Supplemental material to the article

“Aharonov—-Bohm oscillations caused by non-topological
surface states in Dirac nanowires”

1. Derivation of anisotropic Dirac Hamiltonian and symmetry restrictions for bound-
ary conditions in bismuth antimony alloys. Here we derive the k-p-Hamiltonian for electrons in
L-valley of bismuth antimony which is of the form of the anisotropic Dirac Hamiltonian. In addition
we calculate spectra of surface states for this Hamiltonian. The small group of the L-point is Cap|[1].
The Cartesian system is chosen as follows: z axis is perpendicular to the mirror I' — 7" — L plane,
z coincides with I' — 7" direction. It is well known that in pure bismuth two-band approximation
gives adequate picture of band dispersion in L-valleys [2]. These bands are transformed according to
L, = (L7, Lg) and Ly = (Lg, Ls) irreducible representations of the Cy, point group. L is symmetric
and L, changes the sign under the inversion. We will use the invariant method [3] to derive the k-p-
Hamiltonian from the symmetry consideration. To further proceed we explicitly write down the ma-
trices of L, , double group representations of the Cy, elements: D, ,(E) = 0¢, Ds(I) = —D,(I) = oy,
Dy(Cy(x)) = —Do(Co(x)) = —io,, Dso(M,) = —io,; Dsa(g9) = —Dsa(g), where g is an element of
Cyp. The invariant method requires that for any element g of the point group the Hamiltonian should
satisfy the following condition H (k) = D(g)H (g7'k)D~*(g). In the band subspace the Hamiltonian

is of the form: H, (k) H,(k)
09 = (0 i ) .

The most interesting in Eq. (1) is the non-diagonal terms that represents k-p-interaction between L
and L, bands. The upper right term should satisfy the condition Hy,(k) = D,(g)Ha (g7 k) D, (g).
Direct product of Ly x L} = 2L3+2L,, where L3 transforms as x and L, as y or z. Using representation
matrices mentioned above we obtain that oy and o, transform as y or z, o, 0, transforms as z.
Therefore the k-p-interaction term explicitly reads as follows

Hsa(k) = (tlax + tQO'y)k’x + (ullaz — iulgUo)ky + (U120'Z — iUQQUo)kZ. (2)

From time-reversal symmetry follows that t;9,%11,1221,22 are real parameters. Hermiticity of the
Hamiltonian (1) leads to identity: H,s = H . In zero order in momentum for diagonal terms of the
Hamiltonian (1) we retain only constant terms Hy, = —H,, = mog, where 2m plays the role of the
band gap. Finally, we get the following form of the two-band k-p-Hamiltonian:

H =
m 0 urky + ugk, thy
0 m t*k, —uiky, — usk, (3)
utky + usk, th, -m 0 ’
t*k, —urky — ugk, 0 -m

where u; = w1 — 119, Uy = Ugy — tUgg, T = t1 — ity. Next step to the Dirac Hamiltonian is to perform
unitary transformation ¥ = UV with U = exp (—iff1790 ® 0, — i77, ® 0,) together with rotation in yz



plane on some angle « (5). After an appropriate choice of /3, ~, and « to make u; » and ¢ real positive
parameters, we arrive to the diagonal in spin and momentum form of H (3):

Hy=mm, ® 0g £ vok, Ty ® 0. — U3kl Ty ® 00 + V1 Ty ® Oy, (4)

where
vy = [t]

vy = \/|u1|2 cos? a + R(uyu3) sin 20 + |ug|? sin? o

Vg = \/|uQ|2 cos? a — R(uyu3) sin 2a + |uy |2 sin? av.

Primes under k,, k. mean that they are determined in the rotated Cartesian system. The rotation
angle « has the following value

o = L arctan (M> | (5)

2 Jua]? = Jugl®

H, is determined up to the sign of the second term. This sign has no impact on the energy
dispersion. However it distinguishes two topologically distinct classes of the Hamiltonian (4) and is
known as a 'mirror chirality’ [4].

