Supplemental Material to the article

“Electron spectrum topology and giant van Hove singularities in cubic
lattices”

Formal definition of density of state reads

6T Z (e —t(k, 7)) (1)

k

where t(k, 7) is the spectrum within tight-binding approximation. We choose the signs of transfer integrals in the spectrum
as follows

tsc(k, 7) = —2(cos kg + cosky + cosk,) + 47(cos ky cos k. + cosk, cos kg + cos kg cos ky),
thec(k, 7) = —8cosky cos ky cos k, + 27(cos 2k, + cos 2k, + cos 2k.),

trec(k, 7) = —4(cos ky cosk, + cos k, cosk, + cos ky cos ky) + 27(cos 2k, + cos 2k, + cos 2k,),

where lattice parameters are taken as unity. For the van Hove point k we expand the spectrum

.
t(k) = t(k) + % > gkfglz (ki — ki) (kj — ky). (2)

Let a; be the eigenvalues of the matrix 9%t(k)/0k;0k; (inverse mass tensor). We introduce the signature as the difference
between numbers of positive and negative eigenvalues of mass tensor and write it in slashes, e.g., minimum (maximum)
corresponds to / + 3/(/ — 3/), saddle points to / £ 1/. For three-dimensional lattice in the non-degenerate case a local
minimum (maximum) of the spectrum #(k) corresponds to one-side square-root increase (decrease) of DOS as the energy e
deviates from eq:

pe) = pleo) + Ay/B((e — €o))|e — o] + O(e — €0) (3)

in the vicinity of the van Hove level €y; a saddle-type van Hove point with the mass tensor signature /4+1/ (/—1/) corresponds
to one-side square-root decreasing,

p(e) = pleo) = Av/O(F (e — €0))le — eo| + O(e — o) (4)

with positive constant A = 27TVBZ|a1a2a3|_3/2, Viz being the Brillouin zone volume.
Figure S1 shows the spectrum for SC and BCC lattice in high-symmetry directions of the Brillouin zone for 7 being in
the vicinity of topological transition.
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Fig. S1. Energy spectrum in high-symmetry directions of the Brillouin zone (“spaghetti”). SC (a), BCC (b) lattice, van Hove k
points are shown



Table 1. Non-equivalent k points of van Hove singularities for SC lattice, see Fig. 1la of main text, 7 > 0. Arrow denotes a change of signature of
mass tensor of van Hove k point as T increases above these value 75¢ = 1/4. k5. = arccos [(27—)’1 — 1] , k3% = arccos [(47’)*1]

k ws¢ = t(k) Inverse masses Signature
. T=1/4
1'(0,0,0) —6 + 127 2(1 —471),2(1 —47),2(1 — 471) min — max
R(m,m,m) +6 + 127 —2(1 4+ 47),—2(1 +47), —2(1 + 47)
T=1/4
X(0,0,m) —2—4r 2,2,2(41 — 1) /+1/ — min
M(0, 7, ) +2 — 471 —2,-2,2(47 + 1); /—1/
¥*(0, k., k55) —r 14247 24r —1),4—71 1,771 -4 T>1/4,/+1/
A (R, B RS —3r_ /4 T ()7 -1, 20 TA-(@nH), ) TA - | 7>1/4 /-1

Table 2. Non-equivalent k-points of van Hove singularities for BCC lattice, see Fig. 1b of main text, 7 > 0. The notations are the same as in the
Table 1. kRiC = arccos T, kch = arccos 71

k wPe = t(k) Inverse masses Signature
1(0,0,0) 8467 8(1—7),8(1—7),8(1—1) min> max
H(0,0, ) +8 + 67 —8(1+7),—-81+71),-81+r7) max

P(r/2,7/2,7/2) —67 81,87, 8T min
N(w/2,7/2,0) —2r —47,4(1 4+ 7),4(=1 + 7) /—1)"5" ) +1/
A" (Khee, kRee, kRse) | 27272 =3) | 167(1 = 72),167(1 — 72), —87(1 — 72) T<1,/+1/
A* (0,0, k3) 2r — 471 8(r~ 1 —7),8(r 1 —7),8(r—771) r>1,/-1/

