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The spectrum of the fermion zero modes in the vicinity of the vortex with
fractional winding number is discussed. This is inspired by the observation of the
1/2-vortex in high-temperature superconductors [I]. The fractional value of the
winding number leads to the fractional value of the invariant, which describes the
topolegy of the energy spectrum of fermions. This results in the phenomenon of
the "half-crossing”: the spectrum approaches zero but does not cross it, being
captured at the zero, energy level. The similarity with the phenomenon of the
fermion condensation is discussed.

PACS: 11.27.4d, 67.57.Fg, 74.20.-z, 74.70.Tx

1. Introduction. Recently a new topological object in high-temperature super-
conductor ~ the vortex with the fractional winding number N =1/2 - has been
observed [1]. This 1/2-vortex was predicted in Ref.[2].

As a rule, the fractional vortices are coupled to the topological or nontopological
surfaces: In 3He-A where such vortices should exist [3] but still have not been
identified, they represent the termination lines of the topological Z;-solitons. The
same occurs for the 1/2-vortices discussed in heavy fermionic systems [4]. In high-
temperature superconductors the observed 1/2-vortex is attached to the tricrystal
line, which is the junction of three grain boundaries [2, 1]. In 3He-B a pair of
1/2-vortices, connected by the nontopological wall, forms a nonaxisymmetric N =1
-vortex [5-7], the latter vortex has been experimentally identified in Ref.[§8]. In
Ref.[9] even the 1/4-quantum vortices were predicted to exist in 3He-A,, they are
connected by the nontopological walls discussed in [10].

The N = 1/2-vortex observed in high-temperature superconductor carries 1/2
of the magnetic flux quantum ®¢ =h/2e {1]. In principle the flux number does
not necessarily coincide with the winding number N, thus the objects with the
fractional flux below &;/2 are also possible [11]. They can arise if the time
inversion symmetry is broken [12, 13].

One may expect different interesting phenomena related to the behavior of
the quasiparticles (fermions and bosons) in the presence of fractional vortices.
These vortices are the counterpart of Alice strings, which appear in some models
of particle physics: the particle travelling around some type of the Alice string
changes its electric charge to the opposite [14]. In 3He-A, the analogous effect
is the reversal of the spin of the quasiparticle upon circling the 1/2-vortex.
This behavior results also in the peculiar Aharonov-Bohm effect, which has been
discussed for 1/2-vortices in 3He-A [15, 6] and has been modified for the cosmic
Alice strings in [16, 17].

Here we discuss the behavior of the fermion zero modes — Caroli-de Gennes-—
Matricon (CGM) bound states [18] in the core of vortices. As was found in
Ref.[19] there is some kind of the index theorem for the CGM levels. It states
that the number of branches of the quasiparticle spectrum, which as function of
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the angular momentum Q cross the zero energy, equals the winding number N
per each of two spin projections. For the conventional N = l-vortex in s-wave
superconductors this results in two branches of fermion zero modes corresponding
to two spin projections. The problem is what happens if the winding number
per spin is fractional. This is the relevant case for the N =1/2-vortices in heavy
fermionic and high-temperature superconductors and for the N = 1/4-vortices in
3He-A;. (This is not related to the 1/2-vortex in 3He-A, because ®He-A can be
effectively represented as an equal mixture of spin-up and spin-down components,
and the 1/2-vortex corresponds to the N = l-vortex in one component with N =0
for another component. Thus the winding number per spin appears to be integer
for each component.)

E N=1 E N=1/2 E
., . N=1/2+1/2

o
o
o

Fig.1. Topology of the fermion zero modes in vortices with winding number N. (g) In N = 1-
vortex there is one branch of the spectrum, which as a function of the angular momentum
Q crosses zero energy. (b) For the vortex with fractional winding number N = 1/2 the
spectrum approaches zero but does not cross it, being captured at the zero energy level. (c)
The topology of the spectrum in the case of a pair of N =~ 1/2 vortices, which forms the
N = l-vortex, is the same as in Fig.la

Here we shall use the model of 1/2-vortex discussed in [4). The result is
schematically presented in Fig.l. While for the N = l-vortex the spectrum E(Q)
crosses zero (Fig.la), for the N = 1/2-vortex the spectrum instead of crossing
asymptotically approaches zero (Fig.1d). The Fig.lc shows the spectrum for the
case when two 1/2-vortices together form the N = l-vortex.