Finally we perform unitary transformation Uy that reduces the Hamiltonian (4) to the standard
(but anisotropic) form of the Dirac Hamiltonian [5]:

Hp = UiﬁiUi =m7, Q@ oy + 1k, Ty R 0y + v2/€;7'x ® oy + vkl ® 0. (6)
U, matrices read as follows
' — £1 0 0
il 4 1 0 0
Us = V2|l 0 0 1 4 (M)
0 0 =+£1 —i

Boundary condition for the four-component wave function ¥ = (., ¥, ) that obeys the 3D Dirac
equation HpV = EV can be obtain from Hermiticity of Hp (6) in the restricted region and time-
reversal symmetry [6]. It is of the following form:

{UO\DU —iag (nxax + nygay + nzﬁaz> \Ifc] =0, (8)
U1 U1 s

where ng, n,,n, are coordinates of an inner normal to a surface S in the rotated Cartesian system.

For surfaces with n, = 0 we may additionally force the BC (8) to be invariant under the mirror

symmetry M, if there is no surface reconstruction. For the basis of the Hamiltonian Hp the mirror

symmetry operator is expressed by D(M,) = i1y ® o,. Invariance of the BC (8) under the mirror



~ A

reflection imposes the following restriction on the BC operator I': I' = D(M,)I'D~*(M,) = €“T,

where
P < —iag (nxax + ny 2oy + nzf)—jaz) 1 ) ’ ()
0 0

¢ is an arbitrary phase. This results in restriction ag = 0 if n, # 0. In case of n, = 0 there is
no limitation for ag. It should be noted that the reflection plane is its own for the every L-valley.
Therefore if ay = 0 due to the mirror symmetry for one L-valley, it is not necessarily the case for
the other L-valleys. The non-reconstructed (111) surface is the only surface for which the all three
inequivalent L-valleys have mirror planes.

Further we study the spectra of surface states for the anisotropic 3D Dirac equation Hp¥ = EV
with the BC (8) on plane surface with n = (0,0,1). For this surface k,, k&, are good quantum
numbers. After some algebra we arrive to the following energy spectra of surface states:

~ ~2
— ¢_2ag 21.2 27.2 1-aj
E = SHE(%,/Ulkx + vaky +m1+5(2),
~ 22\ [212 1 212
2mao — s(1 — ag)y/vik2 + v3k2 > 0,

where ag = agus/v1, s = £. Eq.(10) is an anisotropic version of surface state dispersion that are
displayed in Fig.1 of the main text. As it was noted above the mirror symmetry forces ag to zero.
In this case we have flat band surface state spectrum E = m.

(10)
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Figure 1: Integration loop that is used for evaluation of M(a,b, z) in (23)

2. Derivation of anisotropic Dirac Hamiltonian and symmetry restrictions for bound-
ary conditions in lead tin chalcogenides. Here we derive the standard 3D Dirac Hamiltonian
[5] for L-valley of lead tin chalcogenides and analyze what constrictions if any the mirror symmetry
imposes on the BC (8). In the face-centric cubic lattice the small group of L-point is Dsq. It is
considered that the two relevant spin degenerate bands transform according to Ld and Lg repre-
sentations of double group [7]. We will derive the k-p-Hamiltonian for L-valley on the [111] edge of
the Brillouin zone. Therefore it is convenient to work in a coordinate system with z||[111], y||[110],
z||[112] [8]. The basis functions of L can be chosen as [1),[]) and |2 1), |z |) for Lg. Following
the similar procedure that was described for bismuth antimony in the previous section we obtain the
following Hamiltonian:

H =mt, ® g + v1(ks7 ® 0y — kyTy @ 05) + 02k, T, @ 0¢ (11)
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where as usual 2m plays the role of the band gap, vy, vy are real parameters. The order of the bands
determines only the sign of m. The operator of symmetry reflection in I' — 7" — L plane for this
representation is expressed by the matrix D(M,) =ity ® o,. Finally the unitary transformation

o, 0
Ur = < 0 —iog ) (12)

reduces the Hamiltonian (11) to the standard Dirac one:
Hp =m7, ® 09+ v1(kyTy @ 04 + kyTy @ 0y) + 02k, 7, @ 0. (13)