Consider exact expressions for the density of states in the SC and BCC lattice within the tight-binding approximation
(see main text). The DOS can be presented as a sum of three contributions

p(6;7) = Ry(&;7) + Ryr(6,7) + R (€, 7). ()
For SC lattice, depending on 7 value the contributions R$° read (arguments are omitted for brevity)
1. 7<1/4. RS = > =0
@Sc(xffl,—i-l), wi < e < wg(r)
Ry = Ooc(—1,+1), wF(r) <e<uRf(7) (6)
Doc(—1,755), wii(T) < e <wg.

2. 1/4<7<1)2.

Rsc 22U (2%, +1),  w¥ <€ < w -
v 2o (23,08 ), Wi < € < wi,
RS — { 2[(1)50 (Ifllcl’ Ich) + Psc (ngr’ +1)]’ w%c* <e< wfxc* (8)
o 2@5(;(1'3?1, +1)7 wzc* <e< wfﬁ,
cI)SC(_l xi[?l)a wgg <e< w%c
Ry = 4 Pu(=1,+1), wif <e<ujf 9)
@SC(—l,xffz), wyf < € < wi.

Table 3. Non-equivalent k points of van Hove singularities for FCC lattice, see Fig. 2a of main text. The notations are the same as in the
Table 1. kaCS = arccos(27T — 1)’1,16203 = arccos 7 1. afAcil =4(r71 - 1)1+ 27’),afA°C*2 =877 1(r2 — 1),afE°§1 =8(r—1)(1+27)/(1 — 27’),af2°:§2 =
167(T — 1)(1 + 27)(1 — 27)72,afSc, = 167(r — 1)(2r — 1)1

k wi = t(k) Inverse masses Signature
1(0,0,0) —12+ 67 8(1—7),8(1—7),8(1—1) min> max
X(0,0, ) 4+ 67 —87, —87, —8(1 + 7) min" = ' /+1/ > max
W(0, 7/2, ) 4+ 27 —4(1 + 27), 87, 87 J+1) S max 30— 1)
L(r/2,7/2,7/2) —67 AL+ 27),4(1+27),8(r — 1) | max =77/ +1/ "= min
A*(0,0,k%5) | —2r 12427 — 12 afe | afs | ales, /—1/,7>+1; /+1/,7 < —1
o* (0, ke k) | a0 —27)-1 —2r alss | alse, akse, /+1/,m7>41 /—1/,7<0




8. 7> 1/2. The kinks of the functions Rf; and R at e = wi¢ (1) = 47 — 771 cancel each other.
w 2, (azf/f, —|—1) , wy < e < ws.
R =
4 2Woe 22,27 ), wih < e <wik,
—_— 20 |27, min[:ﬂf&, +1]) + 2®, (:Ef/fl, :Z:ZC,) , Wy < e <wie )
® 20, xffl,min[:z:f/fz,—kl]) , W < e < W,

Qo (-1, 23, ) w¥ < e < wif
Do | —1,25 | + P (255, +1 ), wif < e < wie
,RQS; _ Pl P2 M 0 (12)
Dy —1,90;?2 + Oy xf;l,—i—l , wyt < e <wp
(I)sc _171'::;2 5 ’U}%C <e< ’U):l’;{:
In these equations F'(z,y) = K(1 — y/x)/+/z is symmetric function, which is infinite when x or y tends to zero,
/2 d
K(m) :/ __dp
0 V1 —msin? ¢
being full elliptic integral of the first kind
Z2
2 dz F(—(sc(T56,7), Yse (T3 €,
\Ilsc(q;hx%e)T) = _3/ T ( CC(I’ € T) ’@[J C(iU € 7—))’ (13)
s N
Z1
Z2
2 [ duF(Gse(;€,7), sc(;,
(I)Sc(xhxz;e,r) = _3/ T (C (117 € T) "2 (117 € 7'))7 (14)
™ V1— 22
Z1
where
Gelwse,m) = 16(r(e+ 22) + (1 - 272)?), (15)
Ose(T36,7) = (€422 +47)%, (16)
Yse(my6,7) = (€422 —471)% —16(1 — 272)?, (17)

the = integration bounds are a7 (e, 7) = (1/2)(4((=1)° +7) — €)/(1 + 4(=1)°7), s = 1,2; 25 (e, 7) = =27 — €/2, 2% (e, 7) =