2. ”Half-crossing”. Let us consider the unconventional superconductivity of the
E)4 representation, which corresponds to the d-wave pairing. The symmetry class
which gives rise to the 1/2-vortex is characterized by the following gap function:

A(k,r) = Ao(r) ™ E, k-d(r), (1)

where k is the unit vector along the linear momentum k of the quasiparticle; the
unit real vector d of the spontaneous a.msotropy, the condensate phase ¢ and the
gap amplitude Ag are coordinated dependent in the presence of the 1/2-vortex.
We assume the simplest form for the 1/2-vortex with

Ap(r) = Ap(r), @(r)= ;, d(r) = & cos % + gsin ‘;, @)

where z,7,¢ are the cylindrical coordinates. The changes of the sign of the gap
function due to the 7 winding of the phase & =¢/2 is compensated by the change
of sign of the d-field.

The fermionic spectrum is obtained from the Bogoliubov Hamiltonian, which
for the given spin projection is 2 x 2 matrix

H= ’7'3€(p) + f1ReA(p,r) — #2ImA(p, r), (3)
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where 7, are the Pauli matrices, p=-iV, e(p)=(p? ——pF)/Zm

In quasiclassical approximation (pr€ > 1 where ¢ is the core size) the relevant
vanables are the transverse momentum q of the incident quasipartice with g2
—pF p’ and its impact parameter b. The angular momentum of the qua.s1pa.rt1ce
is Q =gb. For the Ansatz (2) there is an important difference between positive
and negative values of the impact parameter b, see Fig.2. For one sign of b the
quasiparticle trajectory always crosses the surface at which the classical energy
takes zero value: E(k,r)=/e?(k) +|A(k,r)]? =0, while for the opposite sign of
b the energy is a.lways nonzero. This leads to the asymmetry of the fermionic
spectrum in Fig.1lb.
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Fig.2. Demonstration of the origin of the Fig.3. Index theorem for the N = l/2.
spectral asymmetry in the N =1/2.vortex. If vortex. In the 3D-space of the parame-

the impact parameter b is positive the quasi-
particle trajectory always crosses the surface
at which the classical energy takes zero value.
For the opposite sign of b the classical energy
is always nonzero

ters 8 = (py,y,x) there is a line of zeroes
of the classical energy, which terminates on
the monopole in the field of the unit wvec-
tor v, which characterizes the Hamiltonian.
The =2 topological charge of the monopole
is fractional and equals N = 1/2. This is
the topological origin of the "half-crossing”
of the spectrum in Fig.lb

Let us consider the simplest example of q =¢f. In this case the surface of the
zero value of the gap in Eq.(1) is the half-plane y=2=0, z > 0 (see Fig.2). The

Hamiltonian is

ks
He=—ifts 17, + 2
m

% 2 Ao(r)[F1sin ¢ — Fo(1 — cos ¢)]. (4)

If b>0 and large enough, then in the vicinity of the cross point of the trajectory
with the zero-energy surface one has ¢ ~ y/b < 1 and the third term can be
considered as small perturbation. The first two terms have the normalizable
zero-energy solution, which for b £ has the form

¥O(y) o [1 — Fysign(k,b)] exp {—T&aﬁsg—)yz} (5

The third term averaged over this wave function gives the following energy
spectrum:

B(g,8)~ <., >0, (6)
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Since the effective ¢ is on order of pp, the spectrum in terms of the angular
momentum @ =gb has the following form

Ep
6"
where Ep = p%/2m is the Fermi-energy. At large b this spectrum approaches
the zero energy level: these asymptotic midgap states far from the half-quantum
vortex reflect the property of the fermionic bound states in the w-soliton or in
the Josephson junction with the phase difference =, which emanates from the
1/2-vortex.