The BC for the Hamiltonian (13) is of the form Eq.(8) with v; = v;. It should be noted that the
mirror operator for the representation of the Hamiltonian (13) is D(M,) = Ui D(M,))U; = —iT, Q0.
The mirror symmetry does not impose any restrictions on the BC for surfaces that are of the mirror
symmetry (in our case they are determined by n, = 0 with n,, n, are arbitrary) as we have

M,[W| = D(M,)I'D™"(M,)D(M,)¥| = —I"b| =0, (14)

where the BC operator is expressed by

A —q v2
= ( 1o ("WEJF”ZNZ) (1) ) (15)

In the isotropic case the Eq. (15) transforms to the formula (4) of the main text.

3. Derivation of dispersion equation in magnetic field. The Dirac equation Hp¥ = EU
and BC I'¥V = 0 can be reduced to the problem only for 1. spinor. In nanowire with longitudinal
magnetic field the spinor components 1.1 .o obey equations

& 8 (F1/2? j+1/2 2
<_ﬁ  ror + J 7"2/ ) + : >\2/ + N) Yet,e0 = (E2 —m? — k‘?)%;l,e% (16)
and BC:
| ik, 0+ 252 + F +ag(E+m)| \ [ ¢O(r) —0. (17)
(0, = 152 — s +ao(E +m) ~ik v e

where we take into account conservation of longitudinal quasi-momentum k£, and total angular mo-
mentum projection j. After substitution

P = IFA2 oxp(—€/2)w; 2(€), (18)

where & = r?/2)? functions wy 5(£) satisfy the degenerate hypergeometric equation:

) F1/2 +1/2 1/2
i F2A 4G />+/>w1,2=o,

(19)

§wiy + (1] F1/2[+ 1 =iy + (A 5



where A = \? (E2 —m?— h2vzk§) /2h*v?. Therefore normalizable solution in the limit 7 — 0 is

expressed via Kummer’s function M(«, 3, §):

s\ FL2l 2 ; ; 4 ,
BOD(r) = Cy (ﬁ) B M (—A i |J$1/2\+(2]:|:1/2)+1’ i F1/2] + 1, %) . (20)

We are interested in spectra for j < —1/2. Substitution of the wave function (20) in the BC (17)
allow us obtain the dispersion equation:

Rk aoR(E +m)
. 1 + M
2(j —3)

—~ M1 —-A,—j+3/2,R%/2)\?

M(—=A,—j5+1/2,R?/2)?)
4. Surface states spectra in strong magnetic field. In this section we derive approximate
spectra of surface states in strong magnetic field limit. For that we use an integral representation of

Kummer’s function M(a,b, z) [9] (for the case Re(b —a) > 0):

1 D(O)(1 —a)
omi T(b—a)

+Ek2R? =0, (21)

2/ — 1= aoR(E +m)M| -

where

O 4 1 b—a—1
M(a,b,2) = — / et (—1)01 (1 — ¢)b-o gt (23)
1
where integration is performed in a closed loop in the complex t-plane starting from the point ¢t = 1
and going-round zero in positive direction. For evaluation of M(...) we choose the loop shown on
Fig. 1. Therefore the integral in Eq. (23) can be expressed as follows:

/1(0+):/1p+/cp+/pl:/Cp+(ei2’m—1)/pl, (24)

here circle of radius p should be chosen so that integral in €, would be much smaller than integral
from p to 1 (and a does not equal to integers that is the case for surface states). We show that this
condition can be satisfied in the limit z > b, z > a. For parameters of M(...) in dispersion Eq. (21)
this limit is: o .