(3 £4/—2 —7€)/27, at e < wia (7). Plots of DOS for different values of 7 for SC lattice are presented in Fig. S2a.
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Fig.S2. DOS tp(e) for SC (a) and BCC (b) lattices at different 7. Vertical dashed lines show the position of giant van Hove

singularities

For BCC lattice we present the following form for the contributions R

1. 7 <1.
bce 2‘Ijbcc(07 fEbCC), ’LUECC <e< ’LUREC
RTZJ = cc bcc bcc (18)
2‘Ijbcc(07fbc ), Wpr < €< Wy,



bce bce

20 (b“:z:b“) wRs < e<w
bce beelT P1 A N
Re™ = { 20y, (0, 33 ), wlt\}“ <e< wbCC (19)
R = Ppec(@yi,+1). (20)
2. 7> 1.
21, (0, :zzb“) Wh < € < w¥
bece bce
Rl/) - { 2‘Ijbcc( bcc ) bcc <e< wgc*c, (21)
2®rpec (0, 22), wRE < € < wheE
RS = 2P (0, beC) (22)
+2<I>bcc(;vw2 ,4+1), Wl < e < wp
Ppec (w05, 20S0),  wRE < e < whe
bece bee\by1 s L2 A
RLP { (I)bcc(l'zcl ,+1) cc <e< wbcc (23)
The kinks of the functions RY™, RPS at € = wp® = 27 cancel each other.
T2
2 dxF(— ; ;
@bcc(x1’x2;677) = _3/ X ( Cbcc(l',&T)a'@[]bcc(fﬂﬁﬂ'))’ (24)
™ z(1—2)
1
Zo
d:EF(CbCC (xa €, 7-)7 Pbee (xa €, T)) (25)

(I)bcc(fElv:EZ;eaT):F 0= 1) )

T
where

Coec(xs6,7) = 16(7(e 4+ 27) +4(1 — 7%)x), 26)

) (
Obec(Ts6,7) = (67 + € —41x)?%, (27)
Upee(6,7) = (e — 27 — 41x)* — 642, (28)

(

and the z integration boundaries read (e, T) (e+67)/47, at wp < €, 22°(e,T) = (e + 27) [4(1% — 1), at (€ —wg*)(1 -

1) > 0, xwm(e T) = (:F2 +/7(e—27)+ ) /(4712), at € > waC. DOS plots for different values of 7 for BCC lattice are

shown in Fig. S2b.
Full understanding for the dependence of DOS on 7 can be obtained using the 7 dependence of p(wyHS(r),7) at

the levels of van Hove points ¢ = wY™5(7). These plots are shown in Fig.S3. For SC lattice, the maximal value of
DOS at 7 > 1/4 is achieved at the levels € = w$%. and w}%.. These values slowly decrease as 7 is shifted from 1/4
(psc(W$. (7),T) = psc(WS. (1), 7) ~ (T — 1/4)~1/2). For BCC lattice, the maximal value of DOS is always achieved at the

energy level corresponding to inner points of the Brillouin zone: € = wRﬁC at 7 <1, e =wkE at 7 > 1.

20

1
1
1
1
1
[EH
[EH
19
1
1
1
i

10

0.5 0.75 1.0 1.25 1.5
T

Fig. S3. 7 dependence of DOS Wp(e; 7) at each van Hove singularity level for SC (a) and BCC (b) lattices (W is the bandwidth).

In the case (a), DOS values at wj> and wst are almost equal, see main text