If b < 0 the trajectory does not cross the zero value of the classical energy
and the behavior of the spectrum follows that for the conventional vortex. This

can be seen on the model example of the large core size compared with £. In
this case the Hamiltonian in Eq.(4) can be expanded near the point r=b|, ¢ =0:

Eq=¢3(Q) ~ b>0, b>¢, (N

_ .. 4 gk,
H=—if3 ;’ﬁvy + 22 Ao(b)(ﬁm — 27,). (8)
This gives the energ‘y spectrura
k.
B(g,b)=1 - Lao(d), <0, (9)
bF

and for small b, when Ag(b) =|b]A’ the ordinary linear dependence on the angular
momentum is obtained

Eq=¢5(Q) b<0, [pj<é. (10)

Together with the Eq.(7) this gives the spectrum in Fig.1b. For the opposite
direction of the transverse momentum q = —qy the spectrum is inverted, see the
right part of Fig.le. Thus when two N =1/2 -vortices form the N = l-vortex
the topology of the spectrum in Fig.la is restored: spectra in Fig.la and Fig.lc
have the same topology, which corresponds to one branch crossing zero. If one
considers the other orientations of q one obtains either the spectrum in Fig.1b or
the inverted one. Thus for each q the energy spectrum Eq(Q) in terms of the
angular momentum @ ”half-crosses” zero.

3. Relation to the index theorem. The "half-crossing” is also supported by the
index theorem and corresponds to the fractional value of the topological invariant
introduced in [19]. The number of the anomalous branches of the spectrum Eq(Q),
which at given q cross zero as a fuction of @, coincides with the number of the
point zeroes of the Bogolinbov Hamiltonian in its classical limit. For q =g the
classical expression follows from Eq.(4)

qk,
’Hclass(pya Y, 2:) =73 ;qn‘py 2 2 AO(T) [Tl sin ¢ - TZ(I — cos ¢)] (1 1)

which can be written in terms of the unit vector #(s) in the 3D-space of
parameters s = (py,<,y):

Hclass(s) T m(s) (12)
The components of 7h(s) are
k.
Ea(s) = apy/m,  Eriu(s) = 2% Aolr) Em2(5)=_£1_2§_0£"_) (r—z), (13)
2 v DF
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where E is the classical energy: EZ?(s) =H2,  (s). The 7a(s)-vector field, shown
schematically in Fig.3, corresponds to the hedgehog with the 7, topological charge
1/2: . 55 o
- m ™
N = G/”d.s'n«a.-k,(fn- s 53—1), (14)
where the integral is over the hemisphere o about the hedgehhog. This fractional
value of the topological invariant Ny, =1/2, which characterizes the 1/2-vortex, is
responsible for the “half-ctossing” in correspondence with the index theorem.

4, Discussion. The spectrum of the fermion zero modes in the vicinity of
the 1/2-vortices has peculiar topology shown in Fig.1b,c. This follows from the
fractional value of the topological invariant, which describes the crossing of the
zero energy. This topological invariant coincides with the winding number N of
the vortex. For vortices with integer N, there are N branches (per spin) which
cross zero. For the N = 1/2-vortex, this invariant is fractional and this corresponds
to the “half-crossing” in Fig.1b: the spectrum approaches zero but does not cross
it, being captured at the zero energy level. Thus far from the half-quantum vortex
the spectrum approaches the manifold of the midgap states with zero energy,
which is the property of the fermionic bound states in the surface which emanates
from the 1/2 vortex. This surface can be the m-soliton (in the heavy fermionic
superconductors) or the Josephson junction with the phase difference 7 (in the
high-temperature superconductors). The existence of the midgap manifold is the
robust property of such surfaces [20] (see also [21]), in the absence of impurities
and if the time inversion symmetry is not violated. '

The situation with the zero-energy manifold is similar to the phenomenon of
the fermionic condensate discussed in [22, 23] (the extended Van Hove singularity
observed in oxide superconductors [24] can be the manifestation of this phenomenon,
which is favourable just in the vicinity of the saddle point of spectrum [25]). It
is interesting that the existence of the fermionic condensate is also related to the
splitting of the N = l-vortex into two N = 1/2-vortices but in the momentum k
space [26]. The N = l-vortex corresponds to the Fermi-surface in the momentum
space. Its splitting results in the Fermi-band with zero energy, which appears
between the N = 1/2-vortices in the momentum space. In both cases the Fermi-
condensate is characterized by a large density of states.
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