& >> ‘jz_ 12/2| 2 _ 12

0 > AN(EP—m® —k7)/2 (25)

|7 —1/2| > N (E?* —m? — k2)/2.

Now we calculate the second integral (after the second equality) in Eq. (24) by the Laplace method.
This integral we represent as follows:

/1 eztta—l(l . t)b_a_ldt — /1 ezt+(a—1)lnt+(b—a—1) In(1-t) = /1 eg(a,b,z;t)7 (26)
p P P

where the last equality should be considered as definition of a function g(a, b, z;t). In the case under
consideration (25) the function g(a,b, z;t) in the above Eq.(26) has an abrupt maximum ¢, in the
interval (p, 1):
z—b+2 1—a

z z—b+2

(27)

ty =



Therefore we evaluate integral as follows

z(l—a)

1 ; : 2r(b—2) 2—b+2—
/) edlabzit) o e9(ab.zito) _ %62 b+2

lg”" (a,b,z5t0)] 2—b+2 z Z—b+2

(28)
The value p is chosen so that the integral over circle C, would be much smaller than the integral
over interval (p;1):

27(b—2)

22

/ 6g(a,b,z;t) ~ 6pzpa—l < (6i27ra _ 1) /1 6g(a7b,z;t) ~ 6z—b—|-2 (29)
Cp P

The condition (29) can always be fulfilled for surface states (a # 0; —1; —2; —3; ...) in the limit
under consideration (25). After substitution of approximation (28) in (21) and retaining leading
terms, we obtain the spectrum of surface subbands in the strong magnetic field limit (25):

: 2
o — svh\/ ey Ut ch2 V2 | g, (30)
where ® = meBR?/hc is the number of the magnetic flux quanta through the wire cross section,
v =2ac/(1+ a?), Ey = mc*(1 — a2)/(1+ a2). This spectrum holds true under conditions (25).

5. Surface states density of states. Here we calculate density of surface states in a quasi-
classical limit |kR/j| > max (|7, |®|) and in the limit of strong magnetic fields (25). For both limits
spectra of surface subbands can be represented as follows:

Ejjs = suh\/kg + % + By, (31)

where vp = 0 in quasiclassical limit, and vp = 1/2 in the limit of strong magnetic fields. Therefore
for density of surface subbands in the L.-length nanowire can be represented as follows:

D(E)= Y 0FE~-E;) =

(kz,0)€G

L, dk
_ Za(:g——) (E — shoy/k2+ (@ + (B — 75)/R)? — By) =
L 12nRnz—inmn
— /dx/dk e S(E — shun/k2 + (¢ + (@ — 73) /R)? — Ey) =
L 0o
— - n__oo/dx /dk‘ ez27ar:c —2ndn+i27rygn— z7rn6( ShU /k,g +$,2 _EO) _
L oo
R / de/kdkez%arksmO 122ndn+i2rypn— zwné(E hok — EO)
L.R(E — Ey)
— 2
= O [(E — Eo)sgn(ap(af — 1)) + hvk,] T
% Z e —i2nPn+i2rygn— mn/ deezZWRn((E Eop)/hv)sing _

n=—oo

Z—b12 (Z—_b"‘Q _ (-9 )a_l (1 _ z2=b+2 + 1—a )b_a_l.



L.R(E — Ey)

2
27 (hw)? e

=0 [(E — Ey)sgn(ag(ai — 1)) + hvk‘e}

400 _
(12 (20E o

n=1

) cos (2ndn — 2mwypn + 7m)> =

L.R(E — Ey)
27 (hw)?

o +00 oS (QWR(E—EO)H)
" (1 P RE R Ay e 2t M)) ’ =
- H0) p=1

where region for integration in all formulae is G = {s\/k§+(j+<1>—73)2/R2 > ket, ke =
2]aglm/ch|l — a?|, Jo(x) is Bessel function of the first kind. In the last equality in Eq.(32) we
use asymptotes of Jy(x) at x > 1.

= O [(E — Eo)sen(ag(ag — 1)) + huk] 27 X
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