECFA/CERN studies of a European Neutrino Factory, CERN report CERN 2004-002, Eds. A. Blondel, G. Buchalla, M. Campanelli et al.

32. S. I. Alekhin and A. L. Kataev, J. Phys. G 29, 1993 (2003) [arXiv:hep-ph/0209165].

Ŕĺśĳňă ć ĘİŠŤ šőň 81 ćżŕ. 11 { 12 2005